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Abstract

The dynamic response study on thermo-magneto-elastic behavior of shallow
conical shell in a time-dependent magnetic field is investigated, and the dy-
namic responses of displacement of shallow conical shell under mechanical
loads, electromagnetic fields and temperature field coupling are analyzed.
Based on Maxwell’s equations, heat conduction equation and nonlinear equa-
tions of classical plates and shells, the nonlinear dynamic response governing
equations are derived. The electromagnetic field and temperature field equa-
tions are solved using variable separating technique, the nonlinear elastic field
equations are solved by Galerkin method. The variation of temperature,
magnetic field intensity and displacement with time under the coupling effect
of the applied magnetic field and the surface uniform load were obtained. The
influence of frequency of the applied magnetic field on the displacement wave
forms is discussed.
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1. Introduction

Thermo-magneto-elasticity is a new subject to study the strength, stiffness and
stability of elastic components under the combined action of electromagnetic,
temperature and deformation. Magneto-elasticity is the theory of studying the
coupling between electromagnetic and deformation, thermo-elasticity combines
elasticity and heat conduction to study the coupling theory between temperature
field and elastic field. The thermo-magneto-elasticity includes heat conduction
theory, classical elasticity theory and electromagnetic theory. These theories are

applied to solve the coupling problems of temperature field, electromagnetic
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field and elastic field of conductive elastic elements located in magnetic field and
considering thermal effect.

With the wide application of electromagnetic structure in the high-tech field,
many components work in the environment of temperature change in engineer-
ing, the research on the thermos-elastic phenomenon of electromagnetic coupl-
ing has a strong engineering background and theoretical value [1] [2]. The elas-
tic elements and structures in high energy-varying magnetic field under me-
chanical loads can produce various stresses. In addition to mechanical stress,
there are the thermal stress generated by the induced eddy current losses, and
the magnetic stress generated by the Lorentz force. These stresses affect each
other, and to be high nonlinear. Previous studies on the thermo-magneto-elastic
problem of plate and shell were mainly based on the simplified theory and the
linear theories. However, in actual situation, most plate and shell structure are in
the temperature-varying high-energy electromagnetic fields, which is a highly-
coupled nonlinearity.

The key to the thermo-magneto-elastic analysis is the solution of the ther-
mo-magneto-elastic equation. Xing studied on the dynamic response and qua-
si-static response of the rectangular plate thermo-magneto-elastic in the temper-
ature-varying magnetic field with difference method. The curves of temperature,
magnetic field intensity, induced current, and thermal elastic stress and dis-
placement with time are obtained [3]. Higuchi et al studied the cylinder affected
by the change magnetic field and the thermo-magneto-elastic stress of the hol-
low cylindrical shell with separation of variables [4] [5]. Wang Ping studied the
chaotic motion of the large deflection simple support plate under the coupling
effect of mechanical loads, electromagnetic and temperature field [6] [7]. Alber-
to Milazzo presented a new one-dimensional model for the dynamic problem of
magneto-electro-elastic generally laminated beams [8]. Based on the successful
validation of the model, new results for free vibrations of functionally graded
magneto-electro-elastic beams are presented. Zhang Lang analyzed the buckling
and vibration of functionally graded magneto-electro-thermo-elastic circular cy-
lindrical shells. Kattimani studied the Control of geometrically nonlinear vibra-
tions of functionally graded magneto-electro-elastic plates [9] [10].

It is very difficult to study the nonlinear dynamic response of a shallow conic-
al shell in an alternating magnetic field and subjected to mechanical loads. The
study on the nonlinear dynamic response of the shell is very rare. In this paper,
the electromagnetic field equations are derived based on Maxwell’s equations
and Ohm’s law. Based on the heat conduction equation and the heat balance
equation, temperature field equations are derived. Based on nonlinear equations
of classical plates and shells, considering the coupling effect of the Lorentz force
and temperature stress, nonlinear magneto-elastic heat equations of shallow
conical shell are deduced. Applying Galerkin method, the solution of thermo-
magneto-elastic equation, the rule of temperature, magnetic field and displace-

ment varying with time under the coupling effect of the applied magnetic field
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and surface uniform stable mechanical loads are obtained.

2. Basic Equations

Considering shallow conical shell with thickness A, radium a and pyramid dip
@ , whose neuter plane is showed in Figure 1 Assume that shallow conical shell
in alternating magnetic field works under axisymmetric state, whose outer sur-
face is subjected to normal stable mechanical load. The orthogonal curvilinear
coordinate (r, 0, z) is established in Figure 1, where r; 6, zare radium, annular
and normal coordinate of shallow conical shell respectively. The applied mag-
netic field intensity is H (H,,0,0) and Mechanical load is P(0,0,P.). H, is

a function of the coordinate zand time # and P, is constant.

2.1. Electro Dynamics Equations

In the absence of lateral current and the influence of displacement current and
volume charge density is not considered, according to Maxwell equation and
generalized Ohm’s law, the electrodynamics equations are:

OB

rotk = ——
ot

rotH =J (1)
J=0(E-VB)
B=uH

where E is electric field intensity, B is magnetic induction intensity, / is mag-
netic field intensity, /is current density, V'is velocity, o is admittance, y is per-
meability, rotis rotation.

Ignoring the mechanical electric effect and considering the axial symmetry,

the electrodynamics Equation (1) of shallow conical shell can be simplified as

oH, ¢ O°H,
NS
Ot gt;' 0Oz @)
Jy= -
0 =9
|
z
Figure 1. The diagram of shallow conical shell.
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2.2. Temperature Field

As electromagnetic field varying with time induces current in shallow conical
shell, which formats Joule heating effect, that is induction current loss. As to
shallow conical shell, it can approximately assume that current distribute un-
iformly in shallow conical shell because of a low frequency of the applied mag-
netic field and current, then the current loss per unit time per volume can be

calculated by the following formula:
J2
0=-* (3)
o
Set the initial temperature of shallow conical shell to zero, it is heated by Joule
heating effect from ¢ = 0, heat exchange exist among the Inner and outer surface
and the bottom of the shell and media whose external temperature is zero. Ac-
cording to Fourier heat transfer law and energy conservation law, the control
equation of heat conduction is established, which means that the transient tem-
perature field T (Z,t) of shallow conical shell should satisfy the followed equa-
tion:
oT
I _pvre L (4)
ot pc
where p is material mass density, c¢ is specific heat capacity, & is coefficient of
thermal conductivity, V* is Laplace operator.
In the axial symmetry condition, the control equation of heat conduction of

shallow conical shell can be simplified to

oT o’T
— =k’ —+ 9 (5)
ot oz" pc
Based on heat exchange law and the condition that the external temperature
of media is zero, the heat balance equation of the current-carrying shell’s inter-

nal and external surface can be established. Thus, the boundary condition is

2O AT=0, at z=+ )
oz 2

where, A isthermal coefficient.

2.3. Elastic Field

The shallow conical shell in the time dependent electromagnetic field also suffer
the temperature stress induced by Joule heat and Lorentz force in addition to the
external mechanical loads P, The Lorentz force can be expressed as
OH,

0z

S =—uH, 7)

where f, is zdirection component of Lorentz force £

When discussing the thermo-magneto-elastic nonlinear problem of a shallow
conical shell, the Kichhoff-love straight normal hypothesis is adopted, that the
normal section perpendicular to the neutral surface before deformation of the
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shell remains a straight line after deformation and perpendicular to the neutral
plane after deformation, and its length remains unchanged. Based on this as-
sumption, the radial, toroidal and normal displacements of any point in a shell
with a distance of z from the neutral plane under axial symmetry conditions can

be expressed as:

ow
M(Z) =M—Z§
v(z)zO (8)
w(z)=w

Among them, u and ware the radial displacement and deflection at any point
on the neutral surface of the shell respectively.
Considering the Von-Karman type large deflection geometric relation of con-

ical shell, the strain-displacement relation at any point in the shell is obtained:

ou  Oow 1[6wj2 *w
_ -t _

“&)= % 2\ar) T o
u 1low
e

The physical equation of shallow conical shell considering temperature

change can be calculated according to follow formula.

o, = £ (&, +ve,)-(1+v)aT ]
- (10)
) =1 [(&,+ve,)—(1+v)aT ]

The E,v,a in the formula represents the elastic modulus, Poisson’s ratio
and linear thermal expansion coefficient respectively, o,,o,are r, & stress re-
spectively.

In the axial symmetry condition, considering the coupling effect of Lorentz
force, temperature stress and mechanical load, according to the classical theory
of plates and shells, the control equation of shallow conical shell can be derived
as follows:

2 1- 2 2
r28—l;+ra—u—u+(1—v)r¢)a—w+( V)r(ﬁ_wj +r2(¢+6_wj8 VZV:O
or or or 2 or or ) or

3 2 ?

e L e A e
or or- ror or or 2\ or r or

0w

or*

—%(Pz +172)r2:phj;r dr

where A and D are extension rigidity and bending rigidity of shallow conical
shell respectively. F, and N’ are the resultant forces of Lorentz force in the

transverse direction and the film force produced by thermal stress respectively.

" pds NT=EL[ () (12)

—h2

F;:J.—h/z EA 1=y
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2.4. Non-Dimensionalization

To facilitate the calculation, the following dimensionless parameters are intro-

duced
_ r = H 4p’t _ da  _ 2w 2a  _ 2z
r=—H =—,7= T U=—SuUW=—:, k=—@, 7 =—,
a H, uoch h h h h
_ h.] _ 2 _ _ 4
J,=—0 Q= h ‘ZQZ - CPTz,h =hAJ2,(F.,P)= a ~(F.,P),
2H, 4H, HH, h (13)
__8a4p ]VT ﬁNTf— h f (_ _ _4a2(1—v2)o- O-)
z Ah3 z? D > Jz 2 Hg z? r>>e th r>2e)»
Ah? 32pa’p*
:ko‘ . = . =
gl /u g2 4D g3 DO'4/,12h

The non-dimensional forms of Equation (2), (3), (5) and (11) are given as fol-

lows
oH, 0°H, (14)
or &z’
0=J; (15)
oT T =
L+ 16
az_ gl 822 Q ( )
22— — — —\2 — 2 —
PO (- 2 Lo (2 2 ke 2 g (17a)
o o 2 or o ) or
3— 2— — — — —\2 — —
FGTZV+6—V2V—éa—W—g27 6_u+k6_w+l[6_wj +vL |- NT (k+a—wj
or’ or- ror or or 2\or 7 or
(17b)
= = F_0'w
—2 —
_(PZ+FZ)r —g3for¥d7

In Equation (17), the expressions of F, and N’ are respectively as follow:
- 1= U=,
F.=[ fdz, N =[T(z7)d (18)

Consider the following boundary conditions and initial conditions of electro-

magnetic field, temperature field and elastic field

., =0 atz =-1 (19)
H, =0 when 7 =0
T AT =0 atz—+1
oz (20)
T(z,r)=0 when7=0
w=0, a—v_vzo, =0 at7=1 (21)
or
—=0, u is finite at 7 =0 (22)

or
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v_v=a—W=0 and ﬁ:a—”=o when 7=0 (23)
or ot

3. Solution

To solve the governing Equation (17), the first step is to solve the electromag-
netic field Equation (14) to obtain the magnetic field strength H, and Lorentz
force f.. Solving Equation (16) gets the temperature field distribution 7 , and
obtains F, and N” according to formula (18).

3.1. Electromagnetic Field

Equation (14) is solved by separation of variables. In order to make non-homo-
geneous boundary Condition (19) homogeneous, new unknown function
h,(z,7) isintroduced

h(z.0)= A (z.0) - 2]

#(7) (24)

Substituting Formula (24) in to Equation (14), boundary conditions and ini-
tial Condition (19) can be written as follows

h_ah, 1% ()

25

oz or 2 dr (25)

h =0 at z=xI (26)

I (E,O):—¢(0)1+TZ when 7=0 27)

Assume that the solution of Equation (25) satisfy the Conditions (26) and (27)

is following series form
h = il//n (7)cos(k,z) (28)
n=1

where l//(‘L’) is the function of 7, £k

. is the position root of function
cos(k, ) = 0,that is

k =211—1

n

n (n=1,2,3,--") (29)

Substituting Formula (28) in the Equation (25), both sides of Equation (25)
multiply cos(kmf) , using the orthogonality of trigonometric function, it ob-
tains

()

—d¢(r)1+—gco (
dr

kz)dz=0 30
dr 2 ° Z) (30)

n

+k3!//(’[)+£1

With initial Condition (22), the solution of Equation (30) is

BE) o

_ t 2oy do(X)
— k,,(r x)
where 7 (7)= J.O e

Thus, the expressions of non-dimensional magnetic field intensity H,, in-

dx
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r

duced current and Lorentz force respectively are
k 2

(-1) 1+z¢(1)

~——/(r)cos(k,z)+——
(-1 sin(knf)l/7(f)+%qa(f) (32)

I
DM 3

Ty

n

g

3.2. Temperature Field

e 1

(ﬂ%AMMﬂ«mﬁﬁﬁ 7 (e)eos( )+ 200

1 n=1 n

Based on the separation of variables, assume that the solution of Equation (16)
which satisfies the boundary Condition (20) shows the following form

T =Y b(r)cos(a?) (33)

™

where g, is confirmed by tang, :i, Both sides of Equation (12) multiply
4
cos (ajE) , using the orthogonality of trigonometric function, it obtains
ob, (7 h* +
z( ) 2 (T) a;

or +G,4; bi mj. Q zZ T)COS(G Z)(E 0 (34)

The solution of Equation (34) is

(6 e S5 b () (0 69

h+l’l +a; | m=1n=1

where

m

(2k, b, ~(k2 + k2 ~a?)

b’\imn :Jo e (T_ )‘/7 (§)V7”, (é:)df
) do(1=e27 )+ a'c? (1=cos(207)) ~200s sin (207)

Z(k2 +kf—a,.2)

c(r)—

4a. 4a)2g1al.2 + af gf

i

Substituting expression (35) into expression (33), it obtains

()ih“lhzmm o(6) |eos(a7) G6)

m=1 n=1

3.3. Elastic Field

After obtaining Lorentz force f, and temperature field distribution 7, F.
and N” are obtained according to formula (18), and then substitute it in Equa-
tion (17). Applying Galerkin method, the initial boundary value problem (17a),
(17b) and (21)-(23). Assume that the deflection W(?,T) satisfies with the
boundary condition (21) and (22), and has a separable form of time and space as

follows

w=f(z)(1-27" +7*) (37)
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Substituting expression (37) into Equation (17a), the solution of equation
(17a) satisfying with boundary Condition (21) and (22) is
24-16v_ 4v-2_, 1—4v74j

ﬁ(?,r)zkf(r)( g A 1S

6-3 8-2 6 G8)
+f? (r)‘: Cr 4 (1-3v) 7 -2 +%77}
Applying Galerkin integral to Equation (17b), it obtains
J- J-Zn 6 W 6 w_l@_w
= 5—2 7 or
—\2 —
S ERAPELLI Y AT ISV (R Pl (39)
or 6_ 2\ ar 7 or
~(P+E)F g [T O TV 7 | rdr =0
° or of
The dynamic response formula expressed by the deflection of the shell can be
obtained
d’f 3 2 I
a 7+a2f tayf* +a,f—p,—p—p,=0 (40)
In which

— (1 7 7 ' 12 1~ =2
a, —g3f0r(J.0rGldr)Gldr, a, gZJ. {G +2G r}GGr dr,
1 v ’ 1 ”2 [Pl 2,V ’
= [, 771k ~G+ G+ VG |+| GG+ kG +— GG | G,

a, = j;{ [‘G”’ G”——G}+g2 [G§+kG{+;G2}}GleF,
r
=P[[FGdn. p =-6N'[|(k+G)GFdF, p,=F[7Gd

where
24—-16v_ 4v-2_, 1-4v_,
r+ r-+ r
15 3 15
23—3’2\1]75+6—v}77

G (F)=1-2/2+7", G,(F)=

N e (1-3v)7 -

G, (’7) =

Numerical solution of the dynamic response Equation (40) is obtained by

Runge-Kutta method, the response relation of deflection and time is obtained.

4. Numerical Example

The shallow conical thin shell is shown in Figure 1, which is made of aluminum
and subjected to mechanical load and time-varying magnetic field. Assume that
the expression of the function ¢(7) of time-varying applied magnetic field is
shown as follows.

¢(7)=sin(wr) (41)

where @ is the non-dimensional angular frequency of magnetic field. The
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physical parameters of the shallow conical thin shell are as follows
u=4nx10" H/m, o=3.42x10"s/m, c¢=2.7x10" J/kg,
p=09x10° kg/m’, k=92.6x10°m?/s, v=03, E=70GPa,
a=24x10"k", h=2mm, a=02m, A=2041/m

According to the above analysis, numerical calculation is obtained by Matlab,
the results is shown in Figures 2-7.

Figure 2 and Figure 3 demonstrate the curve of magnetic field H, and

Figure 2. Curve of Magnetic field intensity H_ vary with time.

»

Figure 3. Curve of induced current J, vary with time.
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—t—z=1 o
0. —— i s e Z=05 ||
===Z=0
05 H i
fz -1 )
1.5 .
2t 4
_2.5 1 | 1
0 0.2 04 0.6 0.8 1
T
Figure 4. Curve of Lorentz force f, vary with time.
14 T T T T T
......... z=1 |l
12 il Z=051

Figure 5. Curve of temperature T vary with time.

induced current J, in different thickness varying with time in the different

thickness. It can be seen from Figure 2 that magnetic field H, and induced

current J, show sinusoidal variation. The H, amplitude gradually increases

to 1 when z is in the interval [0, 1] in Figure 2. However, the induced current

ja amplitude deceases first then increases when z is in the interval [0, 1] in

Figure 3. the outermost surface of .shallow conical shell has the maximum in-

duced current amplitude. Figure 4 is the curve of Lorentz force f, varying

with time in different thickness when 7 =0.5, it can be seen that Lorentz force

shows sinusoidal variation, and vibration amplitude of shallow conical shell
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Figure 6. Curve of deflection @ vary with time in different mechanical
load (7 =0, H,=0.01/u).

1.6

14

1.2

0.8

0.6

0.4

0.2

Figure 7. Curve of deflection @ vary with time in different magnetic
field intensity (7 =0, P, =10 N).

decreases gradually from surface to central face.

Figure 5 is the curve of temperature T vary with time in different thickness
when §=0.5, it can be seen that temperature reaches a steady state when the
time is long enough,

Figure 6 shows the curve of deflection w vary with time in different me-
chanical load which is expressed by non-dimension mechanical load
P. =107 P.. It can be seen that mechanical load has an effect on the vibration
amplitude of deflection W, but has no effect on vibration frequency. The vibra-

tion amplitude of deflection @ increases as mechanical load increases.
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Figure 7 shows the curve of deflection w vary with time in different applied
magnetic field intensity which is expressed by non-dimension magnetic field in-
tensity H, =100H,. It can be seen that vibration amplitude increases with the

increase of the magnetic field strength.

5. Conclusions

Based on Maxwell’s equations, heat conduction equation and nonlinear equa-
tions of classical plates and shells, the dynamic response study on shallow conic-
al shell’s thermo-magneto-elastic behavior in a time-dependent magnetic field is
presented. Some conclusions can be obtained through the calculation and analy-
sis of shallow conical shell instances:

1) In the condition that other parameters are constant, mechanical load has an
effect on the displacement amplitude of shallow conical shell, but has no effect
on the vibration frequency.

2) In the condition that other physical parameters are invariable, the strength
of applied magnetic field has influence to the displacement, but has no effect on
the vibration frequency.

3) The stress and strain of plate and shell can be controlled when the parame-
ters of magnetic field and mechanical load change appropriately. It has a certain

reference value to the practical application of magneto-elastic coupling theory.
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O 2 NN W=

[ NS T NS T S R S R N = e T e T e T = T e T e T
Wb e o 0 N W= o

a: radius of the shell
Thickness of the shell
¢ : the cone Angle

p ¢ @direction of electric field intensity
4

r

H* rdirection of magnetic field intensity
J: current density

o: electrical conductivity

M magnetic permeability

p: material mass density

C the specific heat capacity of the material
K: thermal conductivity

Q@ current loss per unit time per volume

£ Lorentzforce

u: radial displacement of the shell in neutral
w: deflection of the shell in neutral

E: Elastic Modulus

v: Poissonratio

« : Coefficient of linear thermal expansion
o : rdirection of the stress

o, A direction of the stress

0
. A: Tensile rigidity
. D Flexural rigidity

p : rdirection of magnetic induction intensity
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