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ABSTRACT 

Nanofluids are considered to offer important advantages over conventional heat transfer fluids. A model is developed to 
analyze the behavior of nanofluids taking into account the solid fraction χ. The Navier-Stokes equations are solved nu-
merically with Alternating Direct Implicit method (ADI method) for various Grashof numbers 104 and 105; we have an 
excellent agreement between our numerical code and previously published works. Copper-Water nanofluid is used with 
Pr = 6.2 and solid volume fraction χ is varied as 0%; 5%; 10%; 15% and 20%. The problem considered is a two-di- 
mensional heat transfer in a square cavity. The vertical walls are differentially heated, the left is maintained at hot con- 
dition (sinusoidal) when the right one is cold. The horizontal walls are assumed to be insulated, non conducting and 
impermeable to mass transfer. The nanofluid in the enclosure is Newtonian, incompressible and laminar. The nanopar- 
ticles are assumed to have a uniform shape and size. Moreover, it is assumed that both the fluid phase and nanoparticles 
are in thermal equilibrium state and they flow at the same velocity. The thermophysical properties of the nanofluid are 
assumed to be constant except for the density variation in the buoyancy force, which is based on the Boussinesq ap- 
proximation. Different correlations are proposed for predicting heat transfer for uniform and sinusoidal boundary ther- 
mal conditions. 
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1. Introduction 

In recent years, fluids containing suspension of nanome- 
ter-sized particles (nanofluids) have been an active area 
of research thanks to their enhanced thermal properties 
over the base fluids. This makes them very attractive as 
heat transfer fluids in many applications such as coolants 
in the automobile and electronics industries, and manu- 
facturing processes. In a better description, nanofluids 
are engineered colloidal suspensions of nanoparticles (1 - 
100 nm) in a base fluid. Common base fluids include 
water and organic liquids while nanoparticles are typi- 
cally made of chemically stable metals, metal oxides or 
carbon in various forms. The size of the nanoparticles 
imparts some unique characteristics to these fluids, in- 
cluding greatly enhanced energy, momentum and mass 
transfer, as well as reduced tendency for sedimentation 
and erosion of the containing surfaces. Nanofluids are 
being investigated for numerous applications, including 
cooling, manufacturing, chemical and pharmaceutical 
processes, medical treatments, cosmetics, etc. 

All the studies on thermal conductivity of suspensions 
have been confined to millimeter- or micrometer-sized 
particles. The major problem with suspensions contain- 
ing millimeter- or micrometer-sized particles is the rapid 
settling of these particles. Furthermore, such particles are 
too large for micro systems.  

However, modern nanotechnology provides great op- 
portunities to process and produce materials with average 
crystallite sizes below 50 nm. Recognizing an opportu- 
nity to apply this emerging nanotechnology to established 
thermal energy engineering. 

The use of particles of nanometer dimension was first 
continuously studied by a research group at the Argonne 
National Laboratory a decade ago. S. Choi [1] in 1995 
was probably the first one who called the fluids with par- 
ticles of nanometer dimensions “nanofluids”, he showed 
substantial augmentation of heat transported in suspend- 
sions of copper or aluminum nanoparticles in water and 
other liquids. Compared with suspended particles of mil- 
limeter or micrometer dimensions, nanofluids show bet- 
ter stability and rheological properties, dramatically higher  
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thermal conductivities and no penalty in pressure drop. 
Several published literature have mainly focused on the 
prediction and measurement techniques in order to evalu- 
ate the thermal conductivity of nanofluid. It is noticeable 
that only a few papers have discussed the convective heat 
transfer of nanofluids, including the experimental and 
theoretical investigation. 

The problem of natural convection flow and heat 
transfer of Newtonian alumina-water nanofluids over a 
vertical semi-infinite plate was investigated by Polidori 
et al. [2] from a theoretical view-point for a range of 
nanoparticle volume fractions up to 4%. The Polidori’s 
study focused only on the effect of the viscosity. Hwang 
et al. [3] investigated natural convection instability and 
heat transfer characteristics of water-Al2O3 nanofluids in 
the rectangular cavity heated from below. They estimate 
that the ratio of heat transfer coefficient exist between the 
two lines calculated by Einstein’s model and Pak and 
Cho’s correlation. Instability of natural convection for 
nanofluids between two plates, heated from below, was 
studied by Tzou [4]. 

Li and Xuan [5] presented an experimental system to 
investigate the heat transfer coefficient and friction factor 
of nanofluids for laminar and turbulent flow in a tube.  

Buoyancy induced that flow and heat transfer is an 
important phenomenon in engineering systems due to its 
wide applications in electronic cooling, heat exchangers, 
double pane windows etc. For energy saving reasons, 
enhancing heat transfer in these systems is an essential 
topic. The low thermal conductivity of convectional heat 
transfer fluids such as water and oils is a primary limita- 
tion in enhancing the performance and the compactness 
of such systems. Nanotechnology has been widely used 
in industry since materials with sizes of nanometers pos- 
sess unique physical and chemical properties. Nano-scale 
particle added fluids are called nanofluid. Yang et al. [6] 
concluded experimentally that the type of nanoparticles, 
particle loading, base fluid chemistry, and process tem- 
perature are all important factors to be considered while 
developing nanofluids for high heat transfer coefficients. 
Experimental work by Wen et al. [7] investigate into 
convective heat transfer of nanofluids at the entrance 
region under laminar flow conditions. Some numerical 
studies on nanofluids include thermal conductivity [8]. 
Studies on natural convection using nanofluids are very 
limited and they are related with differentially heated 
enclosures. Khanafer et al. [9] tested different models for 
nanofluid density, viscosity and thermal expansion coef- 
ficients. 

In the present work, we simulate the flow features of 
nanofluids for a range of solid volume fraction χ and a 
sinusoidal thermal boundary condition, and we obtained 
correlations of heat transfer in enclosures for two differ- 
ent thermal boundary conditions on the left wall. 

2. Mathematical Description of the Problem 

The problem considered is a two-dimensional heat trans- 
fer in a square cavity (Figure 1). The vertical walls are 
differentially heated, the right wall is cold  cT  while 
left is heated with a sinusoidal temperature (Figure 2) 

(
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 ). The horizontal walls are  

assumed to be insulated, non conducting and imperme- 
able to mass transfer. The nanofluid in the enclosure is 
Newtonian, incompressible and laminar. The nanoparti- 
cles are assumed to have a uniform shape and size. More- 
over, it is assumed that both the fluid phase and nanopar- 
ticles are in thermal equilibrium state and flow at the 
same velocity. The thermo-physical properties of the na- 
nofluid are assumed to be constant (Table 1) except for 
the density variation in the buoyancy force, which is 
based on the Boussinesq approximation. 

Under the assumption of constant thermal properties, 
the Navier-Stokes equation for an unsteady, incompres- 
sible, two-dimensional flow are: 
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Figure 1. Schematic for the physical model. 
 

 

Figure 2. Dimensionless temperature profile of the left wall. 
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Table 1. Thermophysical properties of different phases. 

Property Fluid phase (water) Solid phase (copper) 

Cp (J/kg·K) 4179 383 

ρ (kg/m3) 997.1 8954 

k (W/m·K) 2.1 × 10-4 1.67 × 10–5 

 
 Continuity equation: 
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 y-momentum equation: 
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 Energy equation: 
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The effective viscosity of fluid containing a dilute sus- 
pension of small rigid spherical particles is given by 
Brinkman [10] as  
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The effective density of the nanofluid at reference 
temperature is 

 ,0 ,0 ,01nf f s                (6) 

and the heat capacitance of nanofluid is 
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The effective thermal conductivity of fluid can be de- 
termined by Maxwell-Garnett’s (MG model) self-con- 
sistent approximation model. For the two-component 
entity of spherical-particle suspension, the MG model 

gives 
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The above equations can be converted to non-dimen- 
sional form, using the following dimensionless parame- 
ters: 
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The governing equations can be written in dimension- 
less form as follows: 
 Continuity equation: 
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The governing equations for the present study in 
 ,    formulaton taking into the account the above 
mentioned assumptions are written in dimensionless 
form as 
 Kinematics equation 
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The Nusselt number of the nanofluids is expected to 
depend on a number of factors such as thermal conduc- 
tivity and heat capacitance of both the pure fluid and the 
ultrafine particles, the volume fraction of the suspended 
particles, the flow structure and the viscosity of the nano- 
fluid. The local variation of the Nusselt number of the 
nanofluid can be expressed as 

Nu eff

f

k T
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3. Numerical Method 

The governing equations are solved numerically by ADI 
method (Alternating Direct Implicit). The developped 
numerical code is validated for natural convection heat 
transfer by comparing the results a laminar heat transfer 
in a square cavity with air for Rayleigh numbers between 
103 and 106 (Table 2). Moreover, the present numerical 
code was also validated against the experimental results 
of Santra and Sen [11] and numerical of Tiwari and Das 
[12] for natural convection in a differentially heated 
square enclosure using nanofluids (Figure 3), a very good 
agreement is obtained. 

 

Figure 3. Validation of numerical code with results of Santra 
and Sen [11] and Tiwari and Das [12]. 
 

The grid independence test is performed using succes- 
sively sized grids, 31 × 31, 41 × 41, 61 × 61, 81 × 81 and 
101 × 101 for ,  and 5Gr 10 Pr 6.2 10%  . Uni- 
form grid has been used for all the computations. The 
distribution of the u-velocity in the vertical mid-plane 
and temperature and v-velocity in the horizontal mid- 
plane are shown in Figure 4. It is observed that the 
curves overlap with each other for 81 × 81 and 101 × 101. 
So a grid number of 81 × 81 is chosen for further com- 
putation. 

4. Results and Discussion  

4.1. Comparative Study 

For pure fluid, we observe (Figure 5) for a sinusoidal 
boundary thermal condition on the left wall, a conductive 
scheme at Ra = 103. However beyond this value, the 
convective scheme begins. 

The numerical code developed in the present investi- 
gation is used to carry out a number of simulations for a 
wide range of controlling parameters such as Grashof 
number and the volume fraction of particles. A compari- 
son of the temperature and the velocity profiles is con- 
ducted inside a thermal cavity with isothermal vertical 
walls at various Grashof numbers and volume fractions 
as shown in Figure 6. This figure shows that the nan- 
ofluid behaves like a fluid and it illustrates the effect of 
Grashof number and the volume fraction on the tem- 
perature and the velocity profiles at the mid-sections of 
the cavity for water with a Prandtl number of 6.2. The 
numerical results of the present study indicate that the 
heat transfer feature of a nanofluid increases remarkably 
with the volume fraction of nanoparticles. As the volume 
fraction increases, irregular and random movements of  
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Figure 4. Temperature and velocity profiles at mid-sections 
of the cavity for various meshes sizes (Gr = 105, Pr = 6.2, T = 
1/2(1 − cos2πy) and χ = 10%). 
 
particles increases energy exchange rates in the fluid and 
consequently enhances the thermal dispersion in the flow 
of nanofluid. 

The effect of the volume fraction on the streamlines 
and isotherms of nanofluid for various Grashof numbers  

 

 

 

Figure 5. Temperature and velocity profiles at the mid- 
sections of the cavity (Pr = 6.2 and T = 1/2(1 − cos2πy)). 
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Nusselt n mber with previous works. 

 
Present Khanafer Tiwari  

e
Barakos  Markatos  Fusegi  

e
De Vahl 

D ) 

  
Table 2. Comparison of u

work (a) et al. [6] t al. [12] et al. [13] et al. [14] t al. [15] avis [16] (b
100

b a

b


  

3Ra 10          

Nu  1.042 1.118 1.087 1.114 1. 1.118 6.79% 108 1.105 
40Ra 1          

Nu  2.024 2.245 2.197 2.245 2. 2.243 9.76% 201 2.302 
50Ra 1          

Nu  4.520 4.522 4.450 4.510 4. 4.519 0.02% 430 4.646 
60Ra 1          

Nu  8.978 8.826 8.803 8.806 8. 8.799 2.03% 754 9.012 

 

 

 

Figure 7. Streamlines contours and isotherms at various vo
ume fractions (Gr = 104; Pr = 6.2 and T = 1). 

l- 

 

 

 

Figure 8. Streamlines contours and isotherms at various vo
ume fractions (Gr = 104; Pr = 6.2 and T = 1/2(1 − cos2πy)). 

l- 

 

 

 

Figure 9. Streamlines contours and isotherms at various vo  
ume fractions (Gr = 105; Pr = 6.2 and T = 1). 

r T = 1/2(1 − 

l-

 
is shown for T = 1 in Figures 7 and 9 and fo
cos2πy) in Figures 8 and 10. They show that the inten-
sity of the streamlines increase with an increase in the 
volume fraction as a result of high-energy transport 
through the flow associated with the irregular motion of  

Figure 6. Comparison of the temperature and velocity pro- 
files between nanofluid and pure fluid for various Grashof 
numbers; Pr = 6.2 and T = 1/2(1 − cos2πy). 
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Figure 10. Streamlines contours and isotherms at various 
volume fractions (Gr = 105; Pr = 6.2 and T = 1/2(1 − cos2πy)).

al stratification of isotherms breaks down with an in-
 

ansfer Correlation 

that the convective 
uids varied with the 

 
 
the ultrafine particles. The isotherms show that the verti-
c
crease in the volume fraction for higher Grashof numbers.
This is due to a number of effects such as gravity, Brow- 
nian motion. 

4.2. Heat Tr

The experimental results illustrate 
heat transfer coefficient of the nanofl
flow velocity and volume fraction as well as being higher 
than the base fluid at the same conditions. From this nu- 
merical study, new heat transfer correlation for predic- 
tion of heat transfer coefficient of nanofluids flowing can 
be estabilished in the following form for: 
 A differentially heated square cavity with uniforme 

temperature on the left wall 


  0.04 0.322

4 3 2Nu 26.66 10.66 1.133

 0.046 0.18 Gr 

    

  
    (16) 

where the confidence coefficient of the above e
determined as 

 on the left wall 

quation is 
2 99.99%R  . 

 A differentially heated square cavity with sinusoidal 
temperature

 3 2

 3 20.8 0.0714 0.0193 0.3425

Nu 0.6 0.0429 0.0441 0.0754      

Gr
    

   (17) 

 

m the corre nd the numerical re-
su

eat transfer enhancement in a two- 
ure filled with nanofluids is studied 

where the confidence coefficient of the above equation is
determined as 2 99.99%R  . 

A linear variation of the average Nusselt number along 
the hot wall fro lations a

lts for various Grashof numbers and volume fractions 
is shown in Figures 11(a) and (b) for the two thermal 
boundary conditions. 

5. Conclusions 

In this paper, the h
dimensional enclos
numerically. This study has been performed to investigate 
the effect of using a uniform thermal boundary condition  

 
(a) 

 
(b) 

Figure 11. Comparison of th verage Nusselt number b  
tween the numerical results  that obtained by the cor- 

nd 
olume fractions of nanoparticles. Some important points 

umbers. 

 increase the heat transfer rate 
w

for different 
G

d verified for various Grashof num-
be

e a
 and

e-

relations (Pr = 6.2 and (a) T = 1; (b) T = 1/2(1 − cos2πy)). 
 
and a sinusoidal one for a range of Grashof numbers a
v
are carried out:  

1) Our inhouse numerical code was validated for dif-
ferent Rayleigh n

2) A comparative study illustrates that the suspended 
nanoparticles substantially

ith an increase in the nanoparticles volume fraction for 
any Grashof number. Moreover, the nanofluid flows as 
well as the cooper nanoparticles increase.  

3) Both pure water and the nanofluid have the same 
velocity profiles and the same behavior 

rashof numbers.  
A heat transfer correlation for the nanofluid cooper- 

water is obtained an
rs and volume fractions for both thermal boundary 
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