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Abstract 

This article aims to present various softwares in mathematics teaching, where visualization of 
mathematical objects is done by using Augmented Reality. This is a computational technique in 
which virtual objects are added in a real environment, allowing an enrichment of the information 
for students to visualize concepts and test hypotheses with the teacher, providing a more playful 
and meaningful investigative environment. Meaningful learning is the theoretical framework that 
guides the development and software use. Such softwares are characterized as potentially mea-
ningful materials that are allied to the student’s prior knowledge and their will to learn establish-
es the basic pillars of the theory. 
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1. Introduction 

This article aims to present various softwares in mathematics teaching, where visualization of the mathematical 
objects is done by using Augmented Reality. The softwares were developed at EUCLIDES Laboratories, linked 
to the Professional Master’s Degree Program in Mathematics Education of Severino Sombra University (USS), 
in Vassouras, Rio de Janeiro, Brazil. 

According to Lemos and Carvalho (2010), nowadays, computers are becoming common in everyday life. 
Education is one of the areas in which computers have been used as a complementary tool for teaching. The use 
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of educational software with an easy usage interface view and scientific vision resources became an interesting 
manner to be this complementary support in mathematic teaching and as it is described in the Meaningful Learn- 
ing Theory (MLT), it is also a potentially meaningful material. The idea of a potential meaningful material was 
proposed by David Ausubel in (MLT) and according to Moreira and Massini (2001), it is one of the bases for 
meaningful learning. The others equally important pillars are subsumers (previous knowledge) and the willing-
ness to learn, i.e., the intentionality. Moreira and Massini also indicate that meaningful learning occurs when the 
new knowledge presented in a logic manner interacts with the learner previous knowledge, (subsumers), i.e., 
with the individual cognitive structure, thus being assimilated and contributing to give a meaning to new the 
knowledge. Therefore, the potential meaningful material acts as a tooling for subsumers organization and pres-
entation of the new knowledge. In Figure 1, there is a brief conceptual map of MLT. 

Thus, the next section of this article describes some details about the Augmented Reality technique. Then, 
details about development and the use of SISEULER, MATERIALDOURADORA, TABUADARA and  
SISFRAC software will be presented. The last section presents conclusions. 

2. The Augmented Reality (AR) 

The Augmented Reality Term (AR) is defined by Milgram and Kishino (1994) as a subset of Mixed Reality 
(MR), and it can be located within a virtuality continuum, in which in one of the ends is the Real Environment 
(RE) and the other the Virtual Reality Environment. In this continuum an application is classified as Augmented 
Reality or Augmented Virtuality (AV) according to the level of interaction between the real and virtual worlds, 
as shown in Figure 2. 

In the AR case there is the dominance of the real above the virtual, in which the match scene enrichment is 
done with virtual targets. All the software shown in the following items were developed by using the C language, 
and for the construction of virtual designs, it was used the OpenGL graphic system (Woo, 1999). The identifica-
tion development for markers was made by using the ARToolkit library (ARToolkit, 2006). 

The ARToolkit is a software library developed in C language by the Human Interface Technology Laboratory 
at the University of Washington. The software helps the programmer to build fast applications in AR area. AR-
Toolkit uses computer vision techniques to calculate the camera’s point of view in relation to the square markers 
that contains a pattern on the inside (Figure 3), allowing its correct register. 

Markers are squares that can be printed in any type of printer. In the center of the square there must be a non- 
 

 
Figure 1. Meaningful Learning Theory Concept Map. Extracted from Guedes and 
Carvalho (2012).                                                         

 

 
Figure 2. Virtuality continuum. Adapted from Milgram and Ki-
shino (1994).                                            
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Figure 3. Example of a marker used in software devel-
oped with Augmented Reality. Source: Research data.    

 
symmetrical picture with high contrast. For each software developed, it was created various markers. There are 
three basic and fundamental characteristics in these applications: real and virtual matching (with predominance 
of real), real-time interaction, three-dimensional images and functioning. In summary, it is described as follows: 
the real environment is captured by the video camera (webcam), the marker is identified and if its correctly reg-
istered and implemented in the application code, it may serve to analyze the problem (for example, the composi-
tion with other markers) or to display in one or various markers a virtual image. 

According to Kirner and Tori (2004), the webcam use is the simplest way to accomplish images captures to 
integrate them to the virtual image. Thus, the next sections will present the details about the development and 
the use of software addressed in this article. 

3. SISEULER 

SISEULER software (Lemos, 2011) was implemented with the aim to develop a recreational activity, to pro-
mote the teaching of Euler’s Formula. Firstly, various markers are provided to develop the activity with the sys-
tem, note that one marker is destined to the image exhibition (marker results). The other markers correspond to 
the number of vertices, faces and edges of any polyhedron. To exemplify, markers will be described as: 8V, 6F, 
12A, 4V, 4F, 6A, 6V, 8F, 20V, 12F, 20F, 12V e 30ª. These markers represent respectively, 8 vertices, 6 faces, 
12 edges, 4 vertices, 4 faces, 6 edges, 6 vertices, 8 faces, 20 edges, 12 faces, 20 faces, 12 vertices and 30 edges. 
In Lemos (2013) markers and SISEULER software are available to be downloaded. 

By placing these markers in the designated space, the student will be able to understand that a three-dimen- 
sional image will be shown only if there is a relation with the number of vertices, edges and faces. Currently the 
software is able to recognize the relations related to the platonic polyhedral, in other words, cube, tetrahedron, 
octahedron, dodecahedron and icosahedrons. Even knowing that Euler’s Formula is a necessary condition for 
the existence of a convex polyhedral, the approach with AR can be quite profitable for the theme. 

To illustrate its use, while developing this activity, initially a suggestion for the teacher is to perform a didac-
tic intervention, guiding the student firstly to put the “R” marker in the space for the result, the 8V marker in the 
space for the number of vertices, the 6F marker in the space for the number of faces and then, using the remain-
ing markers, find out which one of them should be placed in the space for the number of edges. 

By placing these markers in the designated areas, the student will notice that when the marker 12 A is intro-
duced; the software will draw, as reward, a virtual cube on the marker results (Figure 4). At this moment the 
teacher can draw the attention to the name of the virtual geometric solid projected on the top of the marker re-
sults. 

At this moment, the suggestion for the teacher who is in charge of the activity is to distribute a booklet. This 
guide (key manual) is available at Lemos (2013) and it contains the function keys that can be used. These keys 
display only the vertices (Figure 5), the edges (Figure 6) and the faces of the virtual geometric solids. Further-
more, the student will be able to rotate the virtual prism by pressing the keys: r, a, d, w or s. 



C. V. de Alencar Carvalho, B. M. Lemos 
 

 
693 

 
Figure 4. Recognition of the Cube relationship.                 

 

 
Figure 5. Cube vertice projection.                            

 

 
Figure 6. Cube edges projection.                             
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The teacher also may highlight that the cube can be manipulated. At this point, it is important to note that 
markers may present occlusion problems, so the student must not put the hand or any other object on the marker 
of the camera vision field, thus blocking its recognition (Figure 7). 

Then, by using an analogous methodology, the teacher will be able to explore other platonic solids. Arbitrarily 
this activity suggests that the next solid to be constructed is the tetrahedrons, so the teacher should ask the stu-
dents to place the 4 V marker in the vertices areas, the 4F in the faces areas and after let the students find out 
which marker related to the number of edges will project the next polyhedron. 

Figure 8 shows how the software identifies the markers related to the tetrahedron and how the user can ma-
nipulate the image for a better perception. Figure 9 shows the virtual tetrahedron with edge exhibition only. 

After the tetrahedron recognition, the mediator of the activity should remind the students that they can use the 
keys listed in the booklet to better exploit the tetrahedron properties that they might register in a table, the num-
ber of vertices, faces, edges and the name of the virtual polyhedron projection. 

It is believed to be important for the students to make trials with the given markers and be able to find the ap-
propriate relationship by themselves, because it will be through this experiment and meaningful process that 
they will build the knowledge. 

 

 
Figure 7. Virtual cube manipulation.                               

 

 
Figure 8. Virtual tetrahedron recognition and manipulation.            
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Figure 9. Virtual tetrahedron with edge exhibition only.           

 

4. DouradoRA Material 

DouradoRA Material aims to promote the teaching-learning of the decimal-positional numbering system. The 
main idea is that students in a recreational way understand the decomposition of a number in units, tens, hun-
dreds and thousands. 

The system allows, further than the three-dimensional vision of the golden pieces of the material, the en-
largement or reduction of the objects by the activation of the “x” key (enlargement) and “z” (reduction), and the 
rotation in clockwise rotation in the three Cartesian axes using the (“q”, “w” e “e”) keys. When the “n” key is 
active, a menu exhibits options for the activities with the software, described as follows: 
1. Decomposition of a number; 
2. Formation of a set of ten animation; 
3. Formation of a set of hundred animation; 
4. Formation of a set of thousand animation. 

In this first system version, the understanding of the number relationship with the pieces of the golden materi-
al in AR was privileged from the decomposition of the number into units, tens, hundreds and thousands. As de-
scribed in the previous section, when the “n” key is pressed, the system exhibits a menu for activities with the 
software. In Options 2, 3 and 4, the user will be able to see, by means of an animation, the decomposition of the 
set of ten, the set of hundred and the set of thousand. 

In the case of ten, ten units are displayed. From the moment the user press the “p”, the formation of the set of 
ten bar animation is displayed. To enhance and easy the understanding, it would be interesting that such source 
be used with the concrete golden material. Similarly there has been made animations for the set of hundred and 
for the set of thousand compositions. Option 1 allows the user to indicate a number between 1 and 9999. This 
number is decomposed in unit, ten, hundred and million. Then, such amounts are drawn in a mixed environment. 
Figures 10-12 display decompositions for numbers: 79 (7 × 10 + 9 × 1), 567 (5 × 100 + 6 × 10 + 7 × 1) 3189 (3 
× 1000 + 1 × 100 + 8 × 10 + 9 × 1). 

5. TabuaraRA 

TabuadaRA software uses the golden material concept for the development and study of the multiplication of a 
couple of numbers. It makes use of the main core of the software development Material DouradoRA (Carvalho 
& Lemos, 2011). The software allows the vision of the numbers that takes part in the multiplication and as well 
as the result of the multiplication with the Golden material pieces. In this aspect, the visualization is a great ad-
vantage, because it eases the understanding of the relationships that most of times are abstract. Basically, the 
TabuadaRA requires three markers, two numbers that will be multiplicated and the marker where the result will 
displayed. Figures 13-16 exhibit some operations made with TabuadaRA software. More software details are 
available at Souza et al. (2013). 
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Figure 10. AR view of the Number 79.      

 

 
Figure 11. AR view of the number 657.       

 

 
Figure 12. AR view of the number 3190.      
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Figure 13. AR view of the 8 × 5 product.      

 

 
Figure 14. AR view of the 2 × 3 product.      

 

 
Figure 15. AR view of the 2 × 7 product.      
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6. TabuaraRA 

SISFRAC software (Silva, 2013) was developed to exhibit in a simplest and objective way the representation of 
fractions, covering mainly new students in the studies of fractions. The first SISFRAC version was implemented 
to display the proper fractions. Many markers available at the moment represent fractions 1/2, 1/3, 1/4, 1/5, 1/6, 
1/7, 1/8, 1/9, 2/6, 2/12, 2/8, 4/8, 4/15, 3/7, 5/9. Figures 17-19 exhibit fractions 1/2 and 1/9 by means of 
SISFRAC software. 

7. Conclusion 

Originally, this article presented software SISEULER, MATERIALDOURADORA, TABURADARA and 
SISFRAC. These softwares were developed entirely or with the authors’ participation. SISEULER started to be 
developed in 2009 and the acquired knowledge during its creation was used as a base technology for the devel- 
opment of the other ones. In the case of SISEULER, workshops were made to verify if the software could con-
tribute for the teaching of Euler’s Formula, bringing positive results regarding its educational relevance. More 
information about these workshops is available at Lemos (2011). The other software:  
MATERIALDOURADORA, TABUADARA and SISFRAC were developed as an undergraduation course com- 

 

 
Figure 16. AR view of the 9 × 4 product.   

 

 
Figure 17. Fraction ½ view-SISFRAC software.        
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Figure 18. Fraction1/7 view—SISFRAC software.           

 

 
Figure 19. Fraction 1/9 view—SISFRAC software.                 

 
pletion assignment, under the supervision of the authors. These softwares have not been tested in educational 
environment, but it is believed that it can contribute for the teaching of mathematic topics in which they are 
co-related to. In the future, there is an expectation to add new features to all of the quoted software and test its 
usage in educational settings. It is also important to highlight that the development of the mentioned software 
was based on the Meaningful Learning Theory, in which new knowledge is based on the knowledge acquired by 
the learner and thus it can be realized through the software mentioned, the display and manipulation of mathe-
matical objects in 3D through Augmented Reality, promotes the conjecture and construction of the knowledge 
by the student and may contribute significantly to the education. 
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