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Abstract

In [1], a new consequence of the (restricted) wreath product for arbitrary
monoids 4 and B with an underlying set 4°” X(A>< B)XB@A . Let us denote
it by A% B. Actually, in the same reference, it has been also defined the
generating and relator sets for A% B, and then proved some finite and
infinite cases about it. In this paper, by considering the product A% B, we
show Green’s relations £ and R as well as we present the conditions for
this product to be left cancellative, orthodox and finally left (right) inverse(s).
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1. Introduction

Let A and B be arbitrary monoids. In [2], Theorem 2.2, Howie and Ruskuc
defined a presentation for the (restricted) wreath product of A and B. Also, in
[3], Theorem 7.1, it has been showed that the wreath product of semigroups
satisfies the periodicity when these semigroups are periodic. In [1], a new
derivation for wreath product of monoids A and B has been recently defined
which will be dented by A% B here (in [1], it has been denoted by 4 >< B
but the author prefers her the symbol % instead of >< to distinguish this
new type of extension from the known symbol for general product (Zappa-Szép
product A >< B)). Also, again in [1], by proving the existence a presentation of
this wreath product, it has been given necessary and sufficient conditions for
A% B to be regular and periodic, and some finite and infinite applications
about it are denoted. In this paper, we give some algebraic properties of the new

wreath product in terms of the algebraic properties of the monoids themselves.
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More specifically, we present the Green’s relation £ and R (in Section 2),
and also prove the conditions on it to be left cancellative, orthodox and left
(right) inverse.

We recall the fundamentals of the construction of A% B which will be
needed to form our results. We note that this product is based on the wreath
product and we may refer to ([2] [4] [5] [6] [7]) for the details of wreath
products. The Cartesian product of B copies of the monoid A is denoted by
A*®, while the corresponding direct product is denoted by A4®”, similar
definition for B®?. One may think that 4®” and B®" are the sets of all
functions having finite support, that is to say, having the property that
(b)f =1, for all but finitely many b in Band (a)g=1, for all but finitely
many a in A. The restricted wreath product of the monoid A by the monoid Bis
the set A4®” x B with the multiplication defined by

(/.6)(g.b')=(/"g.bb), (1)
where, “g:B—> A4 is given by
(») g=(b)g (veB). (2)

Dually the restricted wreath product of the monoid B by the monoid A is the
set B®'x A with the multiplication defined by

(/) (g:a") = (" aa), ®
where, g“:4— B isgivenby
(x)g” =(ax)g (xeAd). (4)

Now for B =(a,,b), P, =(a,,b,)€ AxB,let us define
AP, =(a1a2,blb2).

After that the new derivation for the wreath product of A and B, denoted by
Ax B, istheset A% x (A x B ) x B with the multiplication

(/.R.g)(h P k) =(f"h, R, g k), (5)
where, "h:B—> A and g®:A4—> B are defined by
(3" h=(b)h (veB) ©)
and
(x)g” =(ax)g (xeA). %

In fact, A% B is a monoid with the identity (i,(lA 1y ),T) ,where 1 and 1
are defined by

(b)i:IA, (a)Ile, (8)
respectively, forall be B and aec 4.

2. Green’s Relations on the Product 4x B

In the light of Green’s relations, it is well known that one may prove some
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computational results (for example, the minimal number of generators etc.) on
the monoid structure (which will be kept for a future work and so not
investigated in here). Hence, in this section, we only characterize Green’s
relations £ and R (cf. [8] [9]) for the product A% B.

Proposition 2.1 Let A% B be the new derivation of wreath product of a
monoid A by a monoid B. Then

1) (f,.B.g)L(h.,P.,k) in AxB implies that gLk in B®', and
PLP, in AxB,

2) (f,.B.g)R(h,P.k) in AxB implies that fRh in A", and
PRP, in AxB.

Proof. 1) Suppose that (f,,F,g )L(h.P.k) in A% B. So there exist
(f2-B.8,).(h, P ky) € A% B such that

(f3:P8:) (/1B 21) = (h, ok, ), 9)
(B, Bk, ) (B, Puk) = (£, B2y ) (10)
These two equations can also be written as
(£("4).RR.g8 )= (1 Psk,), (11)
(m("m). PP KSR ) = (£i2R 1) (12)
Hence, by the equality of components, we obtain
(") =h.iaa =a,:bb =b, and gi'g, =k, (13)
hy (") = fi a0, = a,:bb, =b and kPk, =g,. (14)

It follows that gLk, in B®' while BLP, in AxB.

Similar proof can be applied for 2). Hence the result. Bl

Theorem 2.2 Assume that the product A% B is obtained by a monoid A
and a group B. Then

(f.B.8)R(h.P.k)e A% B < f;Rh € A°® and BRP, € AxB.

Proof. By Proposition 2.1, (f,R.,g )R(h.,P.k)e A% B implies the
existence of f,Rh € A®® and BRP, € AxB.

To prove the converse, let us suppose that fRh in 4®” and BRP, in
AxB.Infact, f;Rh in A®® gives that there exist /, and /, in 4®°” such
that

Sily=h and i, = f,.

Also, PRP, in AxB implies that there exist (c,d), (c’.d') in AxB

such that
(a,b,)(c,d)=(a,,b,) and (a,,b,)(c,d")=(a,,b,).

To show that (f,,R,g)R(h,P.k) in A%B, we have to find two
elements (f,,R,,g,) and (h,,P, ,k,)e A% B such that these must satisfy

(f]aF{agl)(fzapzagz):(hl’Pzak])a (15)
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(hl,Pz,kl)(hz,ﬂ,k2)=(f],P],g|). (16)
From these above, we obtain

£("f)=h.BP =P, g"g, =k, (17)

W("h)= 1, BP, = B.k"k, = g,. (18)

Since A4®” isa group (because Bis a group), we have
-1
gfsgzzkljgzz(glaa) ky, (19)
a, a, -1
k14k2:g1:>k2=(k14) & (20)
Therefore, we set f, = (b‘)illl and &, = (b2)7]l2 . Hence

(fiReg)(fusPogs) = (fiRog)| 1 P(e) k)
b O
=[f1 (“7% )RR (o) klj

=(/ "1, PPk
= (h-Py.ky).
With a similar way, one can also show that
(o Pk ) (s Pk ) = (B 21 ).

Hence, (/;,B.g )R (h,P,.k),asrequired. B

3. Some Algebraic Propertieson A4x B

In this section, we will illustrate some algebraic properties of the new wreath
product A% B in terms of the algebraic properties of the monoids A and B
themselves. The following Theorem characterize when new wreath product
M =Ax%xB isagroup.

Theorem 3.1 The new derivation of wreath product M = A% B of monoids
A and B is a group if and only if both A and B are groups.

Proof. Suppose A and B are both, groups, then M = 4% B is a monoid with
identity (i,(lA,lB ),T) where 1 and 1 are defined by

(b)1=1,, (a)i=1,. (21)
Now, let (f,(a,b),g)e M . Define
B> Aby (y)f'=((30") ) such that /e 4°*, and y.b e B,
g':A—B by (x)g' = ((a_lx)g)_l such that g’ € B%, and x,a € 4.
Then
(£(ab).g)( £ (a6 )g') = (£ 1 (a0 ),g‘flg')
=(L(1,12):)
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Since ()il)fbf’ =(y}lf(yb)f (»)f (ybb ) :1A,
and (x)g’ g'=(x)g" (x)g'z(a 'x)g (
(f',(dfl,b’l ),g') is a right inverse for

(5 (7)) 1 b s

a'x g Hence

(a:b).

(£*f.(a"ab'b),g"g)
=(1.(1,.15).1)

since () /" =(v) ' (7) £ =((67) ) (87) £ =1, and

) Also

(
)=

(1)g g =(x)g" (1) = (@) g ((x)) " =((«"'ax)g) ()g=((x)g)" (x)g=1,
Hence, (f',(a l,b’l),g’ is a left inverse for (f,(a,b),g), therefore, M is a
group.

Conversely, assume that M = A% B isa group, let

(fs(lA,IB),i)il =(k,(1A,lB),l) so
(£l T) (1T 0 = £ 81,1, 1) =(10101).0)

and

(L1 ), 1) (5 (Lo T ) 1) = (K1 £ (115 ),°T) = (L(1,01,) 1)

Then fk=1, 1'1=1, k' f=

—_

and /“1=1. Since
(b) £k =(b) 1= (b) £ (b) "k =1, :( )f(bly)k=1,=(b) k=1, and
(b)k'"s £ =(b)1=> (b)k(b)' f = (b)1= (B)k(bL,) f =1, = (b)kf =1,.
Hence, k= ' € A®?, therefore, 4®” is a group and hence B is a group.
- -1

Similarly we get /=g™' € B®/, if we suppose that (1,(1A,13),g) = (k. (1,.15).1),
therefore B®" isa group and hence 4 is a group. B

We first recall that a semigroup S'is called left-cancellative if ca=cb=a=5b
and right-cancellative if ac=bc=>a=5b, for all a,b,ceS (cf [8]). A
semigroup is cancellativeif it is left-cancellative and right-cancellative.

Theorem 3.2 A and B are cancellative monoids if and only if M = A% B is
cancellative monoid.

Proof. Assume that A and Bare left cancellative monoids. Suppose
(f.B.g)(k,P,I)(h,P,j)e A% B,

where f,k,he A°®, g,1,jeB®" and PB,P,,P, € AxB.Therefore
(/>R.g)(h R, j) = (k. B 1) (1. B, /)
=(/"hBP,g"j)=(k"hPP,1"])
= ["h=k"hPP =PP,g" j=1"]
S(VbEB)(b)fbth(b)kbzh
= (Vbe B)(b) f(bb)h=(b)k(bb,)h nb, =b,
[Since Bis left cancellative]
= f=knb =b,.
Also
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PP =PP, and g"j=I"]
= (Vaed)(a)g®j=(a)l®)
= (Ya< 4)(a)e” (a) = (a)1" (a)
= (Vae 4)(asa)g(a)j=(aa)l(a)j
[Since A is left cancellative]
= (Va € A)(a)g = (a)l
[Since Bis left cancellative]
=>g=Ilna =a,.

As a result, M =A% B is actually a right cancellative monoid. In fact, one
may prove with a similar way for left cancellative. Hence M =A% B is
cancellative.

On the other hand, the converse part of the proof is clear.

Hence the result. B

In [10], the question of orthodox wreath products of monoids has been
explained. After that, in [11], it has been investigated the orthodox wreath
products of semigroups without unity. In this part, we will give necessary and
sufficient conditions for A% B to be orthodox, where A and B are any
monoids.

Recall that the semigroup Sis called orthodox if the set of idempotents E(S)
is a subsemigroup of S. An orthodox semigroup S is Jeft (respectively, right)
inverse if ege=ge (respectively, ege=eg) for every e,g e E(S). For more
details reader refer [12] [13]. From [[10], Lemma 3.1], A®® is an orthodox or
left or right inverse semigroup if and only if A has the same property. In the
reference [1], the necessary and sufficient conditions for the new derivation of
wreath products to be regular have been defined. In here, we give sufficient
conditions for it to be orthodox as in the following theorem.

Theorem 3.3 If A% B is an orthodox monoid or left (right) inverse, then
each of A and B has the same property.

Proof. Applying [[1], Theorem 5.2], we see that A and B are regular. It
remains to prove that the set of idempotents of A and B closed under
multiplication defined on A and B respectively. Let f,ge€F (AM ) and
h,keE(B@A). Then f*=f, g’=g, h’=h and & = k Since A% B isan
orthodox monoid, then for an element (f,(a,b),h),(g,(c,d),k)eE(A%B),

we have

f(a.b).h).(g
e, (ac, bd) )(

(
= (/g (
3((f”g)b"f g((ac)’ (ba)’
=(f"g)"f g =1 g.(hk)"
= (f2)" = fg in 4% and (hk

)=(f"g.(ac.bd).h'k) e E(4% B)
ac,b ) ) (f"g.(ac,bd),h’k)

). (k) ) (/"g.(ac.bd), h°k)
(hk)=hk,(ac)’ = ac,(bd)’ =bd

)" = hk in B®*.

Furthermore
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(0)(r'g)" flg=(x)s"g

@(bdx) fbg) g:(x)f(x) g
< (bdx) f (bdx)’ () (xb)g =(x)f (xb)g
< ( =(x) f(

bdx) f (bdxb)g(x) f (xb)g =(x) f(xb)g
<:>(fg) = fg for every x € B.

Similar, calculation shows that (hk)2 = hk , for every y e A.Hence the set of
idempotents of 4®°” and B®* are subsemigroups. The result follows from
[[10], Lemma 3.1].

Now let us suppose that 4% B is the left inverse. Then, for any element
(f,(a,b),h),(g,(c,d),k) € E(A%B), where f,ge E(A®B) and
hk E(B@A ) , we certainly have

(f:(a.b).h)(g.(e.d),k)( 1 (ab).h) = (g.(e.d).k)(f.(a.b). )
= (f"g" f.(aca,bdb).h“k*h)=(g* f.(ca.db).k"h)

= (g f=g?f hk°h=k"h,aca = ca,bdb = db

= fof = gh,hkh = kh

and
(x)/ g™/ =(x)g"
& () f(x) g(x)" =() (x)'f
< (x)/(xb)g(xbd) f =(x)g(xd) J.

Hence, fgf' =gh for every x e B . Similar, calculation shows that hkh = kh
for every y e 4. We thus conclude that A and Bare actually left inverses.

The same proof can be applied to show right inverse case as well. |

Note 3.4 1) The other inclusion of Theorem 3.3 is left for future work.
Following Caito [10], who determined necessary and sufficient conditions for
the (restricted) wreath product to be orthodox, to be left inverse and to be right
inverse, respectively.

2) There is also a particular class of regular monoids, namely coregular
monoids [14]. An element of a monoid § is called coregular if thereisa fe S
such that o = afa = pafp as well as the monoid S is called coregular if each
element of it is coregular cf. [15]. In fact, the coregularity and its properties over
the new type of wreath product are left as an open problem for the future

studies.

4. Conclusion

In this paper, the author investigated some specific theories such as Green’s
relations, left cancellative, orthodox, left (right) inverse etc. over new type of
wreath products over monoids. Of course, there are still so many different
properties that can be checked on this important product. On the other hand, in

Note 3.4, we indicated some problems for future studies.
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