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Abstract

(n)
The transition from a known Taylor series f(x)=)" f—(o)x"

- of a
= nl

known function f(x) to a new function f(x) primarily defined by the

infinite power series [ (x)= Z::()f(") (0)x" with coefficients f(") (0)
from the Taylor series of the function f(x) can be made by an integral
transformation which is a modified Laplace transformation and is called Su-
mudu transformation. It makes the transition from the Exponential series to
the Geometric series and may help to evaluate new infinite power series from
known Taylor series. The Sumudu transformation is demonstrated to be a li-
miting case of Fractional integration. Apart from the basic Sumudu integral
f(") (0)

n!

—f(n) (0) . Be-

()

side simple examples our applications are mainly concerned to calculate new

transformation we discuss a modification where the coefficients

from the Taylor series are not changed to f () (0) but only to

Generating functions for Hermite polynomials from the basic ones.

Keywords

Mellin Transformation, Fractional Integration, Geometric Series and
Exponential Series, Error Function, Laguerre Polynomials, Generating
Functions of Hermite Polynomials, Bessel Functions, Asymptotic Series,
Operator Identities

1. Introduction

Let us suppose that we know the Taylor series of a function f(x)
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i n! X

f(X):if(n)(O)x”, [f(n)(o)z{snnf(x)} J (1.1)

It is not rare that we want to evaluate a new primarily unknown function f (x)
given by its power series of the following kind

F(x)= 257 (0)x", (1.2)

n=0

with coefficients f(") (0) taken from the Taylor series of f(x) in (1.1). This
can be made by a linear integral transformation of the function f(x) which is
closely related to a Laplace transformation and which is now also called Sumudu
transformation’. It was introduced by Watugala [1] and further developed by
Belgacem and coauthors, e.g., [2] [3] [4] [5] [6] and many others, e.g., [7]. The
article [2] contains basic examples of Sumudu transforms of functions. Since
Laplace transformations are widely applied in mathematics for the solution of
ordinary differential equations which have important applications in physics
(e.g., electrical engineering) and in other sciences and since there exist detailed
investigations of these transformations and voluminous tables, e.g., [8] [9] [10]
[11] [12] it seems to be possible to enlarge the store of power series which can be
evaluated in closed form. The present article applies the Sumudu transformation
mainly to obtain new Generating functions for Hermite polynomials. In the fol-
lowing we derive and explain this integral transformation and consider in Sec-
tion 5 a modified similar transformation which may be considered in a loose
sense as half the part of the way from the original function to its Sumudu trans-
form. In Section 3 we demonstrate how Sumudu transformation can also be
considered as a limiting case of Fractional integration.
Using the well-known sequence of integrals with the real parameter x>0

X

L:wdyy” exp(—yj =nlx"", (n =0,1,2,--;x=|x[> 0), (1.3)

we obtain from the Taylor series of f(x) the following general identity

0

w £
7= 37 0 =15 L O ey

n=0 X =0 n! (1 4)
L [ S700) y '
_;J‘O dy(;) oy y exp(—;},
and, finally, if we substitute herein (1.1)
X 1 pon
f(x):ﬂo dyf(y)eXp(—fJ, (x=]x>0). (1.5)

n+l

We inserted n!x"" in (1.4) according to (1.3) and changed the order of
summation and integration due to supposed absolute convergence of the sum.
From (1.5) it can be seen that the functions f° (x) have to be determined only
for x>0. Setting f(x)=/(x)0(x) with 6(x) the Heaviside step function

'Sumudu means “smooth, noble” in Sanscrit and in Sinhala, the language of Sinhalese people of Sri
Lanka.
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(6(x)=0 for x<0, #(x)=1 for x>0) in the sense of generalized func-
tions one may extend the integration in (1.5) from —-oo to +oo that makes

some proofs easier, e.g., inversion of the transformation.

By the substitution of the parameter x = l we obtain from (1.5) the form
s

17 (lj = [Ty f(y)e. (1.6)
N N

If we denote the standard form of the Laplace transformation f (x)— F(s)
by [8] [9]

f(x)—)F(S)EE{f}(s)zj.(:mdyf(y)e”y, (1.7)
the transition f(x)— f (x) is found to be a modified Laplace transformation
in the following sense

100 7=t |- Letn2]=stw. (=0, as)

X X

where S{...} stands here for Sumudu transformation. To each pair of original
function f(x) and its Laplace transform F(s) which one may calculate or
can find in tables (e.g., [8] [9] [10]) one obtains a pair of Taylor series of f(x)
and f (x) if one of these series is known’.

By the substitution u = 2 with xas positive parameter and using partial in-
X

tegration we can bring (1.5) to the form
J(x)=["duf(xu)e = [ “due™ (x f(u)} (1.9)
which by partial integration leads to
J(x)=], du f(u)[x:u”e" j (1.10)

that means again to the starting form (1.5). We wrote here the multiplication of
the argument of a function f(x)— f(ax) by a factor a in operator form as
[14]°

2

flax)=a"®f(x). (1.11)

On the other side we may consider the function f(xu) in (1.9) as multipli-

*The last cited tables [10] contain the so-called Laplace-Carson transforms F ( p) = pJ‘OMdp e f (t)

and thus they are related with the standard Laplace transforms F(p) simply by
F(p)>F(p)=pF(p)=prL{/}(p).

2
*We mention that the operators K. Eiiz, K, El[x£+ix)=££+l, K. Elx:, with
2 0x 4 ox ox 20x 4 2

the commutation relations [K_,K, ]|=2K,, [K,K ]=-K_, [K, K ]=+K_ form a basis of a
realization of the Lie algebra su(1,1) to the Lie group SU(1,1) with useful applications to Her-

mite polynomials.
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cation of the argument x of the function f(x) by a factor uz and using then

again (1.11) we can represent (1.9) in the form

f(x)= J.Omdue’" uxaf(x) = J'(:wdue*uugx_] 7(%)

Mellin tr. of ¢ (112)
0 0
:F(axjf(x) [Xa—xj'f(x)

The operator which transforms f(x) into f (x) and which has to be ap-

plied to f(x) is here fully separated from f(x) and represents the Mellin

transformation [9] (chap. VI) of the function e™ with argument substituted by

the operator gx. The Mellin transform ./\/l{ f } (s) of a function f(u) is
X

defined by
M{fY(s)= [ Tduf (u)u, (1.13)
and its special case of the function f(u)=¢™ leads to
Mie}(s) = [ “due™uw =T (s)= (s 1), (1.14)

and may be considered as one of the possible basic definitions of the Gamma
function. Extensive tables of Mellin transforms of functions we find in cited
work of Bateman and Erdélyi [9]. Beside more insight into the nature of Sumudu
transformations we hope that the representation (1.12) can be applied in future
also more directly using the many known formulae for the Gamma function.

We now consider the inversion of the transformation

f(x)—> J}(x) = L:wduf(xu)efl‘ . (1.15)
As it is known the inversion of the Laplace transformation (1.7) is (e.g., [8] [9])
F(s) > f(x)=L" {F}(x)z% “4sF(s)e®, (1.16)
1 n =10

where real c is widely arbitrary but must be chosen in the region where the
integral is convergent. For the Sumudu transformation (1.5) written in the form
(1.6) as a Laplace transformation of f (x) this leads to the inversion

Flx)=— mwdséf(%je“. (1.17)

127 Jeie

This transformation allows to evaluate the Taylor series of a function f(x)
from the known function f (x) if the integral (1.17) can be evaluated.

As a first example which gives a deeper insight into the nature of the Sumudu
transformation we consider the functions f(x)=x". Using (1.5) together with
(1.3) one calculates that these functions are transformed into functions f (x)

according to
f(x):x”%f(x):n!x”, (n=0,1,2,--), (1.18)

that due to linearity of the transformation can be immediately applied to the
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Sumudu transformation of Taylor series. This correspondence possesses yet

another aspect. For this purpose we mention that x" is eigenfunction of the

0 .
operator a—x to eigenvalue n+1 and we conclude
X

[%x}x" :(n+1)x", = F(%xjx" :F(n+1)x" =nlx", (1.19)

and from this (existence of Taylor series assumed)

F(a—ixj (x)= i%r(aﬁxx]x" WAIOREYERNED

n=0

The second part of (1.19) follows immediately from the representation (1.12)
of the Sumudu transformation. However, this representation (1.12) alone is not
very useful for summing up Taylor series as result of the transformation if we do
not possess in addition integral representations of the form (1.5) which allow, at
least in principle, to sum up the arising series by calculating an integral.

As generalization one may consider a transformation F(x)—> F(x) of the
kind

I:"(x):G(x%JF(x), (121)

where G(u) is an arbitrary given function and F(x) the function to transform.

. n . . 0 .
Since x" are eigenfunctions of the operator xa— to eigenvalue n from (1.20)
X

follows for F(x)=x"

(xa_axjxn=nx", & ﬁ(x):G(xa_axjxn:G(")xﬂﬂ (1.22)

and consequently

(=2 L 7O) () % () G L
F(x)zzn—G(xajx znz:(:)f( )(O)Tx . (1.23)
For the evaluation of arising new Taylor series after the transformation it is
necessary to possess in addition to (1.21) an integral representation (or an
equivalent of it) which allows to calculate more directly F (x) from given
F (x) In particular, this is also true for the form (1.12) of the Sumudu trans-
formation. In this case as mentioned we have it in the basic form (1.5) of the

Sumudu transformation.

2. Some General Rules for Sumudu Transformation

In this Section we derive and discuss some general rules for Sumudu transfor-
mations according to (1.1) and (1.2) with their explicit form given in (1.5) and

denote the correspondence between f(x) and a (x) by
£ (%) 2y £(x). (2.1)

Then the correspondence of a function f'(a;x)= f(ax) with stretching pa-
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rameter a of the argument to its Sumudu transform according to
f(a;x)= f(ax)ﬂ)f(a;x) = f(ax), (2.2)

is determined by

X 1 e
flax)==] dyf(a;y)eXp(—Zj
x 0 _ﬂ‘_—:f(ay) X (23)

= éj}:wdzf(z) exp[—éj = J}(ax),
where f (x) denotes the Sumudu transform of f(x) according to (2.1).
Thus the multiplication of the argument of a function by a number aleads to a
simple relation of its Sumudu transform to the Sumudu transform of the prima-
ry function and it is not necessary to consider separately Sumudu transforma-
tions of functions f(ax). For the case of an argument translation of a function

this is a little more complicated (see below).

To the differentiation £ (x)= aif(x) =fy (x) of a function corresponds
X

a function ]A’(fl) (x) using partial integration according to

oot = 0l 5100 o[ 2]

X

yon (24)
=i{f (y)exp(—fj}yo —é [Tayr (y)(%em(—%jj,
with the result of this correspondence
Sy ()= 10 (x) Sy 7 () :%( F(x)-£(0), (2.5)

if the upper boundary lim,_ f( y)exp[—lj does not give a contribution. In
’ x

analogous way one finds after a few calculations for low numbers of n the gener-

al formula (n=12,---)
=10 1y )= {70 Fat ) e

It is not difficult to prove it by complete induction.
For the displacement of the argument of a function f(x) by x, asa para-

meter
P = 7x=n)=exp| 0 2 (3) ()

we find with intermediate substitution u =y —x, of the integration variable for

the correspondence to the Sumudu transform

S (rg3.) =m0y (x5 ) = %j;wdyf(y—xo )eXp[—Xj

. (2.8)
= exp(—%‘)jf(x)+;.[:°dyf(y—xﬂexp(—%).

DOI: 10.4236/apm.2019.92007

116 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2019.92007

A. Wiinsche

The second sum term is some kind of incomplete Sumudu transformation of
the function f(x—-x,) and it vanishes for x,=0. By the substitution

y—x, =z this can be transformed to
f(xo, )ﬂ)f(xo;x) = exp(—x—ojr dzf(z)exp(—ij. (2.9)
X ) % X

We mention that for even functions f,(x)=+/,(—x) with existing Taylor

series we find the correspondence
Ji (x) = iﬂzm) (0)x2m
m=0
1 (4o y
=, dy(f<y>+f(—y>>exp(-—] (210

sl o] |-+

and for odd functions f (x)=—/ (—x) the correspondence

J(x) = 20 (0)

m=0

1

- Cdv(f () f(—y))eXp(—

/—\
\_/

= <

j (2.11)

gl e -7

Sumudu transformation preserves the lateral symmetry of a function.

3. Fractional Integration and Sumudu Transformation as a
Certain Limiting Case

We now consider fractional integration and differentiation (e.g., Bateman and
Erdélyi [15], Vladimirov [16], Oldham and Spanier [17], Samko, Kilbas, Mari-
chev [18]) which is often useful in connection with Sumudu transformation.
Furthermore, Sumudu transformation can be represented as a certain limiting
case of fractional integration as we will show in this Section. First, we shortly in-
troduce fractional integration.

It is known (in an elementary form, e.g., Kranzer [19], p. 205) that the n-fold
integration of a function f(x) can be represented by a convolution integral as

follows

oy ()= [ o,y [, o [ f ()

=(ni1)gj(:dy(x—y)n_1f(y), (n=12-) (3.1)

This can be proved by complete induction first changing the order of integra-

tion in the arising double integral and then calculating the inner integral

/(2)

Sy (¥)=[ v s ()= Idy ) Jrdz(v=2)"
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n!

[/ (z jd _jdzf {( _Z)n}
— (32)

=%J‘sz(x—z)n f(z),

that together with the correct f(1) (x) as initial member proves the proposition.
The n-fold integral (3.1) can be generalized in the rank of a definition to a
v-fold fractional integral with arbitrary real parameter v by the extension n —> v

in (3.1) (positive real solution is to insert for the multi-valued function z"™")

1

T W)= gl )= e ). 63

This form is also called the Riemann-Liouville integral [15]. The case v =0
as limiting case provides

fioy(x) = lim £ (x) = lim— jdz“fx z)

£—>+0 £~>0 g 1
1!
£ _N¢ (1) e+l _ e+l
m> U (x)limgz 0 +o= f(x).

=0 gl 10 (e+1)

= lim < [ dzz*! (f (x)-Zf (l)(x)+--~j (3.4)

The convolution (3.3) of f(x) with powers of x is one of the possible basic
definitions of fractional integration of order v >0 of a function f(x), e.g.,
[15] [16] [17] [18] (the last two [17] and [18] with a short historical introduc-
tion). In [15] (chap. XIII) and in [18] (pp. 140-142) one finds tables of fractional
integrals. Fractional derivatives (v <0) can be obtained from appropriate frac-
tional integrals (v = 0) by corresponding integer differentiations. Interesting is
the view from the theory of the convolution algebra of generalized functions
where one can introduce the functions H(V) (x) which generalize the step func-
tion [16] (p. 142; he uses f, instead of our &, ) by

v-1

5,(0=" 0 U7 L es (90, ().
5591, (v<0)
J, (x)=5(x), 5(x)=6’(x), o, (x) =5(")(x), (3.5)

«

and where “*” stands for the convolution f(x)*g(x)= focdyf(x—y)g(y) .
Fractional integration of functions £, (x)= f(x)6(x) can be then determined
by

J(x) =6, (x)* 1 (%), (3.6)
with the consequence
8, (x)* £, (x) =8, (x) %8, (x)* £ (x) = 8., (x)* / (x) = [ (x), (37

that means associativity as it has to be for successive convolutions using a nota-

tion of the form of multiplications.
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Sumudu transformation and fractional integration of order v do not com-
mute. If we make first the fractional integration of order v of the powers
x",(n=0,1,2,---) with symbol _ ™) oy and then with the result the Sumu-

du transformation we obtain

n Fract(v) n! n+v Sumudu

1x" 3.8
(n+v)! e (3.8)

and if we make first a Sumudu transformation of the powers x" and then a

fractional integration of order v of the result we find

2
n Fract(v) n ' n+v

(n+v)”

n Sumudu

X nlx

(3.9

In comparison, two successive fractional integrations of order # and v are
commuting and result in a fractional integration of order x+v and, therefore,
form a one-parameter group with the identity operation belonging to v =0.

By comparison of the Laplace transforms in the tables of Bateman and Erdélyi
[9] (pp- 120-204, here, in particular, p. 121, (8) and (9)) with the Sumudu trans-
forms (2.6) one finds that essentially the variable of the Laplace transform is
substituted by its inverse in the Sumudu transform. In case of negative values

v=-|v| we have in front of f(x) the powers LV which are singular
x

functions of xat x=0 where the singularities in the sense of generalized func-
tions have to be determined more precisely.
We now consider a certain limiting transition from fractional integration to

Sumudu transformation and write for this purpose (3.2) first in the way
1 (- n z" ¢z Y
fin+])(z):;.|.0dy(z_y) f(y):;_..ody 1_; f(y)a (3'10)
and substitute z=mnx with x>0 thatleads to the following relation

n! _l nx _l "
T ﬁn+.)("x)—xf0 dy[l nxj f(»). (3.11)

nx

If we now make the limiting transition n — +oo using the definition of the

exponential functions e” by the limiting process

n—o n

lim (1 +ij —¢, (3.12)

and known already to Euler we obtain from the right-hand side of (3.11) and in
agreement with (1.5)

limlj;udy(l—l) () =%J‘;wdyexp(—§jf(y) = j‘(x) (3.13)

n—w x nx

From the left-hand side of (3.11) in the limiting transition n — o using the

well-known Stirling approximation of the Gamma function for z — +oo

F(Z): Zne—zzz’g {1_’_%_’_...}:(2—1)!’ (3.14)

2z
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inserting this for (n—1)! we find

lim —="= fi (n+1) (nx) = lim 27t2n M’
n—wo p'x n—o X (ex)

(x = |x| > 0). (3.15)

Thus we may write the Sumudu transformation ' (x) as the following limit

of the fractional integration if we substitute in addition n >v eR

2 2n T lim \/7fv+l (Vx)

f(x) — lim (ex) (x = |x| > 0). (3.16)

The right-hand side of this relation is one of the ways to represent the Sumu-

du transformation by a limiting procedure from fractional integration.

4. Examples for Sumudu Transformations

We provide now a few simple examples for Sumudu transformations. The
transformation of the “basic” monomial functions f(x)=x" was already con-
sidered in (1.18) and (1.19) and leads to f(x) =n!x". It illustrates the action of
0
the operator I (a—xj in (1.12) in ideal way.
X
The most striking genuine example for a Sumudu transformation establishes
the connection between the Exponential and the Geometric series, clearly, with a

well-known result. One finds [2]

=38 e =L
j‘(x):% "=§ ( j=—f§wdye'ye><p(—fj:ﬁ. (4.1)

For this example inserting £ (x)= 1— on the right-hand side of the formula
+x

(1.17) it is easy to demonstrate the inverse Sumudu transformation from the

Geometric to the Exponential series according to

F) = [ s e = L[ g S e (42)

1 c—io c
i2n sl i2n s+1
s

Here we applied the residue theorem for the Cauchy integral over a closed
contour Cin the complex s-plane including the only singularity of the integrand
at s=-1. The contour C consists for parameter x>0 of the line through

s=c parallel to the imaginary axis closed by a semicircle s=c+re'? with

gﬁ @< %t or cos(¢)<0 (ie. to the left of the line) and followed by r —

where the integral over the semicircle then vanishes. The possible real values cin
the integral are then only restricted by ¢ >—1 for the purpose to include the
singularity.

A further interesting simple example establishes a connection between the

Bessel function J; (2«/; ) and the Exponential function e in the following
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way [2]

10)=30 0, (25), F()=Lew( L)

n=0 M.

f@)=fﬁlﬁi=1F(lj=§Lﬁ@L«2J5ﬁq{—%J=aﬂ (4.3)

= n! X X

In this example it is merely the integral transform from the Bessel function
T, (2\/; ) to the exponential function e which is less known (but not un-
known) in comparison to the other results. Clearly, by substitution x —ix one
may obtain similar formulae for the Bessel function I (2\/; )

Related to (4.1) one finds

=lj+wdyMexp[—Zj. (4.5)
X

W)

For integer py=m= (0,1,2,---) one finds from this relation

LB o)

()"

(4.6)

It is here again the integral over modified Bessel functions multiplied with an
exponential function which is less known than the involved Taylor series. We
mention that the n-th derivative of the Bessel function J; (2\/; ) leads to the

L (2Vx)

(V=)
fzziiﬁzigl=(—0”giﬁﬁzigl, JZLI”(2J5)=I””<2{;). (4.7)
o () () ()

This can be generalized by fractional differentiation from integer n to arbi-

entire function (1) according to the more general formulae

trary positive real v. The corresponding more general formulae for fractional
integration of order v are [15] (chap. 13.1. formula (63) in the table) or [18] (p.
142, Eq. 9)
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LI W (ﬁ)ﬂh(w) ) (ﬁ)wm(zﬁ) s
(v-1)! (\/;) Iﬂ(z\/;) (\/}) IW(Q‘\/;)

The integrals (1.3) cannot be extended from positive to negative n since
(-n)!—>,(n=1,2,---). Nevertheless, the Sumudu transform can be calculated
for some functions without a Taylor series at x =0 and it is interesting to see
in an example what happens. For this purpose we calculate the Sumudu trans-
form of the function f(x)=6(x—x,) where 6(x) is the Heaviside step
function (H(x) =0,(x<0),0(x)=1(x> O)) We find

f(x)=0(x—x,), (x,>0),

(4.9)

The Sumudu transform f (x) is singular at x=0 with the Laurent series

written in (4.9). If we formally write the inverse Sumudu transformation f (x)

to J}(x)

f(-3U (xj’jn+i, (4.10)

| n!(—n)! 0!
adding for negative powers 7 <0 of x in the denominator the factor (—n)!

1 .
then for n=+1,42,--- we have ﬂ =0 and the series (4.10) becomes
n!(-n)!
undetermined in the neighborhood of x =0 due to the singularities.
The Sumudu transformation is an interesting addition to other methods of the
analysis of functions but often one possesses alternative possibilities to evaluate

infinite series.

5. A modified Sumudu or a Kind of Gauss Transformation

In analogy to the integral (1.3) we now consider the sequence of integrals for
non-negative integers n=0,1,--- with real positive parameter x (identity

w{ B

+o n ? 1 -1 n+ \/_ ! !
IO dyy exp(—i}—zJ:E(nTj!x ]:ﬂ(gJ , (x=|x|), (5.1)

g

which after simple substitutions is related to (1.3) and extends it practically to
semi-integers n. We used in (5.1) the well-known formula for doubling of the

argument of the Gamma function I'(z)

2z

F(22+1)=%F(2+%jr(z+l)=f/;z(z—%]!z!z(Zz)!, (52)
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with z zg. Two special cases of the sequence of integrals (5.1), first, setting

n=2m leadsto

L;wdyyz'" exp[—i—j} = l(m —lj!xzm+1 = \/;M(ij ’ ,  (5.3)

2 2 m! \ 2

with x=+/x> >0 forreal x* and, second, setting n=2m+1 leads to

T SR U, 2m+1)1 x\"
J.O dyy’ lexp[—i}—zjzam!xz ? :J;%(Ej . (5.4)

The integral (5.1) can be used to transform a function f (x) with the Taylor

series

o £
-5 0

x", (5.5)
n=0 n'

1
in analogy to (1.5) into a function f2 (x) in the rank of its definition by the

Taylor series as follows

n=0 (”j, T ! (5.6)
2) :
2 o 0 (n) 0 2
:\/—2.[0 dy[zf n'( )yn}xp(—i}—z} (x>0).
X n=0 .

This transformation can be compactly written in the integral form
2 . 2 +00 y2
YE (X)Eﬁj‘o dyf(y)exp(—?j, (x>0). (5.7)
X

This is a certain kind of a Gauss transformation of the function f(x)* If we
are able to find the integral on the right-hand side for a function f(x) we may
1
evaluate the infinite power series denoted by /2 (x) on the left-hand side.
In the same way as in case of the Sumudu transformation we now substitute
Y
X

u== with x>0 asaparameter and find from (5.7)

72 (x)z%fgwduf(xu)exp(—uz), (5.8)

and apply the operator representation (1.11) to the function f(xu) with zasa

factor to the variable x of the function f (x) . In this way follows from (5.7)

*As Gauss transformation is sometimes denoted a transformation with displacement of the argu-
ment of the Gauss function exp(fxz) according to G{f} (x)E.I’jxdyexp(—(x—y)z)f(y) [13]

(chap. 10.13 (30)). In other sources [20] (from p. 170 on) almost this same transformation

_ 1 Py -2 . 1 exp[ -2 ~
F(x)= N L dy exp[ 2 ]f (v) with the kernel T exp( 4[] from the heat equation

with choice 7=1 is called a Weierstrass transform.
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i):71

= %J-(:wdu exp(—u2 )ua" f(x)

2
Mellin tr. of ™

1 e, 2o 1 (10
=ﬁ‘[° dve™'v f(x)—ﬁr(gaxjf(x) (5.9)

~>
N =
—~

1 (xo0 1

:g(za‘zj'f &)

In analogy to (1.12) this can be represented by a Mellin transformation of the

2
function e™ taking into account

2 0 R | 1
Ml (s)= [ due " u :EF(%jEE(%—Ij!, (5.10)

with the argument s substituted by the operator aix. This explains the upper
X

1
index % of our notation /2 (x) for the transform of f(x).

If we substitute the integration variable y* =z in (5.7) then the function

1
f?*(x) with variable substitution x — ,/|x| >0 takes on a form which can be

written

N —

\/Ef (\/7) J‘*‘” (I) [_i] (5.11)

SR [

The right-hand side of this relation possesses the form (1.5) of a Sumudu

£ ()
W

1
tion involving the function f2 ( |x|) and determined by the left-hand side of

transformation of the function with 1/|x| >0 leading to a new func-

(5.11). The inversion of the transformation according to (1.17) with corres-

ponding substitutions is

ET [ ds : (5.12)

s 1

N

or with variable substitution \/? —> x>0 back to the original function variable
\/_)C L+IOO
f(x)= \/7f2 exp(x s) (x>0). (5.13)

We now give a few general rules for the considered transformation. The mul-

tiplication of the argument of a function f(x) by a number a leads here as in

the case of Sumudu transformation (2.2) again to

f(a:x)= f(ax),
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1

f \/_J- dy f (ay) exp(—i—]zfz(ax) (5.14)

1
where f?(x) is the corresponding Gauss transformation (5.7) of the function
/(%)
For even functions f, (x)=+f,(—x) or combinations of them from (5.3)

follows

o m!
) 1 (5.15)
:\/1—zr dyf(y)e"p(‘—z}=+?(—x),
and for the odd case f (x)=—/_(—x) using (5.3)
1 © f(2m+l) 0 -
702307 () - S
= (2m+1) 0 2m+1
Fo=Er )
T m+
( 2) (5.16)

= \/% J‘j:dy sign(y)f(y)exp[—i}_jJ = _f? ().

The considered Gauss transformation preserves the lateral symmetry of a

function.

6. Examples for Modified Sumudu or Gauss Transformations

As an example for the integral transformation (5.7) we consider the case

F)=exp(x). 1(0)=(-1)'. 6.

which belongs to the Exponential function as the primary function. For the
1
evaluation of the corresponding series f (x) we find then

S5 - ammonl )
2

:\/%exp[ Jj dyexp[ xl[y-l-ész 6.2)
=%exp[ ]{j “dwexp(?) - fo’z‘duexp(_uZ)}

The integrals on the right-hand side are well-known Special functions which

can be represented by the Error function Erf(z) in the following way (we
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substitute %z z)
© (—1)" ) s © ZZm © szﬂ
% -z :exp(z )(l—jiz)) :Z?)W_,;)—l’ (6.3)
(2J' EErfc(z) [m+2j|

where the Error function “Erf (z) ” is defined by’
2 . N2 13,
Erf(z)=——=[duexp(-u’)=—=z F|=;2;—2* | = —Erf(-z), (6.4
it(2) x/E'[O uexp(u) x/Ele(zz Zj f(-2). (4

and Erfc(z)=1-Erf(z) is the Complementary error function and, further-
more, | F (a;c;u) the Confluent Hypergeometric function. The Taylor series of
both of the symmetric and of the antisymmetric parts of exp(zz)Erfc(z) are
well known.

In the next two examples we use the Generating function for Hermite poly-

nomials H, (z)

(6.5)

as starting point for our modified Sumudu or Gauss transformations according
to (5.15) and (5.16). Their special cases for even and odd Hermite polynomials
are immediately to obtain from (6.5) by separating the symmetrical and the an-

tisymmetrical part with respect to variable z

e Hy, (2) o 2
mzz‘f) (2m) t :ch(ZZt)exp(—t ),

2m+ (Z) m+
mzomtz ' =sh(2zt)exp(~1*), (6.6)

where the variable zis a parameter. From (5.15) we find then

$: M) )"

2
* y
:WL dy ch(22y)exp(—y2)exp(—7]
_ ex z'x ~de ex e e N
P o PP X2 Y 1+x2

2
1+x2
tex _1+x2 N zx* ’
P x° Y 1+x° ’
and from (5.16)

’In older sources (e.g., [13], chap. 9.9.) the Error function is defined under the same notation without

the factor 2 ~1.12838 but in the modern definition (6.4) with the consequence Erf (iroo) =41 it

N

is programmed in “Mathematica” (now mostly denoted “erf(z)”).
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A

72 (z:x) = Z E_() U

1} 2
m+—|!
2
2

j dysh(2zy exp( )exp(—y—zJ
,/ x
_ 1 ex 2’x° ~de ex _l+x2 _zx2 ’
x? P 1+x* ) %0 1P O 1+x°

_exp _1—i—x2 N zx? ?
X Y 1+x2 ’

The integrals in (6.7) and in (6.8) can be evaluated (see Appendix A). From

(6.8)

(A2) follows with corresponding substitutions the simple result

. & H,,(2) x o 1 2%’
e I e (v ST

and from (A3)

< 2m+l( )(szmﬂ 1 [szz J [ zX J
= _ |Bxf (6.10)
( ) r;)(m-}- 1)' 2 1+x2 exp 1+x r «’l+x2

2

N\—

With the substitution x =1if one obtains from (6.9)

$ (1) Hm(z)@ l;p(l j (611)
_t -

m=0 m'

and from (6.10) with definition of the Error function of imaginary argument

Erfi(u)
e
_ 11_t2 exp(—lzjt;j(:ui)Erf{ii Jitzj (6.12)

1_
2,2
! exp( Zt jErﬁ( J
N NS

The generating function (6.11) can also be obtained from the following gene-

rating function for the product of two Hermite polynomials (formula of Mehler,
[13], chap. 10.13., Eq. (22); see also [14])

iHn(x)I'{n(y)(LJ": 1 exp[zxyt_(xzwz)tz], (6.13)
n=0 n:

2 \/1—t2 1-¢

by setting y =0 and using

2 (0) = % H,,.(0)=0. (6.14)
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It seems that the generating function (6.10) or equivalently (6.12) is new and
is not easily to obtain by other methods (e.g., integration of (6.13) with respect
to variable yand limiting transition).

We mention that the Sumudu transformation of the basic generating function

(6.5) for Hermite polynomials according to (1.2) to a function
S(z0)= 2, 1, (=)
with parameter zleads to a divergent series which turns out to be an asymptotic

series of a function which can be evaluated. We make a few remarks about this

in next Section. However, one may pose the problem of a transformation also in

H, (z) .,

" t" using (6.5)

opposite direction that means to evaluate the series Z::O

that is equivalent to an inverse Sumudu transformation. This we deal with in the

Section after the next.

7. Sumudu Transformation of Hermite Polynomials and of
Their Basic Generating Function

Since Sumudu transformations transforms powers z" into n!z" the Sumudu
transformation of Hermite polynomials transforms them according to their ex-

plicit representation as follows

f(z)=H, (z)ﬂ)f(z) =n! (2z)n_2k . (7.1)

Such transformations may easily be written down in similar way for all other
explicitly given polynomials. As a rule, such truncated series are not introduced
as Special functions with a special function symbol and, clearly, problems of
their convergence also do not exist. In contrast, the case of infinite series, in par-
ticular, the Sumudu transformation of generating functions can make problems.

We now consider the Sumudu transformation of the basic Generating func-
tion for Hermite polynomials

f(z;t) = iHn (Z)i _ eXp[_%ai_zzji (221)"

n=0 n'

(7.2)
= exp —li exp(2zt) = exp(Zzt - 12)
4 oz° ’
with respect to the variable #and with zas a (in general, complex) parameter. In
Appendix B we develop an operational technique to work with the operator
2
exp[—za—J in combination with exponential functions. If we use the

2
Z

representation (1.12) of the Sumudu transformation of the Generating function

of Hermite polynomials with respect to variable #that means to

F(z0)=3H, ()", (7.3)
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we have to look for the interpretation of the following function f (z:1),

Sy N 0" |5 (2=t)
f(z,z)_r(—tjf(zaf)—F(g’je"p( Za_ZJ,;) n!
:exp(_%;_ngr(%tJ(zz) (7.4)

1 * Y&, 1) 1
=exp| ——— 2zt) =exp| ——— .
p[ 4822);)( Z) p( 4622]1—2%
whereas the commutativity of the two integral operators F(%tj and

2
exp(—%(j—zj is fully obvious the change of the order of summation and of the
z

application of the two integral operators is afflicted with some problems because
the arising series are no more absolutely convergent. We assume in the following
that changing of these operations is possible and that the arising conditionally
convergent series can be interpreted after the evaluation as some generalized

functions but do not discuss the last in detail. If we apply the Taylor series of the

1o . .
operator exp| ——— | to the function we obtain
4 0z 1-2zt
R 0 (_l)m 82m 1 1 0 (—l)m (Zm)'( t jzm
i = = . 7.5
S (z0) mzzom!zm oz 1-2zt 1—2zt,nz:;) m! 1-2zt 73)

It is obvious that this sum is divergent for arbitrary ¢# 0 since from a cer-

(Zm)!

tain m on the factor

2
grows faster than ( ) which last is the qu-

-2zt

2(m+1) 2m
otient of two neighbored terms d and ! . On the other
1-2z¢ 1-2zt

side if we directly make the Sumudu transformation of the Generating function
exp(2zt —tz) using (1.9) we find

f(z;t) = J.(:wdu exp(2ztu . (tu)2 )e’"
22t 1Y | poe o 2zt-1Y
=exp{( Zét j}fo duexp{—t [u— ZZtt2 J} (7.6)
=exp (ZZt_lj ﬁ 1+ Erf 221 .
2t 2|t 2]

This can be considered as the Sumudu transform of the basic Generating

function of Hermite polynomials and (7.5) is its asymptotic expansion.

Since the considered new Generating function for Hermite polynomials as
mentioned possesses problems of convergence one may also view onto these
functions as generalized functions with weak convergence that means as linear

continuous functionals over an appropriate space of basis functions. The Geometric

. 1 . .
series " W' =T (in our case w=2zf) is not convergent for |w|>1
- -w
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and its sum is singular at w=1. Within the theory of generalized functions one

has to determine this singularity more precisely, for example, as principal value

1 . . . .
oras ————— and in correspondence with this their transforms. We
I-w I-w=i0

do not try to discuss this more exactly.

P

8. A New Kind of Generating Function for Hermite
Polynomials by Inversion of the Sumudu Transformation

In last Section we saw that the Sumudu transformation of the basic Generating func-
=0 n

tion for Hermite polynomials )~ H (z)t—' leads to the series » " H, (z)¢"
n!

which is not convergent for arbitrary ¢# 0. We also saw that this must not nec-

essarily mean that we cannot give it a sense, for example, as some generalized

2
function since it is formally equal to applying the integral operator exp(—%j—z]
Z

. . o 1 . .
to the geometric series » 0(2Zt)n =13 changing the order of summation
"= -2zt

and application of the integral operator.
Let us now assume that we want to evaluate the following series
< Hn z n
f(z;t)zz#t , (8.1)

n=0 I/l'
where H, (z) are the Hermite polynomials and zis a parameter and where ¢is
the variable involved in the transformations. This is equivalent to an inverse
Sumudu transformation of the basic generating function (6.5) for Hermite po-
lynomials which we write now
H,(2)

0 n!

Ms

/()= 1" =exp(22t—17), (8.2)

n

if we consider f (z;t) as Sumudu transform of f(z;¢) in (8.1). However, we
try to calculate f(z;¢) in (8.1) directly from its definition. We find here some
relations between Hermite polynomials and series of them to categories of Bessel
functions with integer indices and also to Laguerre polynomials.

If we use the following alternative definition of Hermite polynomials (e.g.,

(14])

H,(z)= exp[—lsz_ZJ(Zz)n, (8.3)

4
which generates the Hermite polynomials H, (z) by an integral transformation
of the power functions (22)” and can be represented as a convolution (integra-
tion path in w-plane widely deformable) we quickly arrive at

iHn(z)tn :exp[—liJi(zzz) :exp[—la—ZJIo(zﬂ)’ (8.4)

2 2
n=0 I’l' 4 52 n=0

where 1 (u) is a standard Bessel function. If we use the Taylor series of the
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2
integral operator exp(—%(j—zJ we may transform (8.4) according to
z
s H,(2) ()" [ o
nZ:(:) n? z:: m o™ (2\/7) u=2zt

(2\/5) (8.5)
=

A representation in operator form which is equivalent to the right-hand side

i::(_)'Zm

of (8.5) can be directly obtained using the Rodrigues definition of Hermite po-
lynomials as follows

(8.6)

z
2 " oY / 0
:E 2z—— | 1=1,| 2. |t| 2z—— | |1
n()n!z[ - azj O[ ( : azj] ’

where the last line means the application of an operator function f(z)=1. We
mention in this connection also the following disentanglement formula for the

operators (22 _aiJ which is an operator identity
Z

LAY e () &
(22 az] _gk!(n—k)!H"* Qs ®.7)

Applied to f(z)=1 it leads back from the right-hand side of (8.6) to its
left-hand side.
In the special case z=0 one finds from (8.1)

50,5 ) 2'"_(2

n=0 n!Z m=0 m’(zm)

17
= on [_,I’E’_ZJ

Apart from a special case of the rarely used Hypergeometric Function

gt

(8.8)

oF (=5¢,¢y5u) the right-hand side does not belong to the Special Functions for
which an evaluation in closed form is introduced and investigated in literature.
This means that one cannot expect a closed representation for the more general
series on the right-hand sides in (8.4) or (8.5). Using the formula (1.17) for the
inverse Sumudu transformation and the generating function (8.2) for Hermite

polynomials one obtains the following integral representation of the function
f(z¢) in(8.1)
o 2 1247

(V=) (8.9)

1 c+ioo 1 1
=— . ds—exp(Zi——2+tsj.
12w g s s

LA
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The closed evaluation of the integral by a known function is apparently un-
known and, as discussed, can hardly be expected but, nevertheless, the trans-
formed series are important because their convergence properties are different
from that for the original series (8.1) and may lead to different approximations.

We will make now some further consideration to the series on both sides of
(8.5). If we start from this function then the basic generating function for Her-
mite polynomials (8.2) is its Sumudu transform and one may expect that we can
derive some identities. According to the Sumudu transformation (1.5) we have

here specialized

L & (1) 0™ L (222) y
_J-O dyz 2m eXp(__)
t =0 m! (JZZy) (8.10)

1 o > Hn(Z) n Yy
:;J‘O dyy P exp[—;}

n=0

If we change on the left-hand side the order of integration and summation we
find that we do not have a correspondence alone of each sum term over m on
the left-hand side and over n on the right-hand side. Making the substitution of
the integration variable y =fu on the left-hand side we obtain

S ﬂlfmdyyz”‘ Lo (2*/5) p(_ yj

t

0 (\/E)Zm
[ dut,, (222t Ju"e (8.11)

_2a

2N (_l)m 2m 2
=e ——t" =exp(2zt—t").
Z& m! p( )
This transformation separates the underbraced integrals which depend only

on the variable combination 2zt. However that the integrals
1 (o
a_”"[(: dx1I,, (2\/ax)x'”e”“ =e, (8.12)

are also independent on m is not easily seen. Supposing the knowledge of the
independently derived identity (8.5) and of the generating function (8.11) for
Hermite polynomials one may even conclude onto the given evaluation of the
underbraced integral.

Starting from (8.5) one may derive closed representation of the series by an
integral which, however, also does not lead to a full evaluation by known functions.

We write (8.5) in the following form with ¢ =§ and apply formula (5.3)

n=0 I’l'
= (2m)! (N (=1)" [ o™
:z( )(_j (1) o (2Vu)
= m! \2 (2m)! ou™" .
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—_2 o y2 < (_1)m 2m azm
_\/?J'O dyexp(—?l;)(zm)!y {WIO(%/;)} . (8.13)

u=zx

If we apply here the Taylor series of an analytic function f(z)= f(x+iy)

and its symmetrization

o )
%(f(x+iy)+f(x—iy))=mZ:,)f(2—m()!)(—l)'” y. (8.14)

We may represent (8.13) in the following integral form

iH"(Z)[%jn=\/§j‘:mdyexp(_i_jj(lo(2 zx+iy)+10(2 zx—iy)).(s.ls)

2
n=0 n'

Apparently, an evaluation of the integrals on the right-hand side by
well-introduced Special functions is unknown.

9. Representation of the New Generating Function for
Hermite Polynomials by Series of Laguerre Polynomials

We derive now another representation of the function (8.1) and start from the
Rodrigues definition of the Hermite polynomials within the series, an approach
which becomes useful for large values of |z| and thus for the asymptotic case
Z—>®

=exp(zz)i(_?" (r%)n i(_;!)] 2 (9.1)
—ewp() S5 OO 1)

n=01=0 '21'(21—1’1) z

By interchanging the order of summations in the double sum we find

S L)oo C g OO0

= onr = I 1 =l (2l—n)! z (9.2)
_ N& (1) !
_exp(z ); I z LZ,(EJ,
where L, (u) denotes the Laguerre polynomials, explicitly
s (—l)k nto n(n—l) )
L, (u)—k:O—k!2 (n—k)!u —l—nu-i-—zl2 u - (9.3)

It is well known that the Laguerre polynomials L, (1) are a special case of
the Confluent Hypergeometric function |F, (a;c;z) defined by

(-1 & (k+a-1)

F(a;c;z)= 94
Flaes) = oA ey & 64

according to (e.g., [13], chap. 10.12., Eq. (14))
L,(u)=F (-mlu)=¢" F (n+1;1;—u), (9.5)
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where, clearly, |F(n+1;1;—u) is not a polynomial but an entire function

represented by the series
> (- +k
E(n+115-u) = Z( ) (n )! uk. (9.6)
The transformation of the Confluent Hypergeometric function
F(a;¢z)=¢" | (c—a;c-2), (9.7)

used in (9.5) in specialized form is known as the Kummer transformation ([15],
chap. 6.3.). The Kummer transformation possesses involutory character that
means applied to the right-hand side provides anew the left-hand side.

If one uses (9.5) one may represent (9.2) also in the form

H = (-1)
> ()’ =exp(z )ZQZZ’IFI(—ZI;I;LJ
n=0 I’l. 1=0 l zZ
2 LS _1)1 21 t
=exp| 22 +— | z R 20+1;1—— .
z )i I z

Here and equivalently in (9.2) we separated the factor exp(zz) in the evalu-

(9.8)

ation of the left-hand sides and obtained in this way essentially different repre-
sentations of the considered kind of generating functions. However, again we are
not able to evaluate this generating function by known Special functions and
transformed it only into another form of series with the perspective to make

other approximations than before.

10. Two Further Kinds of Generating Functions for Hermite
Polynomials

In comparison to (8.1) it is interesting to consider two slightly different Gene-

rating functions (or series) for Hermite polynomials as follows, first

and second

1),
Z(n'EEiB) g(znil))( I {(+l}=%} (102
2

Using the alternative definition of Hermite polynomials (8.3) one may trans-

form (10.1) according to

1 ¢
= exp(—zaz—zj ch(%/ﬂ)

DOI: 10.4236/apm.2019.92007

134 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2019.92007

A. Wiinsche

1 82 1,1(2@)
= ex ———jﬁ—z (10.3)
P 4622 (\/E)—% ’ '

and (10.2) according to

» H (z
2 4¢
Z:(:) 2n+1)!

3

——— = (10.4)

402 ) 2 (@)5

In the special case z=0 with the special values (6.14) of the Hermite poly-
nomials in this case and using the Hypergeometric function (F,(—;c;,c,5u)
one finds from (10.1)

= H,(0) B (-1)" "
S Ly o)
2 (10.5)

2
— _l ' _3 !0F2 _,i,l’_t_ s
4) 3 44 4

and from (10.2)

sy -y L 1)

(2n+1

~

(10.6)

This suggests that one cannot write the evaluation of the general series (10.1)
and (10.2) in closed form by well-introduced functions.
Inserting the Rodrigues definition of the Hermite polynomials in (10.1) we

obtain by a calculation in full analogy to (9.1) and (9.2)

B =on B i (]

and inserting it in (10.2)

$ )y w5 L O]

n=0 (2n+1) 1=0 I
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:exp(zz)i@zzﬂlﬂ (2[;%;1} (10.8)
z

1=0 I

The relation of the Associated (or Laguerre-Sonin) polynomials L (u) to
the Hypergeometric function |F, (a;c;u) together with the Kummer transfor-
mation (9.7) of |F, (a;c;u) is

n+a)!

(
LY (u)= E (-ml+a;u)
nlal (10.9)
(n+a)!
= ¢ \F(n+1+a;l+a;-u).
nlal

The primary summation is here substituted by another summation with excerp-
tion of the factor exp(zz) but a full evaluation of the series by well-established
functions was not obtained.

Since a full evaluation of the series for the considered Generating functions
could not be found we will make a transition to an integral representation in

analogy to (8.15). To shorten slightly the notation we make the same substitution

X . . . .
t= 5 as in last Section. Then we find by Taylor series expansion of the operator

2

10’
exp| ——— | from (10.3) at first
40z

iH” (Z.)(Zx)" - i@(gjm (1) { az:,m Ch(2\/;)} R (10.10)

(Zm)! Ou

& H(2) & ()] g sh(2d)
Zaneap ) _mz%)T(Ej (2m)!| ou™ 2u

Then using (5.3) and (8.14) we obtain the following possible representations

from (10.10)
iH(—;rE;)(Zx)":%J‘:dyexp[—i}—jJ(ch@ zx+iy)+ch(2 zx—iy)),(lO.lZ)
n=0 . ™

and from (10.11)

. (10.11)

u=zx

.(10.13)

$ H, (=) yzj sh(z zx+iy)+sh(2 zx—iy)

n 1 @©
2x)' =—[d Y
n:0(2n+1)!( %) Jm? l yeXp[ x*

2\/zx +1iy 2\/zx —1iy

The representation by Bessel functions of semi-integer index can be taken
from (10.3) and (10.4) by comparison with (10.12) and (10.13) and it is interest-
ing to compare it with formula (8.15). The different representations of the Ge-
nerating functions by series and integrals may be taken as starting point for dif-

ferent approximations.

11. Conclusions

It was shown that Sumudu transformation of a function f(x) as a relative of
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Laplace transformation can lead to the evaluation of series by integral transfor-
mation of known series. In Section 5 we considered a modified Sumudu trans-
formation of f(x) which contains the Gaussian bell function instead of the
Exponential function and can also lead to the evaluation of series by transforma-
tion of known series. The most striking example of a Sumudu transformation
establishes a connection between the Exponential and the Geometric series. The
use of Sumudu transformation in connection with fractional integration is often
useful. This extends the arsenal of methods for the evaluation of infinite series or
sometimes of integrals apart from other possible applications, for example, in
the theory of differential equations. Furthermore, we derived a certain limiting
transition from fractional integration to Sumudu transformation.

For the illustration of the Sumudu transformation we gave simple basic exam-
ples and applied it in Sections 7 - 10 to obtain new Generating functions for
Hermite polynomials. To each function with known Laplace transformation and
known Taylor series one may construct a new series which one may evaluate. It
is difficult to predict whether or not such a programme will be realized for the
great number of Laplace transformations of functions which one may find in the
published tables (e.g., [8] [9] [10]). In Section 6 we examined examples for the
considered Gauss transformation leading to new Generating functions for Her-
mite polynomials. In Section 7 we investigated a Sumudu transformation to a
new kind of Generating functions for Hermite polynomials which leads to an
asymptotic series. In Sections 8 and 9 we considered a series for a new Generat-
ing function for Hermite polynomials which corresponds to an inverse Sumudu
transformation of the basic Generating function for Hermite polynomials.
However, this leads only to transformations of series without the full evaluation
of these series by known Special functions. We hope that these examples will
find also applications in physics and other sciences.

Almost a decade ago we independently found a transformation which figured
in our records as modified Laplace transformation. However, a few years ago we
realized that it exists already under the name Sumudu transformation. Since it is
closely related to Laplace transformation and the basic integral (1.3) is well

known, likely, it was independently discovered several times.
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Appendix A
Evaluation of Two Related Gaussian Integrals

For convenience although, in principle, known we calculate here two integrals
used in Section 6.

With two parameters a2 and u we have

- x> [ch(ux)
a5 )
na
a’u’ | 1 a’ ’ 1 a’ ’
:exp[ 2 ] — IO dx exp{—a—z(x—TuJ ]iexp{—a—z(x—i-?uj (A1)
a2u2 1 +o0 +00
=eXp( Z Jﬁ{fa;dyijﬂ;dy}exp(‘yz)-

From this follows in the upper case

2 o 2
ﬁjo dxexp[—z—zj ch (ux)
na

(A2)
—ex a’u’ LJ‘md ex| (— 2):ex a’u’
vl v B Pl
and in the lower case
2
Lrwdxexp(—x—zjsh(ux)
\ra® 0 a
(A3)

aut) 1 % ) a*u? au
:exp(T]ﬁf_f dyexp(—y ):exp 2 Erf(;j.

The calculation of the upper and lower case of the integrals in (Al) have to

lead to a symmetric and an antisymmetric function with respect to variable u,

respectively.

Appendix B

Application of Two Known General Operator Identities to
Hermite Polynomials and Its Basic Generating Function

For application to the calculation of the basic Generating functions for Hermite
polynomials we collect in this Appendix two known operator identities without
their proofs which can be found in monographs about group theory and its re-
presentation theory and specialize them.

For two arbitrary linear operators 4 and B1in a (in general, infinite-dimensional)

linear space the following operator expansion is true (e.g., Louisell [21], p. 136)

- 1 1
e’Be™ :B+E[A,B]+Z[A,[A,BH+---
» 1 (B1)
= Z,;‘)E[A’[A"”[A’B ]ﬂ,
with [4,B]=AB—-BA denoting the commutator of A and B.
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The second operator identity which we consider here is a special case of the
general product of two exponential operators e’e” = ¢/? which is dealt with
in group theory in the transition from a Lie algebra to its Lie group by exponen-
tiation of the general Lie algebra operators and is the content of the Bak-
er-Campbell-Hausdorff-Dynkin formula (e.g., Kirillov [22], p. 119). The here
considered special case is (e.g., Messiah [23], Glauber [24] and Louisell [21])

eleb — exp(A-i—B-i—%[A,B]), (it [4.[4.B]]=[B.[4.B]]=0). (B2)

It is only true if the commutator [4,B] commutes with both the operators 4
and B that means in case of [A,[A,B]] = [B,[A,B]] =0. It can be directly
proved (Messiah [23], p. 442; see for this proof also Louisell [21], p. 137) without
using the general Baker-Campbell-Hausdorff-Dynkin formula which last is quite

complicated.

2
We apply now the theorem (B1) to the special case 4 =exp [—%;;j and

2
Z
2

B =2tz with t considered as a parameter. For the commutator [6—2,2&} we
Z

2 2 2 2 2
R Y 7 IR G Y2 [3+1] S VIR 5
0z Oz Oz 0z z Oz oz

From this follows

find

o* | & 0* 0
— | =2tz || = 4t| —,= |=0. B4
[822 |:622 Zﬂ {822 Bz} (B4
Therefore, the series in (B1) truncates after the sum termto n=1 and we find
10’ 10’ o
———|(2¢ —— | =t 2z——|. B5
exp( 4622j( Z)exp(4622j [Z 82) (B5)
From this follows
1 ¢ 1 ¢
exp| ———— |exp(2z)exp| ——
p( 4822J p( Z) p[4 azzj
(B6)

0 2 0
=exp {t[zz—g)} = exp<2tz —t )exp(—tgj,

and, more generally, for an arbitrary (smooth) function f(z)

10° 10° 10
—= = flz—==], B7
exp( 4822Jf(z)exp(4 Gzzj f(z 262) (B7)
. g1 . 10
but only in few cases one may easily disentangle the operator function f| z— Cr™
Z

on the right-hand side (Z.e. separate into products of functions of z and of ag).
z

The operator disentanglement on the right-hand side of (B6) in case of the ex-
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ponential function is true according to the theorem (B2) from which we con-

clude in special case

exp (2tz) exp (—t aﬁ)

Z

=exp {t(2z —a—azj —%th [za—(ﬂ} (B8)
=exp{t(22—§]}exp(;‘z), [[z,%}:—lj,

. 0 . 0
since the commutator z,a— =—-1 commutes with the operators zand %
z z

On the right-hand side of the operator identity (B6) we have separated the basic
Generating function for Hermite polynomials Y~ H (z)t—'z exp(2zt—t2).
n!

n=0""n

This operator identity can be represented equivalently

10’ o 10
exp[—ZaZ—ZJ exp(21z) = exp(2zt - )exp[—tg—zg} (B9)

On this occasion we mention that from (B5) with =1 follows the operator

identity

. (B10)
10
=y 1) "y o 1o
k:ok!(n—k)! "k (Z)ﬁzk exp( 4522}

where in addition we used the operator identity (8.7). Applied to the function

3
—~
|
—_—
~—

=
S
(o))
=

f(z)=1 it generates the Hermite polynomials H, (z) as we repeatedly used it.
For an arbitrary function f (z) with Taylor series at z=0 follows from (B10)
by reordering of the sum terms in the arising double sum the operator identity
10) & f"0) 1 & (=) n! o*
(-22)- s 0L S (2
20z n=0 n! 2 k=0 k'(n_k)' oz

& (_l)k [if(lm)(o) HI(Z)J o

el oz

(B11)

The inner sum is of the form of Generating functions for Hermite polyno-
mials (without powers of a parameter) and cannot be evaluated in closed way in

general case.
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