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Abstract 
This paper deals with the Hausdorff dimensions of the global attractor for a 
class of Kirchhoff-type coupled equations with strong damping and source 
terms. We obtain a precise estimate of upper bound of Hausdorff dimension 
of the global attractor. 
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1. Introduction 

Guohuang Lin, Ming Zhang [1] studied the initial boundary value problem for a 
class of Kirchhoff-type coupled equations and obtained the existence of the 
global attractor. Next, in this paper, we consider the Hausdorff dimensions for 
the global attractor for the following Kirchhoff-type equations: 

( ) ( ) ( )2 2
1 1,tt tu M u v u u g u v f xβ− ∇ + ∇ ∆ − ∆ + =         (1.1) 

( ) ( ) ( )2 2
2 2,tt tv M u v v v g u v f xβ− ∇ + ∇ ∆ − ∆ + =         (1.2) 

( ) ( ) ( ) ( )0 1,0 , ,0 ,tu x u x u x u x x= = ∈Ω               (1.3) 

( ) ( ) ( ) ( )0 1,0 , ,0 ,tv x v x v x v x x= = ∈Ω               (1.4) 

0u v
∂Ω ∂Ω
= =                          (1.5) 

where Ω  is a bounded domain in 2R  with the smooth boundary ∂Ω , 0β >  
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is a constant. ( )M s  is a nonnegative 1C  function, tu−∆  and tv−∆  are strong- 
ly damping terms, ( )1 ,g u v  and ( )2 ,g u v  are nonlinear source terms, ( )1f x  
and ( )2f x  are given forcing function. 

Jingzhu Wu, Guoguang Lin [2] consider a class of damped Bossinesq equa-
tion: 

( )2 1 , , 0k
tt t xxu u u u f x x tα ++ − + = ∈Ω >              (1.6) 

( ) ( )0,0u x u x=                         (1.7) 

( ) ( ), 1,u x t u x t= +                        (1.8) 

where RΩ⊂ , 0α > , then they obtain the existence of the global attractor and 
the limited of Hausdorff dimension and the limited of Fractal dimension. 

Xiaoming Fan, Shengfan Zhou [3] consider the following non-autonomous 
strongly damped wave equation of non-degenerate Kirchhoff-type: 

( ) ( ) ( ) ( )2 d , , , ,
p

tt t tu u u x u h u f u t g x t x tα β γ τ
Ω

 − ∆ − + ∇ ∆ + + = ∈Ω > 
 ∫  (1.9) 

( ), 0,
x

u x t t τ
∈∂Ω

= ≥                      (1.10) 

( ) ( ) ( ) ( )0 1, , , ,tu x u x u x u x xτ ττ τ= = ∈Ω             (1.11) 

where ( ),u u x t=  is a real-valued function on [ ),τΩ× +∞ , Rτ ∈ , Ω  is an 
open bounded set of nR , 1, 2,3n =  with a smooth boundary ∂Ω , 0α >  is 
called the strong damping, 0β > , 1ρ > − , 0γ ≥ . ( )1 ;h C R R∈ ,  

( )1 ;f C R R R∈ × , ( ) ( )( )2, ,bg t C R L⋅ ∈ Ω , ( )( )2,bC R L Ω  is the set of conti-
nuous bounded functions from R  into ( )2L Ω . And then, they obtained a 
precise estimate of upper bound of Hausdorff dimension of kernel sections, 
which decreases as the strong damping grows for large strong damping under 
some conditions, particularly in the autonomous case. 

Guoguang Lin, Yunlong Gao [4] concerned the following nonlinear High-
er-order Kirchhoff-type equations: 

( ) ( ) ( ) ( ) ( ) ( ) [ )
2

, , 0,
q

m mm
tt tu u u u g u f x x tα β+ −∆ + + ∇ −∆ + = ∈Ω× +∞ (1.12) 

( ) ( ) ( ) ( )0 1,0 , ,0 ,tu x u x u x u x x= = ∈Ω              (1.13) 

( ) [ ), 0, 0, 1, , 1, , 0,
i

i

uu x t i m x t
v
∂

= = = − ∈∂Ω ∈ +∞
∂

�        (1.14) 

where 1m >  is an integer constant, 0, 0α β> >  are constants and q  is a 
real number. Ω  is a bounded domain of nR  with a smooth boundary ∂Ω  
and v  is the unit outward normal on ∂Ω . ( )g u  is a nonlinear function spe-
cified later. And they obtained the existence of the global attractor. In this case, 
they considered that the estimation of the upper bounds of Hausdorff for the 
global attractors is obtained. 

2. Hausdorff Dimensions of the Global Attractor 

In this paper, some inner product, norms, abbreviations and some assumptions 
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(H1) - (H4) and notations needs in the proof of our results in refer to [1]. 

2.1. Differentiability of the Semigroup 

In order to estimate dimensions, we suppose: 
(H5) For every 0L > , there exist ( )k k L= , such that: 

( ) ( )( )
( )

1 1, 1 ,iu iu L
g u v g u u v k u u k v vδ δγ γ ∞ Ω

− + − ≤ ∇ −∇ + ∇ −∇    (2.1) 

( ) ( )( )
( )

1 1, , 1iv iv L
g u v g u v v k u u k v vδ δγ γ ∞ Ω

− + − ≤ ∇ −∇ + ∇ −∇    (2.2) 

where ( )1
0, , ,u u v v H∈ Ω ; , , ,u u v v L∇ ∇ ∇ ∇ ≤ ; ( )0,1λ∈ ; 1 0δ > ; 

1,2i = . 
(H6) There exists constant 0 1 2, ,µ µ µ , such that  

( )
( )
( )

2 2
0

0 1 2
2 2

1

d, 0,
d1 ,
d, 0.
d

tM s

t

µ θ ω
µ µ µ

µ θ ω

 ∇ + ∇ >< ≤ ≤ = 
 ∇ + ∇ <


      (2.3) 

We define A = −∆ , ( ) ( ) ( ) ( )1 1
0 0 0 2 2E H H L L= Ω × Ω × Ω × Ω . The inner prod-

uct and norm in 0E  space are defined as follows:  

( ) ( )0, , , , 1, 2i i i i iu v p q E iϕ∀ = ∈ =  

we have  

( ) ( ) ( )
0

1 1 1 1
2 2 2 2

1 2 1 2 1 2 1 2 1 2, , , , ,E A u A u A v A v p p q qϕ ϕ
   

= + + +      
   

    (2.4) 

( )
00

2 21 1
2 2 22 2

1 1 1 1 1 1 1, EE A u A v p qϕ ϕ ϕ= = + + +        (2.5) 

Setting ( )T
0, , ,u v p q Eϕ∀ = ∈ , tp u uε= + , tq v vε= + , the Equations 

(1.1)-(1.5) is equivalent to 

( ) ( )t H Fϕ ϕ ϕ+ =                       (2.6) 

where  

( ) ( )
( )

2

2

1
1

u p
v q

H
p Ap u Au
q Aq v Av

ε
ε

ϕ
ε β ε εβ
ε β ε εβ

− 
 − =  − + + + −
  − + + + − 

             (2.7) 

( ) ( )( ) ( ) ( )

( )( ) ( ) ( )

2 2
1 1

2 2
2 2

0
0

1 ,

1 ,

F M u v Au g u v f x

M u v Av g u v f x

ϕ

 
 
 
 = − ∇ + ∇ − + 
 
 − ∇ + ∇ − +
 

        (2.8) 

Lemma 2.1 For any ( )T
0, , ,u v p q Eϕ = ∈ , we have  
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( )( )
00

2 21 1
2 2 2,

4 4 4EE
H A p A qε β β

ϕ ϕ ϕ≥ + +              (2.9) 

Proof. 
By (2.3), we get  

( )( ) ( ) ( )

( )( )
( )( )

( )

( )

0

1 1 1 1
2 2 2 2

2

2

2 21 1 1 1
2 22 2 2 2

2 21 1 1 1
2 22 2 2 2

, , ,

1 ,

1 ,

, ,

, , .

E
H A u p A u A v q A v

p Ap u Au p

q Aq v Av q

A u p A p u p A u A p

A v q A q v q A v A q

ϕ ϕ ε ε

ε β ε εβ

ε β ε εβ

ε ε β ε εβ

ε ε β ε εβ

   
= − + −      
   

+ − + + + −

+ − + + + −

 
= − + + −   

 

 
+ − + + −   

 

 (2.10) 

By using holder inequality and Young’s inequality and Poincare inequality, we 
deal with the terms in (2.9) by as follows: 

( )
212 2

22 2

1

,
2 2

u p A u pε ε
ε

λ
≥ − −                  (2.11) 

2 21 1 1 12
2 2 2 2,

2 2
A u A p A u A pε β β

εβ
 

− ≥ − −  
 

             (2.12) 

( )
212 2

22 2

1

,
2 2

v q A v qε ε
ε

λ
≥ − −                  (2.13) 

2 21 1 1 12
2 2 2 2,

2 2
A v A q A v A qε β β

εβ
 

− ≥ − −  
 

             (2.14) 

By 11

1

5 25 8230 min ,
4 1 4

λ βλ
ε

βλ

 − + + < < ⋅ 
+  

 and substituting (2.11)-(2.14) 

into (2.10), we obtain 

( )( )

( )

( )

0

2 21 12 2
2 2

1

2 21 12
2 2 2 2

2 21 12 2 2
2 22 2

1

2 2 2 21 1 1 1
2 2 2 2

,
2 2

2 2

2 2 2

4 4

E
H A u A v

p q A p A q

A u A v p q

A p A q A p A q

ε ε β
ϕ ϕ ε

λ

ε β
ε

ε ε β ε
ε ε

λ

β β

   ≥ − − +    
    + − − + + +      

     ≥ − − + + − − +        
   
   + + + +
   
   
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( )

2 21 12 2
2 2

1

2 21 12
2 21 2 2

2 2 2 21 1 1 1
2 22 2 2 2

2 2

4 2 4

.
4 4

A u A v

p q A p A q

A u A v p q A p A q

ε ε β
ε

λ

λ β ε β
ε

ε β

   ≥ − − +    
    + − − + + +      

   
   ≥ + + + + +
   
   

      (2.15) 

Proof finished. 
The linearized equations of (1.1)-(1.5), the above equations as follows: 

( ) ( ) ( )

( ) ( ) ( )

2 2

2 2
1 1

2 , ,

, , 0,

tt

t u v

U M u v u U v V Au

M u v AU AU g u v U g u v Vβ

′+ ∇ + ∇ ∇ ∇ + ∇ ∇  

+ ∇ + ∇ + + + =
     (2.16) 

( ) ( ) ( )

( ) ( ) ( )

2 2

2 2
2 2

2 , ,

, , 0,

tt

t u v

V M u v u U v V Av

M u v AV AV g u v U g u v Vβ

′+ ∇ + ∇ ∇ ∇ + ∇ ∇  

+ ∇ + ∇ + + + =
     (2.17) 

( ) ( ),0 ,0 0, 0
x x

U x V x t
∈∂Ω ∈∂Ω

= = >                (2.18) 

( ) ( )1 2,0 , ,0tU x U xξ ξ= =                    (2.19) 

( ) ( )1 2,0 , ,0tV x V xζ ζ= =                     (2.20) 

where ( )1 1 2 2 0, , , Eξ ζ ξ ζ ∈ , ( ) ( )( )0 0 1 1, , , , , ,t tu v u v S t u v u v=  is the solution of 
with ( )0 0 1 1, , ,u v u v ∈Α  

Given ( )0 0 1 1, , ,u v u v ∈Α  and ( ) 0 0:S t E E→ , the solution  
( )( )0 0 1 1 0, , ,S t u v u v E∈ , by stand methods we can show that for any  

( )1 1 2 2 0, , , Eξ ζ ξ ζ ∈ , the linear initial boundary value problem (2.16)-(2.20) pos-
sess a unique solution ( ) ( ) ( ) ( )( ) ( )0, , , 0, ;t tU t V t U t V t L E∞∈ +∞ . 

Theorem 2.1 For any 0t > , 0R > , the mapping ( ) 0 0:S t E E→  is Frechet 
differentiable on. Its differential at ( )T

0 0 1 1, , ,u v u vϕ =  is the linear operator on  

( ) ( )( ( ) ( ) ( ))TT
1 1 2 2: , , , , , ,E U t V t P t Q tξ ζ ξ ζ →  

where ( )U t , ( )V t  is the solution of (2.16)-(2.20). 
Proof.  
Let ( )T

0 0 0 1 1 0, , ,u v u v Eϕ = ∈ , ( )T
0 0 1 0 1 1 2 1 2 0, , ,u v u v Eϕ ξ ζ ξ ζ= + + + + ∈  with 

00 E Rϕ ≤ , 
0

0 E
Rϕ ≤ , we denote ( ) ( )T

0, tu u S t ϕ= , ( ) ( )
T

0, tu u S t ϕ= . We 

can get the Lipchitz property of ( )S t  on the bounded sets of 0E , that is  

( ) ( ) ( )1

00

2 2
0 0 1 1 2 2e , , ,C t

EE
S t S tϕ ϕ ξ ζ ξ ζ− ≤             (2.21) 

Let u u Uθ = − − , v v Vω = − −  is the solution of problem  

( )2 2
1tt tM u v A A hθ θ β θ+ ∇ + ∇ + =               (2.22) 

( )2 2
2tt tM u v A A hω ω β ω+ ∇ + ∇ + =              (2.23) 
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( ) ( )0 0 0tθ θ= =                        (2.24) 

( ) ( )0 0 0tω ω= =                        (2.25) 

where  

( ) ( )
( ) ( ) ( )

2 2 2 2
1

2 22 , ,

h M u v M u v Au

M u v u U v V Au

 = ∇ + ∇ − ∇ + ∇  

′+ ∇ + ∇ ∇ ∇ + ∇ ∇  

 

( ) ( ) ( ) ( )1 1 1 1, , , , ,u vg u v g u v g u v U g u v V− + + +           (2.26) 

( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( )

2 2 2 2
2

2 2

2 2 2 2

2 , ,

, , , , .u v

h M u v M u v Av

M u v u U v V Av

g u v g u v g u v U g u v V

 = ∇ + ∇ − ∇ + ∇  

′+ ∇ + ∇ ∇ ∇ + ∇ ∇  

− + + +

       (2.27) 

Let 2 2s u v= ∇ + ∇ , 2 2
1s u v= ∇ + ∇ , so we can get  

( ) ( ) ( ) ( ) ( )

( )( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

2 2
1

2

2 , ,

, ,

, ,

, ,

2 , ,

M s M s Au M u v u U v V Au

M u u u u v v v v Au

M s u u u u v v v v A u u

M s u u u u v v v v Au

M s u v Au

ξ γ

θ ω

′− + ∇ + ∇ ∇ ∇ + ∇ ∇      

′′= − ∇ +∇ ∇ −∇ + ∇ +∇ ∇ −∇  
′− ∇ +∇ ∇ −∇ + ∇ +∇ ∇ −∇ −  
′− ∇ −∇ ∇ −∇ + ∇ −∇ ∇ −∇  
′− ∇ ∇ + ∇ ∇  

 (2.28) 

And 

( ) ( ) ( ) ( )
( ) ( ) ( )( ) ( )
( ) ( ) ( )( ) ( )

1 1 1 1

1 1 1 1

1 1 1 1

, , , ,

, , , ,

, , , , .

u v

u u

v v

g u v g u v g u v U g u v V

g u v g u v g u v u u g u v

g u v g u v g u v v v g u v

θ

ω

− + +

= − + − −

+ − + − −

       (2.29) 

Then, we have  

( )( ) ( ) ( )( )
( )

2
2

1
2 2 2

1

, , ,

,

t

t

M s u u u u v v v v Au

C u u v v A

γ θ

θ

′′ − ∇ +∇ ∇ −∇ + ∇ +∇ ∇ −∇  

≤ ∇ −∇ + ∇ −∇
   (2.30) 

( ) ( ) ( ) ( )( )
( )

2 2

1
2 2 2

2

, , ,

,

t

t

M u v u u u u v v v v A u u

C u u v v A

θ

θ

′− ∇ + ∇ ∇ −∇ ∇ +∇ + ∇ −∇ ∇ +∇ −  

≤ ∇ −∇ + ∇ −∇ ⋅
 

(2.31) 

( ) ( ) ( )( )
( )

2 2

1
2 2 2

3

, , ,

,

t

t

M u v u u u u v v v v Au

C u u v v A

θ

θ

′− ∇ + ∇ ∇ −∇ ∇ −∇ + ∇ −∇ ∇ −∇  

≤ ∇ −∇ + ∇ −∇
 (2.32) 

( ) ( ) ( )( )
( )

2 2

1
2

4

, , ,

.

t

t

M u v u v Au

C A

θ ω θ

θ ω θ

′− ∇ + ∇ ∇ ∇ + ∇ ∇  

≤ ∇ + ∇
          (2.33) 
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By using (2.30)-(2.33), we have  

( ) ( ) ( ) ( ) ( )( )

( ) ( )

1

1 1
2 2 2 2

5 4

2 , , ,

.

t

t t

M s M s Au M s u U v V Au

C u u v v A C A

θ

θ θ ω θ

′− + ∇ ∇ + ∇ ∇      

≤ ∇ −∇ + ∇ −∇ + ∇ + ∇
    (2.34) 

Similarly 

( ) ( ) ( ) ( ) ( )( )

( ) ( )

1

1 1
2 2 2 2

6 7

2 , , ,

.

t

t t

M s M s Av M s u U v V Av

C u u v v A C A

ω

ω θ ω ω

′− + ∇ ∇ + ∇ ∇      

≤ ∇ −∇ + ∇ −∇ + ∇ + ∇
    (2.35) 

And by using (H5) 

( ) ( ) ( )( ) ( )( )
( ) ( ) ( )( ) ( )( )
( ) ( )

( )
( ) ( )

1 1

1 1

1 1

1 1 1 1

1 1 1 1

1
8 10

1
9

1 1
10 11

, , , , ,

, , , , ,

.

u u t

v v t

t t t

t

t t t

g u v g u v g u v u u g u v

g u v g u v g u v v v g u v

C u u v v u u C

C u u v v v v

C C u u v v

δ δ

δ δ

δ δ

θ θ

ω θ

θ θ θ ω θ

θ

θ θ ω θ θ

+

+

+ +

− + − −

+ − + − −

≤ ∇ −∇ + ∇ −∇ ∇ −∇ ⋅ + ⋅ + ⋅

+ ∇ −∇ ∇ −∇ + ∇ −∇ ⋅

≤ ⋅ + ⋅ + ∇ −∇ + ∇ −∇ ⋅

 (2.36) 

Similar 

( ) ( )( )( ) ( )( )
( ) ( )( )( ) ( )( )

( ) ( )1 1

2 2 2

2 2 2

1 1
12 13

, , , ,

, , , ,

.

u u u t

v v v t

t t t

g u v g x v u u g u v

g u v g u y v v g u v

C u u v v Cδ δ

θ ω

ω ω

ω θ ω ω ω+ +

− − −

+ − − −

≤ ∇ −∇ + ∇ −∇ ⋅ + ⋅ + ⋅

    (2.37) 

So, we can get  

( )
( )

( )( )
1 1

2 2 2 2
2

2 2 2 2 4 4
15

2 2 2 2
14 2

d
d

.

t t

t t

t
C u u v v u u v v

C

δ δ

θ ω µ θ ω

θ ω µ θ ω

+ +

 + + ∇ + ∇  

≤ ∇ −∇ + ∇ −∇ + ∇ −∇ + ∇ −∇

+ + + ∇ + ∇

    (2.38) 

Then, by using Gronwall’s inequality and (2.21), we obtain  

( )

( ) ( )( )
1 114

116

0 0

2 2 2 2
3

2 2 2 2 4 4
15 0

4 2 2
17 1 1 2 2 1 1 2 2

e d

e , , , , , , .

t t

tC t

C t
E E

C u u v v u u v v t

C

δ δ

δ

θ ω β θ ω

ξ ζ ξ ζ ξ ζ ξ ζ

+ +

+

+ + ∇ + ∇

≤ ∇ −∇ + ∇ −∇ + ∇ −∇ + ∇ −∇

≤ +

∫   (2.39) 

Then, we get 

( ) ( ) ( )

( )
( ) ( )( )10 16

0 0

0

2

2 2
17 1 1 2 2 1 1 2 22

1 1 2 2

e , , , , , , 0
, , ,

E C t
E E

E

t t U t
C

δϕ ϕ
ξ ζ ξ ζ ξ ζ ξ ζ

ξ ζ ξ ζ

− −
≤ + → (2.40) 

as ( )T
1 1 2 2, , , 0ξ ζ ξ ζ →  in 0E . The proof is competed. 
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2.2. The Upper Bounds of Hausdorff Dimensions for the  
Global Attractor  

Consider the first variation of (2.6) with initial condition: 

( ) ( ) ( ) ( ) ( )T
1 2 1 1 2 2 0, 0 , , , , 0t P E tψ ϕ ψ ϕ ψ ϕ ψ ψ ξ ζ ξ ζ′ + = Γ + Γ = ∈ >     (2.41) 

where ( )T
0, , ,U V P Q Eψ = ∈ , tP U Uε= + , tQ V Vε= +  and  

( )T
0, , ,u v p q Eϕ = ∈  is a solution of (2.41), 

( ) ( )
( )

2

2

0 0
0 0
1 0 0
0 1 0

I I
I I

P
I I

I I

ε
ε

ϕ
ε εβ ε β

ε εβ ε β

− 
 − =  − − ∆ − − ∆
  − − ∆ − − ∆ 

  (2.42) 

( ) ( ) ( )
( ) ( )

1
1 1

2 2

0 0 0 0
0 0 0 0

, , 0 0
, , 0 0

u v

u v

g u v g u v
g u v g u v

ϕ

 
 
 Γ =  − −
  − − 

            (2.43) 

( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2

2 2 2 2

2 2 2 2

0
0

1 2 , ,

1 2 , ,

M u v u M u v u U v V u

M u v v M u v u U v V v

ϕΓ

 
 
 
  = ′∇ + ∇ − ∆ + ∇ + ∇ ∇ ∇ + ∇ ∇ ∆     
 
  ′∇ + ∇ − ∆ + ∇ + ∇ ∇ ∇ + ∇ ∇ ∆     

 

(2.44) 

It is easy to show form Theorem 2.1 that (2.41) is a well-posed problem in 0E , 
the mapping ( )Sε τ : { }0 0 1 1 0 1 1 0, , ,u v p u u q v vε ε= + = +  →  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }, , ,t tu v p u u q v vτ τ τ τ ε τ τ τ ε τ= + = +  is frechet differentiable 
on 0E  for any 0t ≥ , its differential at ( )T

0 0 1 1, , ,u v p qϕ =  is the linear opera-
tor on 

( ) ( ) ( ) ( ) ( )( )T
0 1 1 2 2: , , , , , ,E U t V t P t Q tξ ζ ξ ζ →  

where ( ) ( )( ( ) ( ))T
, , ,U t V t P t Q t  is the solution of (2.40). 

Lemma 2.2 [5] For any orthonormal family of elements of ( )
00 , EE ⋅ ,  

( )T
1 1 2 2, , ,j j j jξ ζ ξ ζ , 11, 2, ,j n= � , we have  

( ) ( ) [ )
1 12 2 1 1

1 1
1 1

2 , 0,1
n n

j j j j
j j

ν ν ν νξ ζ λ λ ν− −

= =

∇ + ∇ ≤ + ∈∑ ∑        (2.45) 

Proof. This is a direct consequence of Lemma VI. 6.3 of [5]. 
Theorem 2.2 If (H1)-(H6) hold, satisfying, then there exists 1β > , such that 

the Hausdorff dimension of global attractor Α  in 0E  satisfies 

( ) ( )
1

1 1
1 1

11 24

1min ,
16

n

H j j
j

d n n N
n C

ε
λ λ− −

=

 
Α ≤ ∈ + < 

 
∑        (2.46) 

where 0R  is as in Lemma 2.6 in [1]. 
Proof. Let 1n N∈  be fixed. Consider 1m  solutions 

11 2, , , nψ ψ ψ�  of (2.41). 
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At a given time τ , let ( )
1nB τ  denote the orthogonal projection in 0E  onto 

span ( ) ( ) ( ){ }11 2, , , ns s sψ ψ ψ� . 

Let ( ) ( )T
0, , ,j j j j jy s Eξ ζ ξ ζ= ∈ , 11, 2, ,j n= � , be an orthonormal basis of  

( ) ( ) ( ) ( ){ }1 10 1 2, , ,n nB s E span s s sψ ψ ψ= �            (2.47) 

with respect to the inner product ( )
0

, E⋅ ⋅  and norm 
0E⋅ . 

Suppose  

( ) ( ) ( ) ( ) ( )( )T
, , ,u v p qϕ τ τ τ τ τ= ∈Α             (2.48) 

then ( )
0

0E
Mϕ τ ≤ , s τ∀ > . By 

0
1j E

y =  and Lemma 2.1, we have 

( )( ) ( ) ( )( )
0

2 2

2 2,
4 4 4j jj j E

P s y s y s ε β β
ϕ ξ ζ− ≤ − − ∇ − ∇     (2.49) 

( )( ) ( ) ( )( )
0

1

1 1
18 1 2 19 1 2

1 1
20 1 2 21 1 2

,

.

j j E

j j j j

j j j j

s y s y s

C C

C C

ϕ

ξ ξ ζ ξ

ξ ζ ζ ζ

− −

− −

Γ

≤ ∇ ⋅ ∇ + ∇ ⋅ ∇

+ ∇ ⋅ ∇ + ∇ ⋅ ∇

         (2.50) 

Then, by the Sobolev embedding theorem: 

( ) ( ) ( )1 1 1
0H H H −Ω ⊂ Ω ⊂ Ω                (2.51) 

Therefore 

( )( ) ( ) ( )( )

( )

0
1

22 1 2 23 1 2

24 1 2 25 1 2

2 2 2 2
26 1 1 2 2

,

.
8 8

j j E

j j j j

j j j j

j j j j

s y s y s

C C

C C

C

ϕ

ξ ξ ζ ξ

ξ ζ ζ ζ

β β
ξ ζ ξ ζ

Γ

≤ ⋅ ∇ + ⋅ ∇

+ ⋅ ∇ + ⋅ ∇

≤ + + ∇ + ∇

        (2.52) 

By Young’s inequality, we have 

( )( ) ( ) ( )( )
( )
( )

( ) ( )

0
2

2 2
0 1 2 0 0 1 2 0 0 1 2

2 2
0 1 2 0 0 1 2 0 0 1 2

1 1
1 12 2

0 02 22 2
0 0 0 0

,

1 2 2

1 2 2

1 1
2 2 .

2 2

j j E

j j j j j j

j j j j j j

j j
j j

s y s y s

R k R k

R k R k

R k R k

ϕ

µ ξ ξ ξ ξ ζ ξ

µ ζ ζ ξ ζ ζ ζ

λ µ λ µ
λ λ

Γ

≤ − ∇ ⋅ ∇ + ∇ ⋅ ∇ + ∇ ⋅ ∇

+ − ∇ ⋅ ∇ + ∇ ⋅ ∇ + ∇ ⋅ ∇

− −
≤ + + +

 (2.53) 

So exist β  satisfying 

( )
1

122 0 22
2 0 0

1
2

8 2 16
j

j j R k
λ µβ ε

ξ λ
−

− ∇ + + ≤             (2.54) 

( )
1

122 0 22
2 0 0

1
2

8 2 16
j

j j R k
λ µβ ε

ζ λ
−

− ∇ + + ≤             (2.55) 

We obtain 
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( ) ( )( ) ( )( ) ( )( ) ( ) ( )( )

( ) ( )

( )
( )

1

1 0

1

1

1

1

1 2
1

2 2 2 2
2 2 2 2

1

1 1
1 12 2

0 02 22 2
0 0 0 0

1

2 2
26 1 1

1

1 1
1 27

1

,

4 4 4 8 8

1 1
2 2

2 2

2 .
8

n

n j j Ej

n

j j j j
j

n
j j

j j
j

n

j j
j

n

j j
j

p s P s s s y s y s

R k R k

C

n C

ϕ ϕ ϕ

ε β β β β
ξ ζ ξ ζ

λ µ λ µ
λ λ

ξ ζ

ε
λ λ

=

=

=

=

− −

=

= − + Γ + Γ

 ≤ − − ∇ − ∇ + ∇ + ∇ 
 

 
− − 

+ + + + 
 
 

+ +

≤ − + +

∑

∑

∑

∑

∑

   (2.56) 

If ( )
1

1 1

11 27

1
16

n

j j
jn C

ε
λ λ− −

=

+ ≤∑ , then 

( )
( )

( )

( )

1 1
0

1

1

1 1
1 27

127 1

1liminf supsup sup d

12 0.
16

n nt R E

n

j j
j

q s p s s
t

n C
C n

τ

ττ φ ϕ τ

ε
λ λ

+

→∞ ∈ ∈ ∈Α

− −

=

=

 
≤ − − + < 

 

∫

∑
          (2.57) 

Proof finish. 
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