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This work is licensed under the Creative 1. Introduction

Commons Attribution International

License (CC BY 4.0). Guohuang Lin, Ming Zhang [1] studied the initial boundary value problem for a

http://creativecommaons.org/licenses/by/4.0/' ]ass of Kirchhoff-type coupled equations and obtained the existence of the

(Clol
P global attractor. Next, in this paper, we consider the Hausdorff dimensions for

the global attractor for the following Kirchhoff-type equations:

U =M [Vl + [V ) Au = g, + g, (u,v) = () (1.1)
v, —M (||Vu||2 +||Vv||2)Av—ﬁAvt +0,(u,v)=f,(x) (1.2)
u(x,0)=uy(x),u (x,0)=u,(x),xeQ (1.3)
V(%,0)=Vy(x),v, (x,0)=v,(x),xeQ (1.4)

U =Vl =0 (15)

where Q is a bounded domain in R? with the smooth boundary 6Q, >0
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isaconstant. M(S) isanonnegative C' function, —Au, and —Av, are strong-
ly damping terms, ¢;(u,v) and g,(u,Vv) are nonlinear source terms, f,(X)
and f,(x) are given forcing function.

Jingzhu Wu, Guoguang Lin [2] consider a class of damped Bossinesq equa-

tion:
Uy +al, — Uy +U* = f(x), xeQ,t>0 (1.6)
u(x,0)=u,(x) (1.7)
u(xt)=u(x+1t) (1.8)

where Qc R, a >0, then they obtain the existence of the global attractor and
the limited of Hausdorff dimension and the limited of Fractal dimension.
Xiaoming Fan, Shengfan Zhou [3] consider the following non-autonomous

strongly damped wave equation of non-degenerate Kirchhoff-type:
U, — AU, —(/3+;/(L2|Vu|2 dx)iju +h(u)+ f(ut)=g(xt),xeQt>7 (1.9)

=0,t>7 (1.10)

u(x,7) =y, (X),u (x,7)=u, (x), xeQ (1.11)

where U=U(X,t) is a real-valued function on Qx[z’,+oo), reR, Q is an
open bounded set of R", n=1,2,3 with a smooth boundary 8Q, a>0 is
called the strong damping, S>0, p>-1, y>0. heC!(R;R),
fe Cl(Rx R; R) , g (~,t) eC, (R, L2 (Q)) , G, (R, L2 (Q)) is the set of conti-
nuous bounded functions from R into LZ(Q). And then, they obtained a
precise estimate of upper bound of Hausdorff dimension of kernel sections,
which decreases as the strong damping grows for large strong damping under
some conditions, particularly in the autonomous case.

Guoguang Lin, Yunlong Gao [4] concerned the following nonlinear High-

er-order Kirchhoff-type equations:

U + (=), Jr(@ﬂrﬂ”V"‘UHZ)q (=A)"u+g(u) = f(x),(xt) e Qx[0,+) (1.12)

u(x,0)=uy(x),u (x,0)=u,(x), xeQ (1.13)
u(x,t):O,%zo, i=1--,m-1xedQ,te[0,+x) (1.14)

where m>1 is an integer constant, o >0,8>0 are constants and ¢ is a
real number. Q is a bounded domain of R" with a smooth boundary 8Q
and Vv is the unit outward normal on 8Q. g(U) is a nonlinear function spe-
cified later. And they obtained the existence of the global attractor. In this case,
they considered that the estimation of the upper bounds of Hausdorff for the

global attractors is obtained.

2. Hausdorff Dimensions of the Global Attractor

In this paper, some inner product, norms, abbreviations and some assumptions
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(H,) - (H,) and notations needs in the proof of our results in refer to [1].

2.1. Differentiability of the Semigroup

In order to estimate dimensions, we suppose:
(H,) For every L >0, there exist k=k(L), such that:

Gy (U,V)— gy, (yu +(l—}/)U,V)||Lw(Q) <k|[va-vu* +k|[vv-w* (2.1

g (U,v) =gy, (u, v +(1- y)v)"m) < k||VU—Vu||§l + k||VV—Vv||'51 (2.2)

where U, T,v,7eH:(Q) 5 [Vul[VT[L[VV.[VF]<L 5 Ae(0,1) 5 850 ;
i=12.
(Hg) There exists constant 4, 44, 44, , such that

d
o (VO + Vel ) >0
1<ty <M (S)< gy, pt, = d ; i (2.3)
oIVl Vel ) <0

We define A=-A, E,=H;(Q)xHg(Q)xL,(Q)xL,(Q). The inner prod-

uctand normin E; space are defined as follows:
Vo, =(Ui:Vi’ pi'qi)e Eo’(i =1'2)

we have

1 L 1 1
((01!492)50 = {Azul, AZUZJ +(A2V11 szzj""( Py p2)+(ql’ qZ) (2.4)

2 2

1

2
A%y,

1

||‘/’1||E0 oL, = A7+ o] + o (2.5)

Setting Vo=(u,v,p,q) €E, , p=U+eu, q=V,+&v, the Equations
(1.1)-(1.5) is equivalent to

g, +H(p)=F (o) (2.6)
where
eu—p
B ev—(
H(p)= —ep+ fAp+iu+(1-eB)Au 27)
—&q+ BAG+ &’V +(1-gB) Av
0
0
F)=] (1M ([vuff + |9 )) Au- g, (uv)+ 1 (x) (238)
(1= M ([l + 7o) Av=g, (uv)+ £ (x)

Lemma 2.1 Forany ¢=(u,v,p, q)T € E,, we have

DOI: 10.4236/apm.2018.81001

3 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2018.81001

G. G. Lin, M. Zhang

2 2

1
(H (o)), > Iolt, 2|20 +21acq 29)
Proof.
By (2.3), we get
1 1 1 1
(H (¢)’¢)E0 =£A2 (gu— p),A2uJ+(A2 (gv_q),szj
+(-ep+BAp+&'u+(1-58)Au, p)
+(-2q+ BAq+ £V +(1-58) Av,q) (2.10)
EN 1 ER
=s|A7ul —epf +5|A%p sz(u,p)—gﬂiAzu'Asz
E 1 11
+e|A2v| —¢|al’ + | A%q 52(v,q)—5ﬂ(A2v,A2q].

By using holder inequality and Young’s inequality and Poincare inequality, we

deal with the terms in (2.9) by as follows:

SR @)

—gﬂ(A;u,A;sz—g%ﬁ A%u 2 —g A%p 2 (2.12)
2| 1P L2

& (v,q)z—;—/al A2y —%"q”2 (2.13)

—gﬁ{A;v, A;qu—g%ﬂ A%v 2 —g A%q 2 (2.14)

-5+,/25+8
By O0<é&<min 3 24 hl 845 and substituting (2.11)-(2.14)
4 1+ﬁ/11 4
ZJ

into (2.10), we obtain
A? p

2 1

A2u| +[ A2y

(H(9).0),, 2[“%‘%){
o= or +tar)- [
(e e ) ] {5 oot o

L)
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12

A2y

1

+|Azv

(e i 4|

J (2.15)
1 |? B
£ 2 lol ol |+ 2
24[ A +||p||+||q||]+4[

2]
Proof finished.

The linearized equations of (1.1)-(1.5), the above equations as follows:

Uy + M ([l + [V ) 2[(Vu, VU )+ (V. 9V ) Au

E
A?p| +|A%q

2 2

1 1 1
A?u A?p A2q

<

+ +

M (VU + 7 ) AU + BAU, + 8y, (u¥)U + gy, (u,v)V =0, 219

Vi + M ([Vulf + 9V )2 (Vu, VU ) + (W, 9V ) ] Av o1
+M (||Vu||2 +||Vv||2) AV + BAV, + 0, (u,v)U +3,, (u,v)V =0,

U(x0)[,_,=V(x0)_,=0t>0 (2.18)

U(x,0)=&,U,(x0)=¢ (2.19)

V(x,0)=¢,V, (x,0)=¢, (2.20)

where (51,4”1,52,{2) ek, (u,v,ut,vt)= S(t)(uo,vo,ul,vl) is the solution of
with (Ug,Vo,U;,V; ) € A

Given (Uy,Vo,U;,V;)€A and S(t):E, — E,, the solution
S(t)(Ug, Ve, Uy, V; ) € Ey , by stand methods we can show that for any
(§1,§1,§2,§2) € E,, the linear initial boundary value problem (2.16)-(2.20) pos-
sess a unique solution (U (1).V (1)U (1).V, (t)) e L”(0,+0;Ey).

Theorem 2.1 For any t>0, R>0, the mapping S(t):E, > E, is Frechet

differentiable on. Its differential at ¢ = (Uy,V,, ul,vl)T is the linear operator on
E: (50608 d) > (U (1).P(1).()

where U (t), V(t) is the solution of (2.16)-(2.20).
Proof.
T — T .
Let @ =(Ug, Vo, Vy) €Bys @ =(Ug+ &,V + 43U+ &5,V +&,) €E, with

T

||(p0||EO <R, Hw_O“EO <R, we denote (u,ut)T =S(t)¢,> (U,u_t)T =S(t)gp, - We

can get the Lipchitz property of S (t) on the bounded sets of Eg, thatis

— 2
”S (t)(DO -S (t)wOHEO < eclt "(él! gl' 5214’2 )”250 (221)
Let =0-u-U, @o=V-v-V isthe solution of problem
6, +M (|vulf + [ ) A6 + pAg, =y (2.22)
o +M ([l +[VV[*) Ao+ pAa, =h, (2.23)
DOI: 10.4236/apm.2018.81001 5 Advances in Pure Mathematics
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6(0)-6,(0)=0 229
(0)=(0)=0 (2.25)
where
=M (¥l +[9lF)-m (| + o) aa
+2M ’(||Vu||2 + ||Vv||2)[(Vu,VU )+(Vv,VV)]Au
_gl (J’v) + gl(u’v) + glu (U'V)U + glv (U,V)V, (226)
=M (|9l 9 ) - w (Ve 9T ) | av
+2M([Vulf + |9V )[(Vu, VU )+ (Vv 9V ) Av (2.27)

=0, (T, V)+9,(u,v)+ gy (U,V)U + gy, (u,V)V.
Let s= ||Vu||2 +||VV||2 , 8 = ||VU||2 +||VV||2 , SO We can get
[M(s)=M (s,)] AT +2M"([7ul] [V ) [(Vu, 97U ) +(Vv, WV )] Au
( )(—=)[(VT + VU, VT - Vu) + (V¥ + Vv, V7 - W) " AT
M’ (s)[ (VT +Vu, VT = Vu)+(VV + Vv, V7 = V) | A(T -u) (2.28)
M'(s)[ (VT - Vu,VT - Vu)+(VV = Vv, V¥V - Vv) | Au
—2M'(s)[(Vu Vo)+(Vv,Va ]Au
And
9, (u,v) =0, (T,V)+ gy, (u,v)U + gy, (u,v)V
=0, (U,v) =g (T,v)+ gy, (u,v)(T—-u)—gy (u,v)o (2.29)
+0,(T,V) =0y (T, V) + gy, (u,V)(V=V)— gy, (U,V) .
Then, we have
(M”(s,z)(—;/)|:(VU+Vu,VLT—Vu)+(V\7+Vv,VV—Vv)j2 AU,QI)
(2.30)

1
<C,(|va -vul’ +[vv - ) A2,

(=M (IVul -+ [V )[(V8 = VU, VT + Vu) + (97 - Vv, 77+ Vv) | AT -u), 6

1
<C, ([va-vuff +[vv -vff)-| A2g,

(2.31)

(=M (IVUF + 9V )[(VT = VU, VT - Vu) + (97 - V4,77 - V)] Au, 6
(2.32)

1
<Cy(|va-vulf + V7w ) A%,

(M ([0 + 9 )[(Vu, v )+ (Vv V)] Aug
(2.33)

1
<c.(vel |vol) |aa |
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By using (2.30)-(2.33), we have

([M(s)=M (s,) ] AT +2M"(s)[ (Vu,VU ) +(Vv, YV ) ] Au,6, )

) | 2 1 (234)
<Cy([va - vul +[vv - W[ ) |A26, |+ €, (Vo] + [V o] ) | A6 |
Similarly
([M(s)=M(s,)]AV+2M"(s)[ (Vu,VU ) +(VV, VV ) | Av, )
(2.35)

1 1
<C, (||VU—VU||2+||V\7—VV||Z) A2 | +C, (VO] +|V o) |A2en

And by using (H,)

(9 (uv) =gy (TV) + gy, (uv)(T-u) - g, (u.v)6.6)

(9, (TV) =9, (TV) + gy, (uV) (V=) ~ gy, (U V) 0,6,

<Cy([Va—vul +[vv - w|* [va -] )- |6+ Cuo (Je] |6 + ] lal) 236)
+C, (||va_ vul* V7 - v+ ||VV—vv||"”1) el

<Cu (lel-Jol+lel-l6]) + Cus (7 - Vul** + 77 -9

)1l
Similar
(920 (uV) = Gy (V) (T~1) = Gy, (u,) 0,

+((gZV (U,V) - gzv (U’ y))(\7—v) - gzv (U,V)a), @ ) (2'37)
< Coa (IVT VU™ + 97 =" )-en] + Cis (J0]- o] o] e

So, we can get

d
168 +lalf + (Vo + v o )|

28,42 28,42

< Cyo (VT - VU™ 4 [0 =V VT - + [T -w[ ) 238)

vcu(laff +loff + (Vo +vaf )

Then, by using Gronwall’s inequality and (2.21), we obtain

6 +lalf + 22 (I oI +[vel’)

251+2 25,+2

< Cee® [ VT - Vu|

<Cue® (&0 &, G680

+[ V7 =W [ vT - [ + vV -y dt (2.39)

26+2
Eo

Then, we get

|2 (t)-o(t)-U (1)]
[CHry

2

B <, e%" ("(51, e )||i0 (& &t )||2Ej1) ~50(2.40)

as (£.,41,6,¢,) =0 in E,. The proof is competed.
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2.2. The Upper Bounds of Hausdorff Dimensions for the
Global Attractor

Consider the first variation of (2.6) with initial condition:
wi+P(p)w =T, (0)w+T,(0)w.w(0)=(&.61.5,.4,) €Ept>0 (241

where v =(U,V,P,Q)" €E;, P=U,+&U, Q=V,+&V and
g0:(u,v, p,q)T e E, isasolution of (2.41),

el 0 -1 0
P B 0 el 0 -1 "
(9)=] 21 _(1- o) 0 —el-pA O (2:42)
0 &1 —(1-¢B)A 0 -l — BA
0 0 00
r B 0 0 00 (2.43)
1(9)= ~0,, (uv) —gy(uv) 0 0 ’
~05 (U,v) =0, (u,v) 0 0
rz((”)
0
0

=| [ M (Iul [ )=+ Me(Jvulf + [vvff )2[ (vu,vU) + (7, 9V ) au

| M (VU + 9V ) =2 [ave ([l + [ )2[ (V0 7U)+ (V4 7v ) Jav
(2.44)
It is easy to show form Theorem 2.1 that (2.41) is a well-posed problem in E,,
the mapping S, (7): {Ug, Vg, Py =U +&Uy, 0 =V, +&Vp} —
{u (7).v(z), p(7)=u(r)+eu(r),q(r)=v (7)+ gv(r)} is frechet differentiable
on E, forany t>0, its differential at ¢ =(Uy,V,, pl,ql)T is the linear opera-

tor on

Es (&80 & ln) = (U (1).V (1), P(t).Q(1))

where (U (t),V(t),P(t), Q(t))T is the solution of (2.40).
Lemma 2.2 [5] For any orthonormal family of elements of (EO'”'"EO ) ,
T .
(glj’glj'§2jl§2j) » 1=1,2,---,n,, we have

Sl +|ve ) <2 (a4 ve o) (2.45)
j=1

j=1

Proof. This is a direct consequence of Lemma VI. 6.3 of [5].
Theorem 2.2 If (H,)-(Hy) hold, satisfying, then there exists £ >1, such that

the Hausdorff dimension of global attractor A in E; satisfies

dy (A)<min<n|n eN,ii(ﬂ,Tl+ﬂfl)< ¢ (2.46)
" o L : : 16C,,

where R, isasin Lemma 2.6 in [1].
Proof. Let n, € N be fixed. Consider m, solutions ,,y,,---,y, of (2.41).
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At a given time 7, let B, (7) denote the orthogonal projection in E, onto

span {1//1( ) }
Let yj( (g‘ g”l (f {l) eE,, j=12,---,n, be an orthonormal basis of
B, (s)E, =span{y/l(s),yxz(s),«--,y/m(s)} (2.47)
with respect to the inner product (-, -)E0 and norm ||||E0 .
Suppose
o(7)=(u(z),v(r), p().q(z)) e A (2.48)
then "go(z’)"Eo <M,, Vs>7.By "yj "E =1 and Lemma 2.1, we have
(P, (5) v, 9), < 2-Llve, [ -Lve.[ e
(ru(o(s)¥,(5).%, ),
<C V26 |-V &eil + G [V V41| (2.50)

#Ca V8 | [V 4 Ca [V el
Then, by the Sobolev embedding theorem:
Ho (Q)cHY(Q)cH(Q) (2.51)
Therefore
(Tu(0(9)y,().%,(5)),,
<Ca V& + Caslis |-
*Caléul [V éail + ol V4]
<Ca(laf +laf )+ gIval + Glveal

(2.52)

By Young’s inequality, we have
(T2(o(5))¥, ). (5)),,
<@ 0)[V& [V s + 2R [V | [V & |+ 2RSKa [V [V o |
1) V[V &+ 2R3 [V | [V s [+ 2R3 [V & -V 22| 259

1 1
A2 (1- 1 A2(1- 1
A “°)+2ﬂ,j2R§ko+ i #°)+2/1].2R§k0.
So exist [ satistying
1
B 2 AMQ-m) 2o, e
—§||V§2]-|| = +2A2R3K, <% (2.54)
1
B 2 A(1-p) o2 &
_§||v§2j|| o +2A2R2K, <% (2.55)
We obtain
DOI: 10.4236/apm.2018.81001 9 Advances in Pure Mathematics
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> (~P(e(s))+ (e (s ))+r2((p(s))yj(s),yj(S))Eo

(——— veult -2l el +peca

L 20

IA
T

NM—-

,Uo)

A7 (1 L
+Z ( )+212R 2k, +(T+2/1JZR§kO (2.56)

Ly
+§@MKWHKW)

M
s—§n1+2c272(,1;1+,1;1).
=1

1&,. _ &
If —Z(ﬂjl+ljl)ﬁﬁ,then

N = 27

, (s)=liminf supsup sup I p,, (5)ds

7eR ¢eEy ;/)(

<-2nC,, [E——i( )J<o.

N ja

(2.57)

Proof finish.
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