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Abstract

By the second mean-value theorem of calculus (Gauss-Bonnet theorem) we prove

that the class of functions Z(z) with an integral representation of the form
'[;wduQ(u)ch(uz) with a real-valued function Q(u)>0 which is non-increasing
and decreases in infinity more rapidly than any exponential functions exp(-Au),
A >0 possesses zeros only on the imaginary axis. The Riemann zeta function ¢ (S)

as it is known can be related to an entire function ¢& ( S) with the same non-trivial
. . 1 .
zeros as ¢ (S) . Then after a trivial argument displacement s<»>z=s5s 5 we relate it

to a function

where Q (u )

necessary for the given proof of the position of its zeros on the imaginary axis z =iy

E(z) with a representation of the form Z(z)= I;wduQ(u)ch (uz)

is rapidly decreasing in infinity and satisfies all requirements

by the second mean-value theorem. Besides this theorem we apply the Cauchy-
Riemann differential equation in an integrated operator form derived in the

Appendix B. All this means that we prove a theorem for zeros of E(Z) on the

imaginary axis z=1iy for a whole class of function Q(u) which includes in this
way the proof of the Riemann hypothesis. This whole class includes, in particular,

also the modified Bessel functions |, (z) for which it is known that their zeros lie

on the imaginary axis and which affirms our conclusions that we intend to publish at
another place. In the same way a class of almost-periodic functions to piece-wise
constant non-increasing functions Q(u) belong also to this case. At the end we

give shortly an equivalent way of a more formal description of the obtained results
using the Mellin transform of functions with its variable substituted by an operator.
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Theorem, Mellin Transformation

1. Introduction

The Riemann zeta function ¢ (S) which basically was known already to Euler
establishes the most important link between number theory and analysis. The proof of
the Riemann hypothesis is a longstanding problem since it was formulated by Riemann
[1] in 1859. The Riemann hypothesis is the conjecture that all nontrivial zeros of the

Riemann zeta function §(S) for complex S=0+it are positioned on the line

S :%+it that means on the line parallel to the imaginary axis through real value

o =% in the complex plane and in extension that all zeros are simple zeros [2]-[17]

(with extensive lists of references in some of the cited sources, e.g., ([4] [5] [9] [12]
[14]). The book of Edwards [5] is one of the best older sources concerning most
problems connected with the Riemann zeta function. There are also mathematical
tables and chapters in works about Special functions which contain information about
the Riemann zeta function and about number analysis, e.g., Whittaker and Watson [2]
(chap. 13), Bateman and Erdélyi [18] (chap. 1) about zeta functions and [19] (chap. 17)
about number analysis, and Apostol [20] [21] (chaps. 25 and 27). The book of Borwein,
Choi, Rooney and Weirathmueller [12] gives on the first 90 pages a short account about
achievements concerning the Riemann hypothesis and its consequences for number
theory and on the following about 400 pages it reprints important original papers and
expert witnesses in the field. Riemann has put aside the search for a proof of his
hypothesis “after some fleeting vain attempts” and emphasizes that “it is not necessary
for the immediate objections of his investigations” [1] (see [5]). The Riemann hypothesis
was taken by Hilbert as the 8-th problem in his representation of 23 fundamental
unsolved problems in pure mathematics and axiomatic physics in a lecture hold on 8
August in 1900 at the Second Congress of Mathematicians in Paris [22] [23]. The vast
experience with the Riemann zeta function in the past and the progress in numerical
calculations of the zeros (see, e.g., [5] [10] [11] [16] [17] [24] [25]) which all confirmed
the Riemann hypothesis suggest that it should be true corresponding to the opinion of
most of the specialists in this field but not of all specialists (arguments for doubt are
discussed in [26]).

The Riemann hypothesis is very important for prime number theory and a number
of consequences is derived under the unproven assumption that it is true. As already
said a main role plays a function ¢ (S) which was known already to Euler for real
variables s in its product representation (Euler product) and in its series re-
presentation (now a Dirichlet series) and was continued to the whole complex s -plane
by Riemann and is now called Riemann zeta function. The Riemann hypothesis as said

is the conjecture that all nontrivial zeros of the zeta function ¢ (S) lie on the axis
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N . . . . 1
parallel to the imaginary axis and intersecting the real axis at s =5 For the true

hypothesis the representation of the Riemann zeta function after exclusion of its only
singularity at s=1 and of the trivial zeros at s=-2n,(n=12,---) on the negative

real axis is possible by a Weierstrass product with factors which only vanish on the

1
critical line o = > The function which is best suited for this purpose is the so-called xi

function & (S) which is closely related to the zeta function ¢ (S) and which was also
introduced by Riemann [1]. It contains all information about the nontrivial zeros and
only the exact positions of the zeros on this line are not yet given then by a closed
formula which, likely, is hardly to find explicitly but an approximation for its density
was conjectured already by Riemann [1] and proved by von Mangoldt [27]. The
“(pseudo)-random” character of this distribution of zeros on the critical line
remembers somehow the “(pseudo)-random” character of the distribution of primes
where one of the differences is that the distribution of primes within the natural
numbers becomes less dense with increasing integers whereas the distributions of zeros
of the zeta function on the critical line becomes more dense with higher absolute values
with slow increase and approaches to a logarithmic function in infinity.

There are new ideas for analogies to and application of the Riemann zeta function in
other regions of mathematics and physics. One direction is the theory of random
matrices [16] [24] which shows analogies in their eigenvalues to the distribution of the
nontrivial zeros of the Riemann zeta function. Another interesting idea founded by
Voronin [28] (see also [16] [29]) is the universality of this function in the sense that

each holomorphic function without zeros and poles in a certain circle with radius less

1 . . . . . .
> can be approximated with arbitrary required accurateness in a small domain of the

zeta function to the right of the critical line within > <s<1. An interesting idea is

elaborated in articles of Neuberger, Feiler, Maier and Schleich [30] [31]. They consider
a simple first-order ordinary differential equation with a real variable t (say the time)
for given arbitrary analytic functions f (Z) where the time evolution of the function
for every point z finally transforms the function in one of the zeros f (Z) =0 of this
function in the complex z -plane and illustrate this process graphically by flow curves
which they call Newton flow and which show in addition to the zeros the separatrices of
the regions of attraction to the zeros. Among many other functions they apply this to
the Riemann zeta function ¢ (Z) in different domains of the complex plane. Whether,
however, this may lead also to a proof of the Riemann hypothesis is more than
questionable.

Number analysis defines some functions of a continuous variable, for example, the
number of primes 7 (X) less a given real number x which last is connected with the
discrete prime number distribution (e.g., [3] [4] [5] [7] [9] [11]) and establishes the
connection to the Riemann zeta function ¢ (S) . Apart from the product repre-

sentation of the Riemann zeta function the representation by a type of series which is
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now called Dirichlet series was already known to Euler. With these Dirichlet series in
number theory are connected some discrete functions over the positive integers
n=12,--- which play a role as coefficients in these series and are called arithmetic
functions (see, e.g., Chandrasekharan [4] and Apostol [13]). Such functions are the
Mébius function x(n) and the Mangoldt function A(n) as the best known ones. A
short representation of the connection of the Riemann zeta function to number analysis
and of some of the functions defined there became now standard in many monographs
about complex analysis (e.g., [15]).

Our means for the proof of the Riemann hypothesis in present article are more
conventional and “old-fashioned” ones, ie. the Real Analysis and the Theory of Com-
plex Functions which were developed already for a long time. The most promising way
for a proof of the Riemann hypothesis as it seemed to us in past is via the already
mentioned entire function & (S) which is closely related to the Riemann zeta function
¢ (S) . It contains all important elements and information of the last but excludes its
trivial zeros and its only singularity and, moreover, possesses remarkable symmetries
which facilitate the work with it compared with the Riemann zeta function. This
function & (S) was already introduced by Riemann [1] and dealt with, for example, in
the classical books of Titchmarsh [3], Edwards [5] and in almost all of the sources cited

at the beginning. Present article is mainly concerned with this xi function & (S) and

its investigation in which, for convenience, we displace the imaginary axis by 5 to the

right that means to the critical line and call this Xi function E(Z) with z=x+iy.
We derive some representations for it among them novel ones and discuss its
properties, including its derivatives, its specialization to the critical line and some other
features. We make an approach to this function via the second mean value theorem of
analysis (Gauss-Bonnet theorem, e.g., [37] [38]) and then we apply an operator identity
for analytic functions which is derived in Appendix B and which is equivalent to a
somehow integrated form of the Cauchy-Riemann equations. This among other not so
successful trials (e.g., via moments of function Q(u) ) led us finally to a proof of the
Riemann hypothesis embedded into a proof for a more general class of functions.

Our approach to a proof of the Riemann hypothesis in this article in rough steps is as
follows:

First we shortly represent the transition from the Riemann zeta function ¢ (S) of
complex variable s=o+it to the xi function & (S) introduced already by Riemann
and derive for it by means of the Poisson summation formula a representation which is

convergent in the whole complex plane (Section 2 with main formal part in Appendix

A). Then we displace the imaginary axis of variable s to the critical line at s= %-ﬁ- it

by s»>z=s —% that is purely for convenience of further working with the formulae.

However, this has also the desired subsidiary effect that it brings us into the fairway of
the complex analysis usually represented with the complex variable z=x+iy. The

transformed f(S) function is called = ( Z) function.
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—

The function :(Z) is represented as an integral transform of a real-valued function
Q(u) of the real variable u in the form Z(z)= jomduQ(u)ch(uz) which is related
to a Fourier transform (more exactly to Cosine Fourier transform). If the Riemann
hypothesis is true then we have to prove that all zeros of the function E(Z) occur for
x=0.

To the Xi function in mentioned integral transform we apply the second mean-value
theorem of real analysis first on the imaginary axes and discuss then its extension from
the imaginary axis to the whole complex plane. For this purpose we derive in Appendix
B in operator form general relations which allow to extend a holomorphic function
from the values on the imaginary axis (or also real axis) to the whole complex plane
which are equivalents in integral form to the Cauchy-Riemann equations in differential
form and apply this in specific form to the Xi function and, more precisely, to the
mean-value function on the imaginary axis (Sections 3 and 4).

Then in Section 5 we accomplish the proof with the discussion and solution of the
two most important equations (10) and (11) for the last as decisive stage of the proof.
These two equations are derived in preparation before this last stage of the proof. From
these equations it is seen that the obtained two real equations admit zeros of the Xi
function only on the imaginary axis. This proves the Riemann hypothesis by the
equivalence of the Riemann zeta function ¢ (S) to the Xi function E(Z) and embeds
it into a whole class of functions with similar properties and positions of their zeros.

The Sections 6-7 serve for illustrations and graphical representations of the specific
parameters (e.g., mean-value parameters) for the Xi function to the Riemann hy-
pothesis and for other functions which in our proof by the second mean-value problem

are included for the existence of zeros only on the imaginary axis. This is, in particular,

1
also the whole class of modified Bessel functions IV(Z),(—E<V<+OOJ with real

indices v which possess zeros only on the imaginary axis y and where a proof by
means of the differential equations exists and certain classes of almost-periodic

functions. We intend to present this last topics in detail in future.

2. From Riemann Zeta Function ¢ (S) to Related Xi Function

4 (S) and Its Argument Displacement to Function = (Z)

In this Section we represent the known transition from the Riemann zeta function

—

¢ (S) to a function §(S) and finally to a function :(Z) with displaced complex

. 1 . . . .
variable s—z :S—E for rational effective work and establish some of the basic

representations of these functions, in particular, a kind of modified Cosine Fourier
transformations of a function Q2 (u) to the function = ( Z) .

As already expressed in the Introduction, the most promising way for a proof of the
Riemann hypothesis as it seems to us is the way via a certain integral representation of
the related xi function §(S) We sketch here the transition from the Riemann zeta

function & (S) to the related xi function 5(5) in a short way because, in principle,
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it is known and we delegate some aspects of the derivations to Appendix A.
Usually, the starting point for the introduction of the Riemann zeta function ¢ (S)
is the following relation between the Euler product and an infinite series continued to

the whole complex s -plane

-1

i 1 z 1

(=T[5 ] ~£2. (o=res)>) @y
k=1 Py n=1 N

where p, denotes the ordered sequence of primes (p, =2,p,=3,p;=5-). The

transition from the product formula to the sum representation in (2.1) via transition to

s
k

-1
the Logarithm of & (S) and Taylor series expansion of the factors log [1—iJ in
powers of ]/ P, using the uniqueness of the prime-number decomposition is well
known and due to Euler in 1737. It leads to a special case of a kind of series later
introduced and investigated in more general form and called Dirichlet series. The
Riemann zeta function ¢ (S) can be analytically continued into the whole complex
plane to a meromorphic function that was made and used by Riemann. The sum in
(2.1) converges uniformly for complex variable S=0c +it in the open semi-planes
with arbitrary o >1 and arbitrary t. The only singularity of the function ¢ (S) isa
simple pole at s=1 with residue 1 that we discuss below.

The product form (2.1) of the zeta function ¢§ (S) shows that it involves all prime
numbers P, exactly one times and therefore it contains information about them in a
coded form. It proves to be possible to regain information about the prime number
distribution from this function. For many purposes it is easier to work with mero-
morphic and, moreover, entire functions than with infinite sequences of numbers but
in first case one has to know the properties of these functions which are determined by
their zeros and their singularities together with their multiplicity.

From the well-known integral representation of the Gamma function
(z)=]"dt"e", (Re(z)>0), (2.2)

follows by the substitutions t=n“X, p#z=S with an appropriately fixed parameter

4 >0 for arbitrary natural numbers n

+00 i’l 7
i:LJ‘ dxx* e™* | Re s >0|. (2.3)
n® [s) 0 u
F _
y

Inserting this into the sum representation (2.1) and changing the order of summation
and integration, we obtain for choice g =1 of the parameter using the sum evaluation
of the geometric series
1 +0 p571
$(s)===1. dp——7 (Re(s)>1), (2.4)
and for choice g =2 with substitution p= nqz of the integration variable (see [1]
and, e.g., [3] [4] [5] [7] [9])
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£(s)=—25 [“dgg* S exp(-nn’a?), (Re(s)>1). (2.5)
(S j 0 . |
r-+1
2
Other choice of u seems to be of lesser importance. Both representations (2.4) and

(2.5) are closely related to a Mellin transform f(s) of a function f(t) which
together with its inversion is generally defined by (e.g., [15] [32] [33] [34] [35])

F(t)—> f=[Td (1), = f(2)>—=T(s), (2>0),
' & (2.6)
F(s) o F(t)=—[""astF (s), = f(s—s,) >t F (1),

i2m Jeie
where c is an arbitrary real value within the convergence strip of f(S) in complex
s -plane. The Mellin transform f(S) of a function f (t) is closely related to the
Fourier transform (Z?(y) of the function @(x)= f(ex) by variable substitution
t=e* and y=is. Thus the Riemann zeta function {(S) can be represented,

substantially (ie., up to factors depending on s), as the Mellin transforms of the

functions f(t)=)"e™ = 1_1 or of f(t)=2:zleXp(—nn2t2), respectively. The

n=1 et
kernels of the Mellin transform are the eigenfunctions of the differential operator

0
t(@/ 5t) to eigenvalue s—1 or, correspondingly, of the integral operator exp [at 5}

of the multiplication of the argument of a function by a factor e” (scaling of
argument). Both representations (2.4) and (2.5) can be used for the derivation of
further representations of the Riemann zeta function and for the analytic continuation.
The analytic continuation of the Riemann zeta function can also be obtained using the
Euler-Maclaurin summation formula for the series in (2.1) (e.g., [5] [11] [15]).

Using the Poisson summation formula, one can transform the representation (2.5) of

the Riemann zeta function to the following form

g’(s)Wil){%s(1S)Lmdq(erqusgexp(nnzqz)}. (2.7)
2

This is known [1] [3] [5] [7] [9] but for convenience and due to the importance of
this representation for our purpose we give a derivation in Appendix A. From (2.7)
which is now already true for arbitrary complex s and, therefore, is an analytic
continuation of the representations (2.1) or (2.5) we see that the Riemann zeta function
satisfies a functional equation for the transformation of the argument s —1-s. In
simplest form it appears by “renormalizing” this function via introduction of the xi
function 5(5) defined by Riemann according to [1] and to [5] [20]*

'Riemann [1] defines it more specially for argument s:%ﬂt and writes it & (t) with real t corres-

1 .
ponding to our §(E+Itj . Our definition agrees, e.g., with Equation (1) in Section 1.8 on p. 16 of Edwards

[5] and with [20] and many others.
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£(s) Ei@j!g(s), (2.8)

and we obtain for it the following representation converging in the whole complex
planeof s (e.g., [1] [4] [5] [7] [9])

1 oo S 1-s «
f(s):E—s(l—s)L dq%Zexp(—nnzqz), (2.9)
n=1
with the “normalization”
1
£(0)=¢M)==¢(0)=3. (2.10)

For s :% the xi function and the zeta function possess the (likely transcendental)

values

1
=i
1 (4} 1 1
Sl=|=——7%¢ 5= 0.4971207782,¢ 5= -1.4603545088. (2.11)
24

Contrary to the Riemann zeta function ¢ (S) the function f(S) is an entire
function. The only singularity of ¢ (S) which is the simple pole at s=1, is removed
by multiplication of & (S) with s—1 in the definition (2.8) and the trivial zeros of
g (S) at s=-2n,(n=12,---) arealso removed by its multiplication with
(%j' = F(%+1j which possesses simple poles there.

The functional equation
£(s)=¢(1-5), (2.12)

from which follows for the n -th derivatives

f(n)(s):(—l)nf(n)(l—s), - 5(2m+1)[%J:O, (n,m=0,l,2,---), (2.13)

and which expresses that & (S) is a symmetric function with respect to s= 5 as it is

immediately seen from (2.9) and as it was first derived by Riemann [1]. It can be easily
converted into the following functional equation for the Riemann zeta function ¢ (S) 2
2n)
$(s)= (21) 5 ¢ (1-59). (2.14)
2(5—1)!005(7:2)

Together with &(s)= 6(5(5* ))* we find by combination with (2.12)

£(s)=¢(1-5)=(£(t-5")) =(¢(s")) . 215)

?According to Havil [10], (p. 193), already Euler correctly conjectured this relation for the zeta function

¢ (s) which is equivalent to relation (2.12) for the function &(s) but could not prove it. Only Riemann
proved it first.
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that combine in simple way, function values for 4 points (s,l—s,l—s*,s*) of the
complex plane. Relation (15) means that in contrast to the function ¢ (S) which is

only real-valued on the real axis the function £(S) becomes real-valued on the real
axis (s=5" = o ) and on the imaginary axis (s—% =it).

As a consequence of absent zeros of the Riemann zeta function & (o-+it) for
o=Re(s)>1 together with the functional relation (14) follows that all nontrivial

zeros of this function have to be within the strip 0<o <1 and the Riemann

hypothesis asserts that all zeros of the related xi function & (S) are positioned on the

so-called critical line s= %+ it,(—o0 <t < +00) . This is, in principle, well known.

We use the functional Equation (2.12) for a simplification of the notations in the

following considerations and displace the imaginary axis of the complex variable

. 1 -
s=o+it from o =0 tothevalue o= 5 by introducing the entire function :(Z)

of the complex variable z=x+iy as follows

1 . 1 . 1
E(z)=é|=+2|, z=X+ly=0—-—+It=5——, 2.16
(2) 5[2 j y=o-3 > (2.16)
with the “normalization” (see (2.10) and (2.11))
E(i%):%, E(O)zﬁ(%)z0.4971207782. (2.17)

—

following from (2.10). Thus the full relation of the Xi function :(Z) to the Riemann
zeta function {(S) using definition (2.8) is

[1]

(Z _1)(1+ 22)|

2 4 ) (1

(Z):T§£—+Zj. (2.18)
4 2

We emphasize again that the argument displacement (2.16) is made in the following

only for convenience of notations and not for some more principal reason.

The functional equation (2.12) together with (2.13) becomes
E(z)=2(-2), 2" (2)=(-1)"2" (-2), (2.19)

and taken together with the symmetry for the transition to complex conjugated variable

E(z)=E(—z)=(E(—z*))* =(E(z)) (2.20)

—

This means that the Xi function :(Z) becomes real-valued on the imaginary axis

z =iy which becomes the critical line in the new variable z

=(iy) ==(-iy) = (2(iy)) = (=(-iy))

—

Furthermore, the function :(Z) becomes a symmetrical function and a real-valued

*

(2.21)

one on the real axis 7z =X

E(x)=E(-x)=(2(-x)) =(E(x)) . (2.22)

980
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In contrast to this the Riemann zeta function & (S) the function is not a real-valued

function on the critical line s= E+ it and is real-valued but not symmetric on the real
axis. This is represented in Figure 1. (calculated with “Mathematica 6” such as the

further figures too). We see that not all of the zeros of the real part Re(( (%-ﬁ- itD are

also zeros of the imaginary part Im(g’ (%th and, vice versa, that not all of the

zeros of the imaginary part are also zeros of the real part and thus genuine zeros of the

1 .
function ¢ [EHtj which are signified by grid lines. Between two zeros of the real

1 .
part which are genuine zeros of ¢ (Eﬂtj lies in each case (exception first interval)

an additional zero of the imaginary part, which almost coincides with a maximum of

the real part.

Re 1
o & Eﬂt))

1
Re(Z(—+it))
2 I

1 1
Im({(=+it) [{(=+it) |
2 2

3.5
3.0
2.5
2.0
1.5
1.0
0.5

0 10 20 30 40 50
Figure 1. Real and imaginary part and absolute value of Riemann zeta function on critical line. The position of the zeros of the whole

function ¢ (%+ itj on the critical line are shown by grid lines. One can see that not all zeros of the real part are also zeros of the

imaginary part and vice versa. The figures are easily to generate by program “Mathematica” and are published in similar forms already in
literature.
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Using (2.9) and definition (2.16) we find the following representation of = ( Z)
—_ _ l +00 q 2.2
H(z)_E—[——z ]j dq % Zexp( e’ ). (2.23)

With the substitution of the integration variable =e€" (see also (2.10) in Appendix

A) representation (2.23) is transformed to
(2) s%—z(%—zzjj;wduch(uz) 52 ( nnzez“) (2.24)

In Appendix A we show that (2.24) can be represented as follows (see also Equation

[1]

(2.2) on p. 17 in [5] which possesses a similar principal form)
= jo duQ(u)ch(uz), (2.25)
with the following explicit form of the function Q(U) of the real variable u

Qu)= eZZnn2 e (27:n2e2u —3) exp( —nn’e? ) >0, (—o0 < U < +o0). (2.26)

The function Q(u) is symmetric
Q(u)=+Q(-u)=Q(|u|), (2.27)

that means it is an even function although this is not immediately seen from
representation (2.26)°. We prove this in Appendix A. Due to this symmetry, formula
(2.25) can be also represented by

PN
:(z):ELOduQ( )ch (uz) :—f duQ(u)e” (2.28)

In the formulation of the right-hand side the function (Z) appears as analytic

continuation of the Fourier transform of the function Q(U) written with imaginary
argument Z =iy or, more generally, with substitution Z—iz' and complex z’.

From this follows as inversion of the integral transformation (2.28) using (2.27)
Q(u)= %J'j:dya (iy)e™ = %J‘j:dyE(iy)cos(uy), (2.29)
o due to symmetry of the integrand in analogy to (2.25)
Q(u):%jgwdyE(iy)cos(uy), (2.30)
where E(iy) is a real-valued function of the variable y on the imaginary axis
2(iy) = '[;wduQ(u)cos(uy), (E(ly)) =Z(iy), (2.31)

due to (2.25).

A graphical representation of the function Q(u) and of its first derivatives

’It was for us for the first time and was very surprising to meet a function where its symmetry was not easily
seen from its explicit representation. However, if we substitute in (2.26) u— —u and calculate and plot the
part of Q(u) for u=0 with the obtained formula then we need much more sum terms for the same ac-

curateness than in case of calculation with (2.26).
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Q(l)(u),(n =1,2,3) is given in Figure 2. The function Q(U) is monotonically de-

: e . o ) oQ(u)
creasing for 0<u <+ due to the non-positivity of its first derivative Q" (u)= Y
which explicitly is (see also Appendix A)

U o 2
QY (u) = —2e2Y an%e® (8(nn2e2“) —30mn’e® +15)exp(—nn2e2“)
n=1 (2.32)
<0, (0<u<+mw),
Q(u)
Q (0) = 1.787
. Unin = q2$735 L TR | u
0.2 0.4 0.6 0.8 1.0
Q(1)(u)
2 -
| Umin = Q23.73. S S R T S W R ! u
0.2 0.4 . 0.8 1.0
2L
4L
QN (umin) = - 4.922

Figure 2. Function Q(u) and its first derivative Q(l)(u) (see (2.25) and (2.34)).
The function Q(u) is positive for 0<u<+oo and since its first derivative

Q(l)(u) is negative for O<u<+w the function Q(U) is mono- tonically

decreasing on the real positive axis. It vanishes in infinity more rapidly than any
exponential function with a polynomial in the exponent.
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with one relative minimum at U, =0.237266 of depth Q% (u,,)=-4.92176.
Moreover, it is very important for the following that due to presence of factors
exp(—nnzezu) in the sum terms in (2.26) or in (2.32) the functions Q(u) and
o (u) and all their higher derivatives are very rapidly decreasing for U — +c0, more
rapidly than any exponential function with a polynomial of u in the argument. In this
sense the function Q(U) is more comparable with functions of finite support which
vanish from a certain U>U, on than with any exponentially decreasing function.

From (2.27) follows immediately that the function o (u) is antisymmetric

u o

Q(l) (U) = —Q(l) (—U) = mm

Q(Ju]).= o (0) =0, (2.33)
that means it is an odd function.

It is known that smoothness and rapidness of decreasing in infinity of a function
change their role in Fourier transformations. As the Fourier transform of the smooth
(infinitely continuously differentiable) function Q(U) the Xi function on the critical
line E(iy) is rapidly decreasing in infinity. Therefore it is not easy to represent the
real-valued function E(iy) with its rapid oscillations under the envelope of rapid
decrease for increasing variable y graphically in a large region of this variable y. An

appropriate real amplification envelope is seen from (2.18) to be

1

1 ‘27:4

a(y) =‘(1+i2y)!‘\/1+4y2

4

which rises E(iy) to the level of the Riemann zeta

1 . .
function ¢ [E+ Itj on the critical line z =iy . This is shown in Figure 3. The partial

picture for « (y)E(iy) in Figure 3. with negative part folded up is identical with the

i

S= %+ it (fourth partial picture in Figure 1).

absolute value of the Riemann zeta function ¢ (S) on the imaginary axis

We now give a representation of the Xi function by the derivative of the Omega

. : 19 : s .
function. Using ch (UZ) :EESh(UZ) one obtains from (2.25) by partial integration

the following alternative representation of the function = ( Z)

[1]

1o, 4
(z)=—;.|'0 duQ()(u)sh(uz), (2.34)

that due to antisymmetry of ol (u) and sh (UZ) with respect to U — —U can also

be written

[1]

1 +0o0 l +o0
= ——[TduQ® (u)sh(uz) = ——[ “duQ® (u)e*“. 2.35
(2) > .[_w uQ® (u)sh(uz) 22.[_90 uQ® (u)e (2.35)

Figure 2 gives a graphical representation of the function Q(U) and of its first
oQ

derivative Q" (u) EE(U) which due to rapid convergence of the sums is easily to
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E(y) E(iy)
r 0.025 ¢
ZECros:
0151 y = 14.135 0.020¢
v, =21.022 0.015¢
y; =25.011 ~
yu = 30.425 i
0.10 ys = 32.935 0.016
Yo = 37.586 i
y; = 40.919 0.005 vi & 14.135  y, =21.022
0.05 Vg = 43.327 ‘ ‘ ‘ ‘
I y
I Yo = 48.005 5 10 15 20 25
y Yio = 49.774 ~0.005 -
; ‘ —y
10 20 30 40 50 ~0.010"
_ a(y) E(iy)
E(iy) 4+ L
N
y
B 3 35 40 45 50 i
-2.x107°%} 2
—4.x1078 ya 5 30.425
—-6.x107% ys = 32.935 i y
-8.x1078 ys = 37.586
-1.x1077 -2
-1.2x107"
_4 L

. . 1 .
Figure 3. Xi Function Z(iy) on the imaginary axis Z=iy (corresponding to s :E+ iy ). The envelope over the oscillations of the

real-valued function E(iy) decreases extremely rapidly with increase of the variable Yy in the shown intervals. This behavior makes it
difficult to represent this function graphically for large intervals of the variable Y. By an enhancement factor which rises the amplitude to

the level of the zeta function ¢ (S) we may see the oscillations under the envelope (last partial picture). A similar picture one obtains for

o

(see also Figure 1 (last partial picture)). The given values for the zeros at %i iy, were first calculated by J.-P.

the modulus of the Riemann zeta function only with our negative parts folded to the positive side of the ordinate, Ze.

[=(iy)| =‘é’ (? iy]

Gram in 1903 up to VY,; [5]. We emphasize here that the shown very rapid decrease of the Xi function at the beginning of y and for

y — oo is due to the “very high” smoothness of Q(u) for arbitrary u.

—

generate by computer. One can express = ( Z) also by higher derivatives

Q" (u)= %(u) of the Omega function Q(U) according to

(1]

(z)= Z%_[gwdufz(zm) (u)ch(uz)

N .[deuQ(zm*l) (u)sh(uz),(m=0,1,2,--),

- Z2m+1

(2.36)

with the symmetries of the derivatives of the function Q(u) for u<-u

Q% (u) = +0°™ (), Q%" (u) = —QC™Y (—u), = Q™ (0)=0,(m=01). (237)
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This can be seen by successive partial integrations in (2.25) together with complete
induction. The functions Q" (u) in these integral transformations are for n>1 not
monotonic functions.

We mention yet another representation of the function .:(Z). Using the trans-

formations
t =an’e®, = dt =2zn%*du=2tdu, (2.38)

the function E(Z) according to (2.28) with the explicit representation of the function

Q(u) in (2.26) can now be represented in the form

=(2)=3 1{2[(1”12);r(§+§,nnzj+(nn2)£r(g_g,nnz)]

" (e

_:{(nn2 )é F(%+é,nn2j+(nnz); F(%—%,nnzj},

where T’ (Ot,X) denotes the incomplete Gamma function defined by (e.g., [18] [21]
[36])

F(a,x)sj:wdte’tt“’l =I'(a)-y(a.X). (2.40)

However, we did not see a way to prove the Riemann hypothesis via the repre-
sentation (2.39).

The Riemann hypothesis for the zeta function ¢§ (S = O'+it) is now equivalent to
the hypothesis that all zeros of the related entire function E(Z = x+iy) lie on the
imaginary axis z =1y that means on the line to real part x=0 of z=Xx+iy which
becomes now the critical line. Since the zeta function ¢ (S) does not possess zeros in
the convergence region o >1 of the Euler product (2.1) and due to symmetries (2.27)

and (2.31) it is only necessary to prove that E(Z) does not possess zeros within the

strips —%S x<0 and 0<x< +% to both sides of the imaginary axis z =iy where

for symmetry the proof for one of these strips would be already sufficient. However, we
will go another way where the restriction to these strips does not play a role for the

proof.

3. Application of Second Mean-Value Theorem of Calculus to Xi
Function

After having accepted the basic integral representation (2.25) of the entire function

E(Z) according to
E(z) Ef;wduQ(u)ch (uz), (3.1)

with the function Q(U) explicitly given in (2.26) we concentrate us on its further
treatment. However, we do this not with this specialization for the real-valued function
Q(u) but with more general suppositions for it. Expressed by real part U (X, y) and
imaginary part V (X, y) of E(Z)
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E(x+iy)=U (x,y)+iV (% Y), U(xy)=(U(xy)), V(xy)=(V(xy)), (2

we find from (3.1)
U(x,y)= EwduQ(u)ch (ux)cos(uy), V(xy)= '[;wduQ(u)sh(ux)sin(uy). (3.3)

We suppose now as necessary requirement for Q(U) and satisfied in the special
case (2.26)

Q(u)>0, (0<u<+xo), =0Q(0)>0. (3.4)

Furthermore, E(Z) should be an entire function that requires that the integral (3.1)
is finite for arbitrary complex z and therefore that Q(U) is rapidly decreasing in
infinity, more precisely

_Q(u)

lim———~—=0, 0<0< A<+, (3.5)

u> exp(—Au)
for arbitrary A>0. This means that the function Q(u) should be a nonsingular
function which is rapidly decreasing in infinity, more rapidly than any exponential
function e with arbitrary A >0. Clearly, this is satisfied for the special function
Q(u) in (2.26).

Our conjecture for a longer time was that all zeros of E(Z) lie on the imaginary
axis z =iy for a large class of functions Q(U) and that this is not very specific for
the special function Q(u) given in (2.26) but is true for a much larger class. It seems
that to this class belong all non-increasing functions Q(U) , ie such functions for
which holds Q" (u)<0 for its first derivative and which rapidly decrease in infinity.
This means that they vanish more rapidly in infinity than any power functions
|u|7n ,(n :1,2,--~) (practically they vanish exponentially). However, for the conver-
gence of the integral (3.1) in the whole complex z -plane it is necessary that the
functions have to decrease in infinity also more rapidly than any exponential function
exp(—lu) with arbitrary 1 >0 expressed in (3.5). In particular, to this class belong
all rapidly decreasing functions Q(u) which vanish from a certain u>u, on and
which may be called non-increasing finite functions (or functions with compact
support). On the other side, continuity of its derivatives o (u),(n :1,2,~--) is not

required. The modified Bessel functions |V(Z) “normalized” to the form of entire

2 4
functions (—) IV(Z) for vZ% possess a representation of the form (3.1) with
z

functions Q(u) which vanish from u>1 on but a number of derivatives of Q(u)
for the functions is not continuous at u=1 depending on the index v. It is valuable
that here an independent proof of the property that all zeros of the modified Bessel
functions |, (u) lie on the imaginary axis can be made using their differential eq-
uations via duality relations. We intend to present this in detail in a later work.
Furthermore, to the considered class belong all monotonically decreasing functions
with the described rapid decrease in infinity. The fine difference of the decreasing

functions to the non-increasing functions Q(u) is that in first case the function
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Q u) cannot stay on the same level in a certain interval that means we have
ol (u)<0 for all points u>0 instead of ol (u)<0 only. A function which de-

creases not faster than e in infinity does not fall into this category as, for example,

1
ch(z)

To apply the second mean-value theorem it is necessary to restrict us to a class of

the function sech(z)= shows.

functions Q(u)— f(u) which are non-increasing that means for which for all

U, <U, in considered interval holds
f(a)>f(u)>f(u)>f(b)20, (a<u <u,<h), (3.6)
or equivalently in more compact form
f@(u)<0, (a<u<h). (3.7)

The monotonically decreasing functions in the interval a<u<b, in particular,

belong to the class of non-increasing functions with the fine difference that here
f(a)>f(u)>"f(u)>"f(b)>0 (a<y<u,<b), (3.8)

is satisfied. Thus smoothness of f(u) for a<u<b is not required. If furthermore
g(u) is a continuous function in the interval a<u<b the second mean-value
theorem (often called theorem of Bonnet (1867) or Gauss-Bonnet theorem) states an
equivalence for the following integral on the left-hand side to the expression on the
right-hand side according to (see some monographs about Calculus or Real Analysis;
we recommend the monographs of Courant [37] (Appendix to chap IV) and of Widder
[38] who called it Weierstrass form of Bonnet’s theorem (chap. 5, §4))

[Cauf(u)g(u)=f (a)[ " dug(u)+ f (b) j:)dug(u), (a<u,<b),  (3.9)

where U, is a certain value within the interval boundaries @ <b which as a rule we
do not exactly know. It holds also for non-decreasing functions which include the
monotonically increasing functions as special class in analogous way. The proof of the
second mean-value theorem is comparatively simple by applying a substitution in the
(first) mean-value theorem of integral calculus [37] [38].

Applied to our function f (u) = Q(u) which in addition should rapidly decrease in
infinity according to (3.5) this means in connection with monotonic decrease that it has
to be positively semi-definite if Q(0)>0 and therefore

Q(0)20Q(u)20, QY(u)<0,(0<u<+0), Q(u—>+0)->0, (3.10)
and the theorem (3.9) takes on the form

I(:wduQ(u)g(u) = Q(O)j:odug (u), (0<u, <+), (3.11)

where the extension to an upper boundary b— + in (3.9) for f(+00) =0 and in
case of existence of the integral is unproblematic.

If we insert in (3.9) for g(u) the function Ch(uz) which apart from the real
variable u depends in parametrical way on the complex variable z and is an analytic

function of z we find that u, depends on this complex parameter also in an analytic
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way as follows

E(z)= .fowduQ(u)ch (uz)= Q(O)jovv"(z)duch (uz)= Q(O)w, Wy (Z) =y (X, y)+ive (X, y), (3.12)

z

where W, (X + iz) =U, (X, y) +1v, (X, y) is an entire function with U, (X, y) its real and
Vo(X,y) its imaginary part. The condition for zeros z=0 is that sh(w,(z)z)
vanishes that leads to

W, (2)2=(Up (X, ¥)+ivy (X, ¥))(x+iy) =inm, (n=0,£142,--), (3.13)
or split in real and imaginary part
Ug (X, Y)X=Vo (X, Y)Yy =0, (3.14)
for the real part and
Ug (X, Y)Y +Vo (X y)X=nm,(n=0,£1,%2,--), (3.15)

for the imaginary part.

The multi-valuedness of the mean-value functions in the conditions (3.13) or (3.15)
is an interesting phenomenon which is connected with the periodicity of the function
g (U) =ch (UZ) on the imaginary axis Z =1y in our application (3.12) of the second
mean-value theorem (3.11). To our knowledge this is up to now not well studied. We
come back to this in the next Sections 4 and, in particular, Section 7 brings some
illustrative clarity when we represent the mean-value functions graphically. At present
we will say only that we can choose an arbitrary n in (3.15) which provides us the
whole spectrum of zeros Zz,z,,--- on the upper half-plane and the corresponding
spectrum of zeros z , =-2,,Z , =—1,,--- on the lower half-plane of C which as will

be later seen lie all on the imaginary axis. Since in computer calculations the values of

. . 1 . T T .
the Arcus Sine function are provided in the region from ) to +E it is convenient
to choose n=0 but all other values of n in (3.15) lead to equivalent results.

One may represent the conditions (3.14) and (3.15) also in the following equivalent

form

U (X, y)= zy =nm, Vo (X, y)= X, (3.16)

XX +y X2 +y?

from which follows

uZ (%, y)+v2 (% y)) (X +y?) = (nn)’ —VO(X’y):ﬁ
(o(:y) o(’Y))( Y) ( )'uo(x,y) v

All these forms (3.14)-(3.17) are implicit equations with two variables (X, y) which
cannot be resolved with respect to one variable (e.g., in forms Y=Y, (X) for each

(3.17)

fixed n and branches k) and do not provide immediately the necessary conditions
for zeros in explicit form but we can check that (3.16) satisfies the Cauchy-Riemann

equations as a minimum requirement

AUy (X,y) _ 0V, (X, y),auo(x, y) (X y), (3.18)

ox oy oy X
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We have to establish now closer relations between real and imaginary part U, (X, y)
and Vv, (X, y) of the complex mean-value parameter W, (Z =X+ iy). The first step in
preparation to this aim is the consideration of the derived conditions on the imaginary

axis.

4. Specialization of Second Mean-Value Theorem to Xi Function
on Imaginary Axis

By restriction to the real axis y =0 we find from (3.3) for the function = ( Z)
E(x)=U(x,0), V(x,0)=0, (4.1)

with the following two possible representations of U (X,O) related by partial in-
tegration

U (x,0)= _[;wduQ(u)ch(ux) = —%j;wduQ(l) (u)sh(ux) > 0. (4.2)

The inequality U (X, 0) >0 follows according to the supposition Q(u) >0, Q(O) >0
from the non-negativity of the integrand that means from Q(U)Ch (UX) > 0. Therefore,
the case y=0 can be excluded from the beginning in the further considerations for
zeros of U (x,y) and V(X, y).

We now restrict us to the imaginary axis x =0 and find from (3.3) for the function

2(z)

=(iy)=U(0,y), V(0,y)

with the following two possible representations of U(O,y) related by partial in-

0. (4.3)

tegration
u(o,y)= J'(:wduQ(u)cos(uy) = —lj':cduQ(l) (u)sin(uy). (4.4)
y

From the obvious inequality

~1<cos(uy)<+1, (4.5)

together with the supposed positivity of Q(u) one derives from the first repre-
sentation of U (0, y) in (4) the inequality

~Q, <U(0,y) <+0,,Q, =U (0,0) = [ "duQ(u) 2 0. (4.6)
In the same way by the inequality
-1<sin(uy) <+1, (4.7)

one derives using the non-positivity of QW (u) (see (3.10)) together with the second
representation of U (0,Y) in (4.4) the inequality

-Q(0)<U(0,y)y <+Q(0),2(0) = [ “dua® (u)> 0, (4.8)

which as it is easily seen does not depend on the sign of y. Therefore we have two

non-negative parameters, the zeroth moment €, and the value Q(0), which
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according to (4.6) and (4.8) restrict the range of values of U (0, y) to an interior range
both to (4.6) and to (4.8) at once.

For mentioned purpose we now consider the restriction of the mean-value parameter
Wy (Z) to the imaginary axis z =iy for which g (u)=ch (u (iy)) =cos(uy) is a real-
valued function of y. For arbitrary fixed y we find by the second mean-value
theorem a parameter U, in the interval 0<y <+ which naturally depends on the
chosen value y that means U, =U, (O,y). The extension from the imaginary axis
z=1iy to the whole complex plane C can be made then using methods of complex
analysis. We discuss some formal approaches to this in Appendix B. Now we apply
(3.12) to the imaginary axis z=1y.

The second mean-value theorem (3.12) on the imaginary axis z=iy (or x=0)

takes on the form

J'gwduQ(u)ch (u(iy))= .[gwduQ(u)cos(uy) = Q(O).[:O(O'y)ducos(uy) (4.9)
oo 00)

y + (uy (0,y) %0, v,(0,y)=0).

As already said since the left-hand side is a real-valued function the right-hand side
has also to be real-valued and the parameter function W, ( iy) is real-valued and there-
fore it can only be the real part U, (0, y) of the complex function
W, (2= X+iy)=Uy (X, ¥)+ivy (X, y) for x=0.

The second mean-value theorem states that U, (0, y) lies between the minimal and
maximal values of the integration borders that is here between 0 and +oo and this
means that U, (0, y) should be positive. Here arises a problem which is connected
with the periodicity of the function ¢ (U) = cos(uy) as function of the variable u for
fixed variable y in the application of the mean-value theorem. Let us first consider
the special case y=0 in (4.9) which leads to

[“du(u)=0(0) [ °du = (0)u, = (0)u, LI&W
-1

Uy =U, (0,0)>0. (4.10)

From this relation follows U, =U, (0,0)>0 and it seems that all is correct also with
the continuation to U, (O, y) >0 for arbitrary y.One may even give the approximate
values Q(0)~1.78679 and U, ~0.27822 and therefore Q,=Q(0)u, ~0.49712
which, however, are not of importance for the later proofs. If we now start from
Uy (0,0)>0 and continue it continuously to Uy (0, y) then we see that U, (0, y)
goes monotonically to zero and approaches zero approximately at y =Y, ~14.135
that is at the first zero of the function E(iy) on the positive imaginary axis and goes
then first beyond zero and oscillates then with decreasing amplitude for increasing y
around the value zero with intersecting it exactly at the zeros of E(iy). We try to
illustrate this graphically in Section 7. All zeros lie then on the branch U, (0, y) y=nn
with n=0. That U, (0, y) goes beyond zero seems to contradict the content of the
second mean-value theorem according which U, (O,y) has to be positive in our
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application. Here comes into play the multi-valuedness of the mean-value function
Uy (0,Y). For the zeros of sin(uo (0.y) y) in (4.9) the relations Uy (0,y)y=nrn with
different integers n are equivalent and one may find to values Uy(0,y)<0
equivalent curves uo(n;O, y) with uo(n;O, y)>0 and all these curves begin with
uo(n # 0;0,0) —>o for y—>0 . However, we cannot continue U, (0,0) in
continuous way to only positive values for U, (0, y) .

For |y| — o the inequality (4.8) is stronger than (4.6) and characterizes the restric-
tions of U(0,y) and via the equivalence U(0,y)y=0(0)sin(uy(0,y)y) follows
from (4.8)

(n—%}n <uy(0,y)y= arcsin[%j < [n +%jn,(n =0,+1,£2,--), (4.11)
where the choice of n determines a basis interval of the involved multi-valued
function arcsin (Z) and the inequality says that it is in every case possible to choose it
from the same interval of length 7. The zeros Yy, of the Xi function E(X+ iy) on
the imaginary axis x=0 (critical line) are determined alone by the (multi-valued)
function Uy (0,y) whereas V,(0,y) vanishes automatically on the imaginary axis in
considered special case and does not add a second condition. Therefore, the zeros are
the solutions of the conditions

Up(0,y)y=nm, (n=0,%1+2,),(v,(0,y)=0). (4.12)

It is, in general, not possible to obtain the zeros Yy, on the critical line exactly from
the mean-value function U, (0, y) in (4.9) since generally we do not possess it ex-
plicitly.

In special cases the function U, (0, y) can be calculated explicitly that is the case, for

2 4
example, for all (modified) Bessel functions (;j l,(z). The most simple case among

these is the case v :% when the corresponding function Q (U) is a step function
Q(u)=0(0)6(u, —u), (4.13)

0, x<0
where Q(X) =11 20 is the Heaviside step function. In this case follows

(1]

(upz),  (4.14)

1
0 2

()-000) e () 000, T4 a0 7|

where Q(0)u, = -[0 duQ(u) is the area under the function Q(u)=0(0)6(u,—u)
(or the zeroth-order moment of this function. For the squared modulus of the function
E(z) wefind

. (Q(O))2 sh? (upX)+sin?(U,Y) _ (Q(O))2 ch(2u,x)—cos(2u,Y)

X2+ y? 2(x2+y2) , (413)

[1]
—~~
N
N—
~—~
[1]
—~~
N
N—
N—
I

from which, in particular, it is easy to see that this special function E(X + iy) possesses
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zeros only on the imaginary axis z=iy or x=0 and that they are determined by

lJOyn =nm, = yn :Er(n=ilyi2|"’)- (416)

o
The zeros on the imaginary axis are here equidistant but the solution y, =0 is
absent since then also the denominators in (4.15) are vanishing. The parameter W, (Z)

in the second mean-value theorem is here a real constant U, in the whole complex plane

Wy (X+1y) =Ug (X, ¥)+iVy (X, ) =g, = Uy (X, ¥) =u(0,y) = Uy, Vo (X, ) =V, (0,y) =0. (4.17)

Practically, the second mean-value theorem compares the result for an arbitrary
function Q (U) under the given restrictions with that for a step function
Q(u)=Q(0)8(uy—u) by preserving the value Q(0) and making the parameter U,
depending on z in the whole complex plane. Without discussing now quantitative
relations the formulae (4.17) suggest that vo(x,y) will stay a “small” function
compared with U, (X, y) in the neighborhood of the imaginary axis (Ze. for |X| < |y| )
in a certain sense.

We will see in next Section that the function U, (0, y) taking into account
Vo (0,y)=0 determines the functions UO(X, y) and vo(x,y) and thus WO(Z) in
the whole complex plane via the Cauchy-Riemann equations in an operational ap-
proach that means in an integrated form which we did not found up to now in
literature. The general formal part is again delegated to an Appendix B.

5. Accomplishment of Proof for Zeros of Xi Functions on
Imaginary Axis Alone

In last Section we discussed the application of the second mean-value theorem to the
function E(Z) on the imaginary axis z=1iy. Equations (3.14) and (3.15) or their
equivalent forms (3.16) or (3.17) are not yet sufficient to derive conclusions about the
position of the zeros on the imaginary axis in dependence on x 0. We have yet to
derive more information about the mean-value functions W, (Z) which we obtain by
relating the real-valued function U, (X, y) and V, (X, y) to the function U, (X, y)
on the imaginary axis taking into account V, (0, y) =0.

The general case of complex z can be obtained from the special case z=iy in

.0 —
(4.9) by application of the displacement operator exp(—lxaj to the function :(Iy)

according to
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The function Uq (0,y—iX) =W, (X+iy)=Uq (X, ¥)+iV, (X, Y) is related to Uy (0,y)

as follows
U (X, y)= cos(xijuO (0,y), Vy(x,y)=-sin (xijuo (0,y), (5.2)
oy oy
or in more compact form
wo(x+iy):exp(—ix%]uo(o,y) =U, (0, y —ix). (5.3)

This is presented in Appendix B in more general form for additionally non- vanishing

Vv, (0, y) and arbitrary holomorphic functions. It means that we may obtain U, (X, y)
0 . 0
and V, (X, y) by applying the operators COS(XEJ and —Sln(xaj , respectively, to

the function Uy (0,Y) on the imaginary axis (remind V,(0,y)=0 vanishes there in

our case). Clearly, Equations (5.2) are in agreement with the Cauchy-Riemann eq-

. ou, ov, ou, ov, . .
uations 6_ =— and — =—-—as a minimal requirement.
X

oy ay X

We now write E(Z) in the form equivalent to (5.1)
sh ((u0 (X, y)+ivy (%, y))(x+ iy))
X+iy

sh((uo(x, Y)X=Vo (X, Y)Y)+i(Uy (X, Y)Y +Vo (X, y)x))
X+iy '

E(x+iy)=9Q(0)
(5.4)

= (0)

The denominator X+iy does not contribute to zeros. Since the Hyperbolic Sine
possesses zeros only on the imaginary axis we see from (5.4) that we may expect zeros
only for such related variables (X,y) which satisfy the necessary condition of

vanishing of its real part of the argument that leads as we already know to (see (3.14))
Ug (X, Y)X=Vy (X, Y)Yy =0. (5.5)

The zeros with coordinates (Xk Y ) themselves can be found then as the (in general

non-degenerate) solutions of the following equation (see (3.15))

Up (X Y)Y +V (X y)x=nm, (n=0,£1%2,--), (5.6)

if these pairs (X, y) satisfy the necessary condition (5.5). Later we will see that it
provides the whole spectrum of solutions for the zeros but we can also obtain each
(xk,yk) separately from one branch n and would they then denote by (Xn,yn).
Thus we have first of all to look for such pairs (X, y) which satisfy the condition (5.5)
off the imaginary axis that is for x =0 since we know already that these functions may
possess zeros on the imaginary axis z =iy.

Using (5.2) we may represent the necessary condition (5.5) for the proof by the

second mean-value theorem in the form

xcos(x%}uo(o, y)+ ysin[x%}uo(o, y)=0, (5.7)

994

K
0:52: Scientific Research Publishing



A. Wiinsche

and Equation (5.6) which determines then the position of the zeros can be written with

equivalent values n
0 . 0
ycos(anuO (o, y)—xsm[xaju0 (0,y)=nm, (n=0,£1,%2,--). (5.8)

We may represent Equations (5.7) and (5.8) in a simpler form using the following

operational identities

xcos(xi}r ysin (xij = sin[xij Y, ycos(xij —Xsin [xi] = cos(xij Y, (5.9)
oy oy oy oy oy oy

which are a specialization of the operational identities (B.11) in Appendix B with
W(z)=u(X,y)+iv(X,y) > 2=X+iy and therefore U(X,y)—>XV(X y)—>Yy. If we
multiply (5.7) and (5.8) both by the function Uy(0,Y) then we may write (5.7) in the
form (changing order Yu, (0,y)=u,(0,y)y)

. 0
sm(xaj(uo(O, y)y)=0, (5.10)
and (5.8) in the form

cos[x%)(uo (0.y)y)=nm, (n=0,£L+2,). (5.11)

The left-hand side of these conditions possess the general form for the extension of a
holomorphic function W (Z =X+ iy) =U (X, y)+ iv (X, y) from the functions U (0, )
and V (0, y) on the imaginary axis to the whole complex plane in case of V (O, y) =0
and if we apply this to the function U (0, y) =U, (0, y) Y. Equations (5.10) and (5.11)
possess now the most simple form, we found, to accomplish the proof for the exclusive
position of zeros on the imaginary axis. All information about the zeros of the Xi
function E(Z) =U (X, y) +iV (X, y) for arbitrary X is now contained in the
conditions (5.10) and (5.11) which we now discuss.

0
Since COS[X—] is a nonsingular operator we can multiply both sides of equation

0
(5.11) by the inverse operator cosl(xaj and obtain

2
uO(O,y)y=cos1[X%Jnn={l+%[x%} +--}nn:nn, (n=0,%1--).  (5.12)

This equation is yet fully equivalent to (5.11) for arbitrary X but it provides only the
same possible solutions for the values y of zeros as for zeros on the imaginary axis.
This alone already suggests that it cannot be that zeros with x = 0 if they exist possess
the same values of y as the zeros on the imaginary axis. But in such form the proof of
the impossibility of zeros off the imaginary axis seemed to be not satisfactory and we
present in the following some slightly different variants which go deeper into the details

of the proof.
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. 0
In analogous way by multiplication of (5.10) with the operator Slr{xaj and

0
(5.11) with the operator COS(XEJ and addition of both equations we also obtain

condition (5.12) that means

U (0, y) y= {Sinz(X%j+COSZ(X%j}UO (0, y) y =nm, (n =0,+], iZ,---), (5.13)

The equal conditions (5.12) and (5.13) which are identical with the condition for
zeros on the imaginary axis are a necessary condition for all zeros. For each chosen
equivalent N (remind U,(0,y) depends then on n which we do not mention by
the notation) one obtains an infinite series of solutions Yy, for the zeros of the
function E(iy)

Uy (0, Yy ) Vi =nm, {u, (0,y) Vly, # 0, (5.14)

whereas for y # Yy, Equation (5.12), by definition of Y, , is not satisfied. Supposing
that we know U, (0,y) thatis as a rule not the case, we could solve for each
n=0,£1,42,.-- the usually transcendental Equation (5.13) graphically, for example, by
drawing the equivalent functions U, (0,y)y over variable y as abscissa and looking
for the intersections points with the lines Nt over y (Section 7). These intersection
points y =Y, are the solutions for zeros Yy, on the imaginary axis. Choosing x=0
the condition (5.10) is identically satisfied that, however, is not the case for x =0 in
general.

Now we have to look for zeros (X, yk) in case x =0 by an additional independent
condition in comparison to (5.13). Whereas for zeros with x =0 the condition (5.10)
is identically satisfied we have to examine this condition for zeros with x 0. In the
case of x =0 we may divide both sides of the condition (5.10) by X and obtain

M(uo(o, y)y) :Mi(uo(o, y)y)=0. (5.15)

oy
()
sin| x—
YY)
0

Xi

. 0
Since is a nonsingular operator (in contrast to sm(x— which pos-

sesses 0 as eigenvalue to eigenfunction
f (x,y)=const,x" +const,5(x) f (y),(n=0,1---) f(y) arbitrary) we may multiply

2
Equation (5.15) by the inverse operator ;ﬁya and obtain
sin(xj
oy
0 ou
E(UO(O, y) y):E"(O, y)y+U,(0,y)=0. (5.16)
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This condition has also to be satisfied for the solution y =1y, of (5.12) in case of

X # 0 that means
ou, nn

?ﬁ{aydk+%(Qw)=%¥{aw)n+3r=0,(n=QiLiZm) (5.17)
k

Both conditions (5.13) and (5.16) taken together mean that a corresponding zero Y,
must possess a twofold degeneration.

From condition (5.11) combined with (5.10) follows by Taylor series expansion with

respect to X% for arbitrary complex A

nm = [cos[x%}r lsin[x%D(uo (0.y)y)

21 21

X< 0 0 Z X
=Uy (0 y)y Z(Zl)'@yZI (UO(O y)y)+l[xa(u0 (O'Y)y)+§(2I+1)!W(

and the independence of the left-hand side of X for arbitrary complex A requires

(5.18)

21+1 62I+l

Uy (0,) y)],

aay"‘ (uo (0,y) y) for m>1 for solutions Yy =Y, . Let us

assume

al‘n
{ —(u, (0, y)y)} =0, (m>1). (5.19)
ay Y=Yk

From the Taylor series expansion of the function U, (0, y) Y in the neighborhood of
asolution y=yY, follows then

m

%@dﬂz%@d0w+ii{ﬁﬁ

mm! oy (UO(O'V)V)} (y-y)" =nm. (5.20)

Y=Yk

Thus using (5.19) we can find zeros for x =0 that means off the imaginary axis if

the mean-value function Uy(0,Yy) possesses the form

Uy (0,y)y =nm, < uy(0,y) :n7n,(n =0,£1,42,---), (5.21)

for a certain integer n. According to (5.2) the whole mean-value functions U, (X, y)
and VO(X, y) are then

sl 3ol o3}

(5.22)
_ y
(y+|x - j_nnx2+y2'
——sm[ j {exp[lxiJ exp[—ixi}l
oy )y
—
|2 y+ix y- X2 +y?'
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or in compact form

Wo(z):uo(x,y)+iv0(x,y)=nnxz,:';(z:i%niy:in?n, e Wy(z2)z=inm (5.23)

If we insert W, (Z) z=inm into Equation (3.12) then we get E(Z) =0 for all z
and n=0,£1,%2,---. This means that all conditions for zeros with x =0 together do
not lead to a solution for certain E(Z)?&O. Under the assumption (5.19) we have
proved that all zeros of Xi functions = ( Z) lie on the imaginary axis x=0.

For an alternative proof let us now solve the two Equations (5.15) and (5.11) directly
and to show in this way the impossibility of zeros for x = 0. To solve these equations

we make a Fourier decomposition of the function f (y) =U, (0, y) y as follows

1 40 o~ : ~ +o0 |
Uy (0,Y) EZLodpf (p)e™, f(p)=] dy(u, (0.y)y)e™. (5.24)
Then (5.15) takes on the form
sin[x
6yj _i o Sh(pX)~ iy _
— (uy (0.y)y) = = [“dp " f(p)e™ =0, (5.25)

that due to the uniqueness of the Fourier decomposition of a function in a Fourier

integral is only possible if

f(p)=0, (5.26)

as a necessary condition. Nontrivial solutions of this equation for f~(p) are only

sh( px)

possible for such p for which vanishes that means for

px = inm, (n =], i‘2,---) and where f(p) is then proportional to a delta function.
Thus the general solution of (5.26) possesses the following form of a generalized

function (the prime at the sum means that the termto m=0 is absent)
f(p): Z'am5(p—im£j, (5.27)
Mo X

with complex numbers @, = aim as amplitudes. As remark we mention that de-
rivatives of delta functions we do not have to include in this solution since all zeros of
sin( pX) are simple zeros and, furthermore, that f(p) is a generalized analytic
function (also called analytical functional) with the possible extension of the variable
p to the whole complex plane.

The inverse Fourier transformation of f ( p) according to (5.27) provides

l +00
U (0,y)y= o D a, exp[—mn—g). (5.28)

T m=—0

Already this form excludes (5.28) as a possible solution for U, (0, y) Yy which does
not have to depend on variable X with exception of the case y=0,X#0 which we
already could exclude as possible case for zeros (see beginning of Section 4). In addition,

we will show that it is not compatible with the general solution of (5.11) which
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determines the position of the zeros and which with the Fourier decomposition (5.24)

takes on the form

cos[x%}(uo (0.y) y) :z—ijj:dpch(px) f(p)eipy

(5.29)
= nn.[j:dpﬁ( p)e™,(n=0,1,£2,-).
It leads to the following equation for the Fourier coefficients f (p)
ch(px) f(p)=nm2ns(p), (n=0,21%2,), (5.30)
with the general solution (analogously to (5.27))
f(p)=nn2ns( p)+|+f:b,5[ p—i(l +%]§j (n=0,+1,42,--), (5.31)

with arbitrary coefficients b = bjl_l . The inversion of this solution is

1 & 1
f(y)=u,(0,y)y= nn+§|2bI exp[—[l +Ejn—3j,(n =0,+1,#2,---).  (5.32)

=—0

which for x =0 is only possible if all coefficients a, and b, are vanishing.

The two general solutions (5.28) and (5.32) of the two Equations (5.15) and (5.11) for
YU, (0, y) , the first for the case x =0 only, are incompatible for any choice of the
coefficients a, and b, with the only exception of y=0 that means on the real axis
where the exponential functions in (5.28) and (5.32) become constant functions. How-
ever, the case y=0 for arbitrary x=0 could be excluded from the beginning
according to (4.2) as a consequence of the positive (semi-)definiteness of the function
Q(u) by supposition.

We have now finally proved that all Xi functions E(Z) of the form (3.1) for which
the second mean-value theorem is applicable (function Q(u) positively semi-definite
and non-increasing) may possess zeros only on the imaginary axis. The decisive dif-
ference for possible zeros on and off the imaginary axis in the approach by the second
mean-value theorem was that we have to satisfy in general case two independent
real-valued conditions from which one in case of the imaginary axis and only there is

automatically satisfied for the whole imaginary axis and not only for the zeros on it.

6. Some Consequences from Proof of the Riemann Hypothesis

The given proof for zeros only on the imaginary axis x=0 for the considered Xi
function E(Z):E(X+iy) includes as special case the function Q(u) to the Rie-
mann hypothesis which is given in (2.26). However, it includes also the whole class of
modified Bessel functions of imaginary argument |, (Z) which possess zeros only on
the imaginary axis and if we make the substitution Z <> iz also the usual Bessel
function J, (Z) which possess zeros only on the real axis.

We may ask about possible degeneracies of the zeros of the Xi functions E(Z) on
the imaginary axis z=1iy. Our proof does not give a recipe to see whether such

degeneracies are possible or not. In case of the Riemann zeta function
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E(Z) ¢ (S) 4 (S) one cannot expect a degeneracy because the countable number
of all nontrivial zeros are (likely) irrational (transcendental?, proof?) numbers but we
do not know a proof for this.

—

For .:(Z) as an entire function one may pose the question of its factorization with

z
factors of the form 1—— where 2z, goes through all roots where in case of de-
z

n
generacy the same factors are taken multiple times according to the degeneracy. It is
well known that an entire function using its ordered zeros Zn,(|zn| S|Zn+1|) can be

represented in Weierstrass product form multiplied by an exponential function e"

with an entire function function h(Z) in the exponent with the result that " isan

entire function without zeros. This possesses the form (e.g., [15])

E(Z)=eh(z)zmH(1—Zi]eXp(Pkn {ZLB (6.1)

with a polynomial B, (W) of degree k which depending on the roots z, must be
appropriately chosen to guarantee the convergence of the product. This polynomial is
defined by first k sum terms in the Taylor series for —log(1—w)*

2 Kk ooWI

W W
P(W)=w+—+—+---+—=—log(l-w)- > —. 6.2
(W) =W+ = Tloa-w)- 3 5 (6.2)
By means of these polynomials the Weierstrass factors are defined as the functions
E, (W)= (1-w)exp (R (w)), (6.3)

from which follows

o o
log(E, (w)) = log (1—W)—(Iog (1-w)+ Y WI—J =- WT (6.4)
I=k+1 I=k+1
From this form it is seen that E, (W) possesses the following initial terms of the

Taylor series

ER. W
E, (W)z(l—w)exp(—l_kZ;lI—le—k+l+~-, (6.5)
and is a function with a zero at w=1 but with a Taylor series expansion which begins
with the terms 1- W .
k+1

Hadamard made a precision of the Weierstrass product form by connecting the

degree k, of the polynomials in (6.1) with the order p of growth of the entire
function and showed that k, can be chosen independently of the n-th root z, by
k, > k> p—1.The order of E(Z) which is equal to 1 is not a strict order p =1 (for
this last notion see [15]). However, this does not play a role in the Hadamard product
representation of E(Z) and the polynomials B (W) in (6.1) can be chosen as

R (W) that means equal to 0 according to k, =k = p—1. The entire function h(Z)

‘Sometimes our P_ (W) isdenoted by P (w).
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in the exponent in (6.1) can be only a constant since in other case it would introduce a

higher growth of = ( Z) . Thus the product representation of = ( Z) possesses the form
+o0 2

©-=0; (-2 |- [ wowi[-%]

Z, n=1 n

(1]

(6.6)
+00 2

= QOH(MZ—ZJ, 2(0)=Q,= jomduQ(u) = g[%) =0.49712---,
n=1 yn

where we took into account the symmetry z_, =-z, =(z, )* of the zeros and the proof
z, =iy, that all zeros lie on the imaginary axis and a zero z, =0 is absent. With Q,
we denoted the first moment of the function Q(u) .

Formula (6.6) in connection with his hypothesis was already used by Riemann in [1]
and later proved by von Mangoldt where the product representation of entire functions
by Weierstrass which was later stated more precisely by Hadamard plays a role. There is
another formula for an approximation to the number of nontrivial zeros of ¢ (S) or
¢ (S) which in application to the number of zeros N (Y) of E(Z) on the imaginary
axis z=1iy in the interval between y=0 and y=Y . It takes on the form (Y for
E(Z) is equivalent to usual T for ¢§ (S))

v Y Y Y
N(Y)= ~—Ilog| — |——,(Y .
( ) .[odyv(y) 2n 09(2117) 27!?’( >>0), (67)
with the logarithmically growing density
1 y
~—log| — |, 1). .
v(y) o og[zn] (y>1) (6.8)

As long as the Riemann hypothesis was not proved it was formulated for the critical
strip 0<o <1 of the complex coordinate S=o+it in & (S) parallel to the
imaginary axis and with t between t=0 and t=T (with T equal to our Y in
(6.7)). It was already suggested by Riemann [1] but not proved in detail there and was
later proved by von Mangoldt in 1905. A detailed proof by means of the argument
principle can be found in [12]. It seems that from our approach also follows a simple
proof. The result of Hardy (1914) (cited in [5]) that there exist an infinite number of
zeros on the critical line is a step to the full proof of the Riemann hypothesis. Section 4
of present article may be considered as involving such proof of this last statement.

We have now proved that functions E(Z) defined by integrals of the form (3.1)
with non-increasing functions Q(U) which decrease in infinity sufficiently rapidly in
a way that E(Z) becomes an entire function of z possess zeros only on the im-
aginary axis z =1iy. As already said this did not provide a recipe to see in which cases
all zeros on the imaginary axis are simple zeros but it is unlikely that within a countable
sequence of (pseudo-) randomly chosen real numbers (the zeros) two of them are
coincident (it seems to be difficult to formulate last statement in a more rigorous way).
It also did not provide a direct formula for the number of zeros in an interval
[(0,0),(0,Y)] from zero to Y on the imaginary axis or of its density there but, as

mentioned, Riemann [1] suggested for this an approximate formula and von Mangoldt
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proved it

The proof of the Riemann hypothesis is included as the special case (2.26) of the
function Q(u) into a wider class of functions with an integral representation of the
form (3.1) which under the discussed necessary conditions allowing the application of
the second mean-value theorem of calculus possess zeros only on the imaginary axis.
The equivalent forms (2.35) and (2.36) of the integral (3.1) where the functions, for
example o (u), are no more generally non-increasing suggest that conditions for
zeros only on the imaginary axis are existent for more general cases than such
prescribed here by the second mean-value theorem. A certain difference may happen
then, for example, for z=0 because powers of it are in the denominators in the

representations in (2.36).

7. Graphical Illustration of Mean-Value Parameters to Xi
Function for the Riemann Hypothesis

To get an imagination how the mean-value function W, (Z) =W, (X + iy) looks like we
calculate it for the imaginary axis and for the real axis for the case of the function
Q(U) in (2.26) that is possible numerically. From the two equations for general z
andfor z=0

Q(O)w=J.:OduQ(u)ch(uz),Q(O)w0 (0) =J'O+wduQ(u), (7.1)
follows
1 Z
W, (z)==Arsh| ——| duQ(u)ch(uz) |,
(1) 2o [ u)en () .
1 (o
WO(O):WJO duQ(u),
with the two initial terms of the Taylor series
3
WO(Z):%{ﬁ OmduQ(u)ch(uz)—%(ﬁo) OmduQ(u)ch(uz)J +} (7.3)

and with the two initial terms of the asymptotic series

W, (2) = %{Iog(ZﬁﬂwduQ(u)Ch (uz)] +%($deuﬂ(u)ch (uz)J_ +} (7.4)

From (7.2) follows

W (2) __ ©(0) rsh| ——[“duQ(u)ch (uz
(0 zjo*‘”duQ(u)A h(Q(O)J'O du€(u)ch( )j. (7.5)

This can be numerically calculated from the explicit form (2.26) of Q(u). For
W, (2)
w, (0)

y=0 andfor x=0 (and only for these cases) the function is real-valued, in
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particular, for y=0

)80ty (o)

W (0)  x(“duca(u)

I, dueu)en(w) {1_1( »

[du(u) 6 Q) omd“Q(“)Ch(UX)j +} (7.6)

_ Uy (x,0)
U, (0,0)’

andfor x=0

W (i) 9Q(0) arcsin| —— [ “duQ(u)cos(u
W, (0)  y[“duc(u) [Q(O)I" uau)eost y)J
:Io d;fd(jg)zc(zs)(uy){H%{Q{U)j;wdug(u)cos(uy)] +} (7.7)

_4,(0y)
- Uo (0' 0) ,

where we applied the first two terms of the Taylor series expansion of arcsin(x) in

powers of X. A small problem is here that we get the value for this multi-valued
1 .
function in the range —gsarcsin(x)s+g. Since ;arcsm(x) is an even function

with only positive coefficients in its Taylor series the term in braces is in every case

positive that becomes important below.

o (X) and for

W, (0) W, (0)

The function for W, (X,O) on the real axis y=0 (second partial picture) is not very

The two curves which we get for are shown in Figure 4.

exciting. The necessary condition XUy(X,0)=0 (see (5.5)) can be satisfied only for
x=0 but it is easily to see from E(0)= J';wduQ(u) ~1.7868 =0 that there is no zero.
For the function W, (0, y) on the imaginary axis x=0 the necessary condition
YW, (0,y)=0 (see (5.5)) is trivially satisfied since V, (0, y) =0 and does not restrict
the solutions for zeros. In this case only the sufficient condition

yyu, (0, y):nn,(n=0,il,i2,--~) determines the position of the zeros on the im-
aginary axis. The first two pairs of zeros are at Y, ~+14.135,y, ~+21.022 and the
reason that we do not see them in Figure 4 is the rapid decrease of the function
U, (0, y) with increasing y. If we enlarge this range we see that the curve goes
beyond the vy -axis after the first root at 14.135 of the Xi function. As a surprise for the
second mean-value method we see that the parameter U, (0, y) becomes oscillating
around this axis. This means that the roots which are generally determined by the
equation YU, (0,y)= N (see (5.6)) are determined here by the value n=0 alone.

The reason for this is the multi-valuedness of the ArcSine function according to

arcsin(x);nn+(—1)”arcsin(x), (—1£x£+1, —gﬁarcsin(x)s+g, ner. (7.8)
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Mean—value function Uy(0,y) on y—axis; (Vo(0,y) = 0)

Wo(i y)/Wo(0)
2.0¢
1.52— y;=14.135 ¥,=21.022 ;5
1.03
0.5 U (0,y)/Uy(0,0)
S ‘ =y

s 10 15 20 25
Mean—value function Uy(x,0) on x—axis; (Vy(x,0) = 0)

W (x)/Wo(0)
2.0 i

15}
[ Uy (x,0)/Uy(0,0)

1.0

T

0.5

L 1 L L L L 1 L L L L 1 L L L L 1 L L L L 1 1 X
5 10 15 20 25

Figure 4. Mean value parameters W, (iy)=u,(0,y) and w,(X)=U,(x,0) for the Xi

function in the proof of the Riemann hypothesis. It is not to see in the chosen scale

that the curve uO(O,y) goes beyond the Y -axis and oscillates around it due to

extremely rapid vanishing of the envelope of U, (0, y) with increasing Yy but we do

not resolves this here by additional graphics because this behavior is better to see in
the case of modified Bessel functions intended to present in future. Using (7.2) we
calculate numerically W, (0)=u,(0,0)~0.27822 that is the value which we call the

optimal value for the moment series expansion. The part in the second partial figure
which at the first glance looks like a straight line as asymptote is not such.

If we choose the values for the arcsin(x) -function not in the basic interval

—g <x< +g for which the Taylor series provides the values but from other equivalent

intervals according to (7.8) we get other curves for u,(0,y) and yu,(0,y) from

which we also may determine the zeros (see Figure 5), however, with other values n
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Equivalent mean—value functions to Uy(0,y) on y—axis

Wo (i y)/wo(0)
8 =
6F Wo (i y)/Wo(0) = Uy(0,y)/Up(0,0)
: Wo(0) = Up(0,0) ~ 0.27822
4 L
2L
n=0
5 10 15 20 25 7
Equivalent functions Uy(0,y) y
Uy(0,y) y
3 LS
sn| n=3
2 /&
2
2zt yi=14.135  y,=21.022 y;
T \/’
- n=1
2 -0
1 L L L 1 I L L L 4 I 1 y
0 5 10 15 20 25

Figure 5. Mean value parameters in the proof of the Riemann hypothesis. On the left-hand side
w, (iy) _u,(0.y)
w(0)  u,(0,0)
Riemann hypothesis if we do not take the values of the function arcsin(t) in the basic range

for the Xi function to the

there are shown the mean value parameters

—%St Sg but in equivalent ranges according to (7.8). On the right-hand side are shown the

corresponding functions Uy(0,y)y which according to cos(X+ nn):(—l)”sin(x) and the
condition for zeros COS(U0 (0,y) y) =0 lead to equivalent ranges

kn =u, (0, y) y=u, (O, y) y+nn= (k + n)n,(k =+1,+2,--:n= 0,il,i2,--~) (see (4.12)) determine
the zeros of the Xi function on the imaginary axis. We see that the multi-valuedness of the
arcsin(x) function does not spoil a unique result for the zeros because every branch find the
corresponding n of nm where then all zeros lie. Due to extremely rapid decrease of the
function uo(O,y) with increasing Yy this is difficult to see (position of first three zero at
y, #14.1)y, = 21.0,y, = 25.0 is shown) but if we separate small intervals of y and enlarge the
range of values for Y,(0,y) this becomes visible (similar as in Figure 3). We do not make this

here because this effect is better visible for the modified Bessel functions which we intend to
consider at another place.
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J, duex(u)cos(uy) = (0)u, (0, )

in the relation yu, (O,y):nn,(nzo,il,iZ,---) and the results are invariant with
respect to the multi-valuedness. This is better to see in case of the modified Bessel
functions for which the curves vanish less rapidly with increasing y as we intend to
show at another place. All these considerations do not touch the proof of the non-
existence of roots off the imaginary axis but should serve only for better understanding
of the involved functions. It seems that the specific phenomenons of the second
mean-value theorem (3.9) if the functions g(u) there are oscillating functions (re-
mind, only continuity is required) are not yet well illustrated in detail.

We now derive a few general properties of the function U, (0,y) which can be seen
in the Figures. From (4.9) written in the form and by Taylor series expansion according
to

2

=Q(0)u, (0, y)(l—y?(uo (0, y))2 +J (7.9)

sin(u, (0,y)y)
U (0,y)y
follows from the even symmetry of the left-hand side that U, (0, y) also has to be a

0"u, (0,)

P u” (0,y))

function of the variable y with even symmetry (notation

Uy (0,y) =+u, (0,-y), (7.10)
with the consequence
© y2m
Uy (0,y) =, (0,0)+ Z”O—(O’O)yz"‘, ul™ (0,0)=0. (7.11)

= (2m)!

Concretely, we obtain by n-fold differentiation of both sides of (7.9) at y=0 for

the first coefficients of the Taylor series

[7du@(u) =2(0)uy (0,0),0=2(0)u’ (0,0),

- 1 \ (7.12)
[ @) ~0(0)u? 0.0)- 3w 00)) |
from which follows
1 +00 1
u°(0’o):W0)fo duQ(u),ul’(0,0) =0,
@ 1 e 1 1 e ’ (7:13)
ul (0,0)z—wfo duQ(u)u +§(WL duQ(u)J :
<0 >0

Since the first sum term on the right-hand side is negative and the second is positive
it depends from their values whether or not ugz) (0,0) possesses a positive or negative
value. For the special function Q(U) in (2.26) which plays a role in the Riemann
hypothesis we find approximately

0, =, duQ(u) ~ 0497121, 210, = ["duQ(u)u’ ~0.0229719, (7.14)

Q(0) ~1.78679, u,(0,0)~0.278220, ul®’(0,0)~-0.00567784,

1006

K
0:52: Scientific Research Publishing



A. Wiinsche

meaning that the second coefficient in the expansion of U, (0, y) in a Taylor series in
powers of y is negative that can be seen in the first part of Figure 4. However, as we
have seen the proof of the Riemann hypothesis is by no means critically connected with
some numerical values.

In principle, the proof of the Riemann hypothesis is accomplished now and
illustrated and we will stop here. However, for a deeper understanding of the proof it
would be favorable to consider some aspects of the proof such as, for example,
analogues to other functions with a representation of the form (3.1) and with zeros only
on the imaginary axis and some other approaches although they did not lead to the full

proof that, however, we cannot make here.

8. Equivalent Formulations of the Main Theorems in a Summary

In present article we proved the following main result

Theorem 1:

Let Q(u) be a real-valued function of variable U in the interval 0<u <40
which is positive semi-definite in this interval and non-increasing and is rapidly
vanishing in infinity, more rapidly than any exponential function exp(—ﬂu), that
means

0] ) g 2 .
Q(u)20,0%(u)<0,(0<u<+ ),ulmexp(_ﬂu)_o,(zeR ). (8.1)

Then the following integral with arbitrary complex parameter z = X+iy
E(z)=jgwduQ(u)ch(uz), (zeC), (8.2)

is an entire function of z with possible zeros z =1z, = x,+1iy, only on the imaginary

axis x=0 that means

[1]

(z,)=0, = z,=iy,, (or x,=0). (8.3)

Proof:

The proof of this theorem for non-increasing functions Q(u) takes on Sections 3-5
of this article. The function Q(u) in (2.26) satisfies these conditions and thus
provides a proof of the Riemann hypothesis.

Remark:

An analogous theorem is obviously true by substituting in (8.2) ch(u) > COS(U)
and by interchanging the role of the imaginary and of the real axis y <> x.
Furthermore, a similar theorem with a few peculiarities (e.g., degeneracy) is true for
substituting ch(uz) in (8.2) by sh(uz).

Theorem 1 can be formulated in some equivalent ways which lead to interesting
consequences®. The Mellin transformation fA(S) of an arbitrary function f ('[)
together with its inversion is defined by [32] [33] [34]

*Some of these equivalences now formulated as consequences originate from trials to prove the Riemann hy-
pothesis in other way.
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f(s)= [ Tdif (1), f(t)=é st (s)t, (8.4)
where the real value C has only to lie in the convergence strip for the definition of
f(s) by the integral. Formula (8.2) is an integral transform of the function Ch(z)
and can be considered as the application of an integral operator to the function Ch (Z)
which using the Mellin transform f)(s) of the function Q(U) can be written in the
following convenient form

E(z):f)(izjch(z). (8.5)

oz

This is due to

J'gwduQ(u)ch(uz) = J’;wduQ(u)uzgch(z) = L:wduQ(u)uchh(z), (8.6)
0
where U@ is the operator of multiplication of the argument of an arbitrary function

g (Z) by the number U, ‘e it transforms as follows
2

9(z) > g(uz)=u"=g(z2), (8.7)
according to the following chain of conclusions starting from the property that all

0
functions z",(n=0,1,2,--) are eigenfunctions of Z 2 to eigenvalue n

(z%)z”:nz”, = f(z%}z”:f(n)z”, = exp(iz%)z”:(eﬂz)n,
el

(8.8)
= exp(ﬂz%)g(z):g(eiz), = uzag(z):g(uz), (e* =u).

This chain is almost obvious and does not need more explanations. The operators
0

20
U % are linear operators in linear spaces depending on the considered set of numbers
u.

Expressed by real variables (X, y) and by

(i,i*j=[l(i—li},l(i+lin we find from (8.5)
0z oz 2{ox oy) 2\ox oy

P R V- I T T - .
_(x+|y)-Q{1+E[x&+y5j+5[y& xayj}ch(XHy). (8.9)

From this formula follows that E(iy) may be obtained by transformation of
ch(iy):cos(y) alone via

=(iy) :é{u y%(%—i%]}ch(xﬂy) = fz(l+iy§)ch(z) = ﬁ(%yjcos(y). (8.10)

On the right-hand side we have a certain redundance since in analytic functions the
information which is contained in the values of the function on the imaginary axis is
fully contained also in other parts of the function (here of ch (Z) ).

The most simple transformation of Ch (Z) is by a delta function 0 (U —uo) as
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function Q(U) which stretches only the argument of the Hyperbolic Cosine function
Ch(Z) —ch (UOZ) . The next simple transformation is with a function function Q(U)

in form of a step function ¢ (UO - U) which leads to the transformation

ch(z)—> 1sh (Upz) . Our application of the second mean-value theorem reduced other
z

cases under the suppositions of the theorem to this case, however, with parameter

Uy = U (Z) depending on complex variable z.

.0
The great analogy between displacement operators (infinitesimal —I&) of the

0
argument of a function and multiplication operator (infinitesimal X&) of the argu-

ment of a function with respect to the role of Fourier transformation and of Mellin

transformation can be best seen from the following two relations
+o Fs . 6 g +00 i
oyt (na(ey)= (-2 Ja(. 7= T (v)e™,
400 -~ a ~ 400 5—
J'O duf (u)g(ux)= f(&xjg(x), f(s)z.[(J duf (u)u*™.

We remind that Mellin and Fourier transform are related by substituting the in-

(8.11)

tegration variables U=e’ and the independent variables S=—it and by the sub-
stitutions f (ey) < f(y) and f(—it) o f(t) in (8.11).
Using the discussed Mellin transformation Theorem 1 can be reformulated as follows
Theorem 1°:

The mapping of the function Ch(Z) of the complex variable z into the function

- ~( 0
= ( Z) by an operator Q[a— Z) according to
Z

E(z):f}(iz)ch(z), f)(s)zj;wduﬂ(u)us‘l, (8.12)

oz

where f)(s) is the Mellin transformation of the function Q(U) which last possesses
the properties given in Theorem 1 maps the function Ch(Z) with zeros only on the
imaginary axis again into a function 2 ( Z) with zeros only on the imaginary axis.

Proof:

It is proved as a reformulation of the Theorem 1 which is supposed here to be
correctly proved.

It was almost evident that the theorem may be formulated for more general functions
Q(U) as supposed for the application of the second mean-value theorem as was
already mentioned. Under the suppositions of the theorem the integral on the left-hand

side of (8.5) can be transformed by partial integration to (notation:
A ()= [T ® s-1
Q (s)_.[o duQ® (u)ust)

0
—1z

1 o 1
2(z)=-=[ "duQ" (u)sh :——Q[l](

jsh(z). (8.13)

The derivative Q" (u) of the function Q(U) to the Riemann hypothesis although
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semi-definite (here negatively) and rapidly vanishing in infinity is not monotonic and
possesses a minimum (see (2.26) and Figure 2). In case of the (modified) Bessel

functions we find by partial integration (e.g., [32])

yl % Vlv(z) | du(l u?)’ 5 ch(uz)
O
:%zj du(l u ) 3ush(uz) (8.14)
-2

> vl "
"2 '(v+m)'H |

3
. =3 3 .
where the functions in the second transform (1— uz) 2u for v> 5 are non-negative

but not monotonic and possess a maximum for a certain value U, within the interval
0 < U, <1. The forms (8.13) for E(Z) and (8.14) suggest that there should be true a
similar theorem to the integral in (8.2) with substitution Ch(UZ) - sh(uz) and that
monotonicity of the corresponding functions should not be the ultimate requirement
for the zeros in such transforms on the imaginary axis.

Another consequence of the Theorem 1 follows from the non-negativity of the

square% modulus of the function E(Z) resulting in the obvious inequality (here
(E@) ==(z')
0<2(2)(=(2)
1 +o0 +00
=EI° du, | du,Q(u, ) (u,)-(ch((u, +u, ) x)cos((uy —u,) y)+ch((u; —u, ) x)cos((u, +U,) y)),

which can be satisfied with the equality sign only on the imaginary axis z =iy for

(8.15)

discrete values y =Y, (the zeros of E(z:x+iy) ). By transition from Cartesian

coordinates (Ul, Uz) to inertial-point coordinates (U, Au) according to
U, +u A A
=172 Au=u,-U, U=U _7u’ u,=u +7u, du, Adu, =duad(Au), (8.16)

Equation (8.15) can be also written
1 0 +2u AU Au
0< EIO duf d (Au)Q(u —7JQ(U +7j -(ch(2ux)cos(Auy)+ch(Aux)cos(2uy)). (8.17)

As already said the case of the equality sign in (8.15) or (8.17) can only be obtained
for x=0 and then only for discrete values of y =Y, Dby solution of this inequality

with the specialization for x =0
==(iy)(2(y))
1 ctw 40
= EJO du, [ “du,Q(u, ) Q(u, )(cos((ul —u,)y)+cos((u, +u,) y)) (8.18)

gl o(walv- 3 Jofue st o)
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A short equivalent formulation of the inequality (8.15) and (8.17) together with (8.18)
is the following

Theorem 2:

If the function Q(u) satisfies the suppositions in Theorem 1 then with y , =-y,

0 VX # 0,

« >0,

E(x+iy)(E(x+iy)) - x=0,vy =y, (k=+1%2,-), (8.19)
=0, = x=0,3y=y,, (k=£142,..).

Proof:

As a consequence of proved Theorem 1 it is also true.

The sufficient condition that this inequality is satisfied with the equality sign is that
we first set x =0 in the expressions on the right-hand side of (8.15) and that we then
determine the zeros Yy =Y, of the obtained equation for E(iy)(E(iy))* =0. In case
of indefinite Q(u) there are possible in addition zeros on the X -axis.

Remark:

Practically, (8.15) is an inequality for which it is difficult to prove in another way that
it can be satisfied with the equality sign only for x =0. Proved in another way with
specialization (2.26) for Q(u) it would be an independent proof of the Riemann
hypothesis.

9, Conclusion

We proved in this article the Riemann hypothesis embedded into a more general
theorem for a class of functions E(Z) with a representation of the form (3.1) for real-
valued functions Q(U) which are positive semi-definite and non-increasing in the
interval 0<u<+owo and which are vanishing in infinity more rapidly than any
exponential function exp(—/lu) with 1 >0. The special Xi function E(Z) to the
function Q(U) given in (26) which is essentially the xi function & (S) equivalent to
the Riemann zeta function ¢ (S) concerning the hypothesis belongs to the described
class of functions.

Modified Bessel functions of imaginary argument “normalized” to entire functions

v v

[%) J, (iz)= (éj l,(z) for v 2% belong also to this class of functions with a re-
presentation of the form (3.1) with Q(U) which satisfy the mentioned conditions and
in this last case it is well known and proved in independent way that their zeros lie only
on the imaginary axis corresponding to the critical line in the Riemann hypothesis.
Knowing this property of the modified Bessel functions we looked from beginning for
whole classes of functions including the Riemann zeta function which satisfy analogous
conditions as expressed in the Riemann hypothesis. The details of the approach to
Bessel functions and also to certain classes of almost-periodic functions we prepare for
another work.

The numerical search for zeros of the Riemann zeta function ¢{ (S) ,S=0o+it in the

critical strip, in particular, off the critical line may come now to an end by the proof of
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the Riemann hypothesis since its main purpose was, in our opinion, to find a counter-
example to the Riemann hypothesis and thus to disprove it. We did not pay attention in
this article to methods of numerical calculation of the zeros with (ultra-)high precision
and for very high values of the imaginary part. However, the proof if correct may
deliver some calculators now from their pain to have to calculate more and more zeros
of the Riemann zeta function.

We think that some approaches in this article may possess importance also for other
problems. First of all this is the operational approach of the transition from real and
imaginary part of a function on the real or imaginary axis to an analytic function in the
whole complex plane. In principle, this is possible using the Cauchy-Riemann eq-
uations but the operational approach integrates this to two integer instead of dif-
ferential equations. We think that this is possible also in curved coordinates and is in
particular effective starting from curves of constant real or imaginary part of one of
these functions on a curve.

One of the fascinations of prime number theory is the relation of the apparently
chaotic distribution function of prime numbers 7 (X) on the real axis x>0 to a
fully well-ordered analytic function, the Riemann zeta function ¢ (S) , at least, in its
representation in sum form as a special Dirichlet series and thus providing the relations

between multiplicative and additive representations of arithmetic functions.
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Appendix A

Transformation of the Xi Function

In this Appendix we transform the function f(S) defined in (2.8) by means of the
zeta function ¢§ (S) from the form taken from (2.5) to the form (2.9) using the
Poisson summation formula. The Poisson summation formula is the transformation of
a sum over a lattice into a sum over the reciprocal lattice. More generally, in one-
dimensional case the decomposition of a special periodic function F (q) = F(q +a)

with period a defined by the following series over functions f (q + na)

F(a)= Zf(q+na) F(q+a), (A.1)

n=-o0

can be transformed into the reciprocal lattice providing a Fourier series as follows. For

this purpose we expand F (q) in a Fourier series with Fourier coefficients F, and

m
. . © (n+1)a +0

make then obvious transformations (Q'+ha — q”’2:=—wjna dq" - I_ dq” and ch-

anging the order of summation and integration) according to

F(a)- 3 G fioa 51 (qf+na)exp(_im2%¢jjexp(im qu)

=Fy

Zw (ij gt (¢7) exp[ "jjexp(im?j (A2)
o 2_ 2nq
mzwf(m - jexp(lm 3 )

where the coefficients F,

® |~ 9>|H

of the decomposition of F(q) are given by the Fourier
transform f(k) of the function f (q) defined in the following way

k):f:dqf(q)exp( |kq):>f(m—j jdqf exp(—im%). (A.3)

2
Using the period b= ?n of the reciprocal lattice relation on the right-hand side of

(A.2) it may be written in the forms

F(q)= f f(q+na)= i f (q+nﬁj:£ f f (mb)exp (imbq)
= 27 s
L e o (A.4)
=gm;of [m;)exp(lm—qj ab = 2m.

In the special case =0 one obtains from (A.4) the well-known basic form of the

Poisson summation formula
F(0)= 3 1 (na):zl

Formula (A.5) applied to the sum "™ exp( n? 2) corresponding to
f

H Mg

(mb), ab=2n. (A.5)

2

f(q)= GXp(—nqz) with Fourier transform f (k)= exp{—Z—J provides a relation
T
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which can be written in the following symmetric form (we need it in the following only
for q=>0)

e P
el Gl ool g )

This is essentially a transformation of the Theta function % (u,q ) in special case

2‘1’_((]):9 0,6 |. We now apply thi i i
=410, . pply this to a transformation of the function & (S) .

Jal

(A.6)

From (2.9) and (2.5) follows

E(s)=s(s —1)f;wdqq5’liexp(—nn2q2)

=5s(s —1){J'01dqq5‘1§:exp(—nnzq2 ) + J‘;wdqqs‘liexp(—nnzq2 )}
n=1 n=1

The second term in braces is convergent for arbitrary q due to the rapid vanishing

(A7)

of the summands of the sum for g — oo. To the first term in braces we apply the

Poisson summation formula (A.5) and obtain from the special result (A.6)
0 0 2
Ildqqs’lz exp(-nn’q” ) = fldqqs’1 l[l—l}rEZexp[—nm—z]
0 n=1 0 2 q q m=1 q (A 8)

1 +o fu1—S & !
3560 + [ "daq n%exp(—nmzq ),

1
with the substitution q=— of the integration variable made in last line. Thus from
q

(A.7) we find

0

§(s):%—s(l—s)J'lmdq%Zexp(—nnzqz). (A.9)

With the substitution of the integration variable

qg=e", (920, -0 <u<+x), (A.10)
and with displacement of the complex variable S to z= s+l and introduction of

= ( Z) instead of f(S) this leads to the representation
1 1 1

E(z)= §[E+ zj =——2(Z_szjomduch (uz)e%iexp(—nnzezu), (A.11)
n=1

2

given in (2.24). In the following we transform this representation by means of partial
integration to a form which due to symmetries is particularly appropriate for the
further considerations about the Riemann zeta function.

Using the substitution (A.10) we define a function CD(U) by means of the function
‘P(y) in (A.6) as follows

®(u)="(e"),= ®(0)="¥(1)=0543217, (A.12)

K2
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and explicitly due to Poisson summation formula

e Som( e |1 S )
. " u o (A.13)
) %eiz i: exp(-mne ™) =e 2 {%+ ZGXP(—nnze’z” )}

1
From Y(y)= ‘I’(;J according to (A.6) follows that @ (u) is a symmetric function

D(u)=d(-u)=d(u)). (A.14)

Therefore, all even derivatives of (D(U) are also symmetric functions, whereas all

odd derivatives of CD(U) are antisymmetric functions (we denote these derivatives by

0"®
(D(”) -
()= 22 (w))
O (1) = 40 (-0) = 0" (u), s
O™ () =~ (), = &Y (0) =0, (M=0,1,2,-).
Explicitly, one obtains for the first two derivatives
oY (u)= %eE {% + i(l— 4mn’e™ exp(-nn’e® )}

"~ (A.16)

o (u)= %e% {%+ i(l— 6(4mn’e® )+ (4mn’e )2 )exp(—nn2e2” )}
n=1

As a subsidiary result we obtain from vanishing of the odd derivatives of <I>(u) at
u=0 that means from ®?™ (0)=0,(m=0,1,2,---) an infinite sequence of special

sum evaluations from which the first two are

i(4nn2 ~1)exp(-nn’) = %,<:> i (4nn® ~1)exp(-mn®) =0,

. o (A.17)
nZ:;((471:n2 )3 _15(47In2 )2 +3l(4nn2)_1)exp(_nnz) _ %

We checked relations (A.17) numerically by computer up to a sufficiently high
precision. We also could not find (A.17) among the known transformations of theta
functions. The interesting feature of these sum evaluations is that herein power
functions as well as exponential functions containing the transcendental number =n in
the exponent are involved in a way which finally leads to a rational number that should
also be attractive for recreation mathematics. In contrast, in the well-known series for
the trigonometric functions one obtains for certain rational multiples of n as argu-
ment also rational numbers but one has involved there only power functions with
rational coefficients that means rational functions although an infinite number of them.

—

Using the function @ ( u) the function = ( Z) in (A.11) can be represented as

E(z):%+2(zz—%)j;wdu[CD(u)—%e;Jch(uz):%+ZIdeu[CD(u)—%e;H[;—Z—%}ch(uz)}. (A.18)
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From this we obtain by partial integration

=(2)= ZIdeu{(aaTzz—%J[Q(u)—%e;J}ch(uz), (A.19)

where the contribution from the lower integration limit at u =0 has exactly canceled

the constant term % on the right-hand side of (A.18) and the contributions from the

upper limit X — +oo is vanishing. Using (A.16) we find with abbreviation Q(U)

Q(u)zz(a%zz—%][d)(u)—%e:} (A.20)

the following basic structural form of the Xi function

according to

= .[gwduQ(u)ch(uz), (A.21)

with the following explicit representation of (u)
Q(u) =20 (u )_E(D( )= 4e? Zrm2 e® (2nn’e™ -3)exp(-mn’e™)>0.  (A22)

Since according to (A.15) the even derivatives of (D(U) are symmetric functions it
follows from relation (A.22) that Q(U) is also a symmetric function and (A.27) holds.
This is not immediately seen from the explicit representation (A.22). Furthermore,
Q(u) is positively definite for —oo < U <+o0 since the factor (2nn282“ —3) in (A.22)
is positive for n>1 and u>0 and all other factors too. It goes rapidly to zero for
U — oo, more rapidly than any exponential function exp(g—y|x|p) with arbitrary
y >0 and arbitrary p >0 due to factors eXp( nnzezu) in the sum terms in (A.22).
For the first derivative of Q(u) we find

0 (u) = 200 (u)—%d)(l) (u)

——ZeZZnn2 2”( (nnzez“) —30mn%e® +15)exp( mn’e™ ) (A.23)
Q% (-u),= (0 =0,0"(u) <0,(u>0).

It is vanishing for u=0 due to its antisymmetry and negatively definite for u >0
as the negative sign of ol (O) together with considerations of the sum for u>0
show (ie, the polynomial f(N)=8r*N?-30aN+15>0 for

> 15+8—105 ~1.00454 and negativity is already obtained taking the first two sum

T
terms to n=1 and n=2 alone). Thus Q(u) is monotonically decreasing for
u > 0. A few approximate numerical values of parameters for the function Q(u) are
Q, = [“duQ(u) = -[ “du® (u)u =0.497121,

(A.24)
@ 1 ™ 2
Q(0) =/ “dxa )(u)=1.78679,£2“(0)=—fo du® (u)=0.

In next Appendix we consider the transition from analytic functions given on the
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real or imaginary axis to the whole complex plane.

Appendix B

Transition from Analytic Functions on Real or Imaginary Axis to
Whole Complex Plane

0 0
The operator x is the infinitesimal displacement operator and exp[—x(J &j the

finite displacement operator for the displacement of the argument of a function
f (x) = f (X=X, ). In complex analysis the real variable X can be displaced with view

to an analytic function to the complex variable z = Xx+iy in the whole complex plane

by
- \2
0 0 iy[ o (uy)a[a} .
exp|ily— [Xexp| —ly— |=X+—| —, X |+ ———| —,| —, X | |+~ = X+1Y, B.1
p(yax] p[ yaxj 1![8x } 2! {6x OX y ®.1)
where [A,B]EAB—BA denotes the commutator of two operators A and B, in

0
particular [&, X} =1 and (B.1) may be written in the form

exp(iy%)x=(x+iy)exp(iy%). (B.2)

Analogously, the transition from the variable y on the imaginary axis iy to the

variable Z= i(y - iX) =X+1y in the whole complex plane may be written as
.0 ), . .0
exp| —ix— |iy =(x+iy)exp| —ix— |, (B.3)
( %y j (x+1) ( %y j

In the following we consider only the case (B.2) since the case (B.3) is completely
analogous with simple substitutions.

We wrote the Equations (B.1), (B.2) and (B.3) in a form which we call operational
form and meaning that they may be applied to further functions on the left-hand and

correspondingly right-hand side®. It is now easy to see that an analytic function

W(Z)=W(X+iy);a—a*w(z) =0 can be generated from W(X) on the X-axis in ope-
z
rational form by
exp(iyijw(x) =w(x+ iy)exp(iyij, (B.4)
OX OX
and analogously from W(iy) on the imaginary axis by

exp(—ix%)w(iy) :w(x+iy)exp[—ix%]. (B.5)

Writing the function w(z) with real part U (X, y) and imaginary part V(X, y) in
the form

.0 .
*Non-operational form would be if we write, for example, exp[ly &JX =X+1y instead of (B.2) which is

correct but cannot be applied to further functions f (X) #const-1, for example to f (x) =X.
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W(x+iy):u(x,y)+iv(x,y),(w(x+iy))*:u(x,y)—iv(xiy),
= u(x,y):%(W(x+iy)+(w(x+iy))*), v(x,y):—%(W(x+iy)—(w(x+iy))*),
we find from (B.4)
exp(iy%}w(x)=exp(iy%}(u(x,o)nv(x,o))

=(u(x+iy,0)+iv(x+iy,0))exp[iy§xj (B.7)

=(u(xy)+iv(x, y))eXp(iygj,

(B.6)

and correspondingly
(exp(iy%)w(x)j = exp(—iy%)(u(x,O)—iv(x,O))
= (u(x—iy,O)—iv(x—iy,O))exp(—iy%} (B.8)
(u(x y)=iv(x, y))exp(—i%j-

From (B.7) and (B.8) follows forming the sum and the difference

cos(y%)u(x,O)—sin(y%}v(x,O) =u(x, y)cos(ya%j—v(x, y)sin(y%j,

sin(y%)u(x,o)%os(yaijv(x,o) =u(x, y)sin(y%)w(x, y)cos(y%}. (B.9)

X

These are yet operational identities which can be applied to arbitrary functions
f (X). Applied to the function f(X)=1 follows

cos(y&ju(x,O)—sin[y%)v(x,O) =u(xy),
sin(y%)u(x,0)+cos(y%jv(x,0) =v(x,Y).

In full analogy we may derive the continuation of an analytic function from the

(B.10)

imaginary axes z =iy to the whole complex plane z=X+iy in operational form

cos(x%)u(o, y)+sin(x%)v(0, y)=u(x, y)cos(x%)+v(x, y)sin(x%},

(B.11)
—sin [x%}u (0, y)+ cos{x%}v(o, y)=-u(x,y)sin (x%)+v(x, y)cos(x%},
and this applied to the function f(y)=1
0 . 0
cos(x—]u(o, y)+sm[x—]v(0, y)=u(xy),
% % (B.12)

—sin(x%}u (o, y)+cos(x%)v(0, y)=v(xY).
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It is easy to check that both (B.10) and (B.12) satisfy the Cauchy-Riemann equations

ou ov ou ov
o Ky =g, (oy) (oY) == (), (B.13)

and it is even possible to derive these relations from these equations by Taylor series
expansions of U(X, y) and V(X, y) in powers of y or X in dependence from
which axis we make the continuation to the whole complex plane. For example, in
expansion in powers of y we obtain using (B.13) (and the resulting equations

(az n o Ju(x,y)z[i+a—zjv(x, y)=0 from them)

Era 2 oy?

. 0 y2m aZm o y2m+1 82m+1
w(x+iy) = mE_;)(Zm)!(—ayzm u(x, y))y_0 +§—(2m+1)!(—6yzmﬂ u(x, y)l_o

, , , , (B.14)
e ym 52" © ym+1 (amu ]
+1 V X, + S Vv X1 [l
{mzo(zm)|(ay2m ( y)JyO mZ:‘a(zm‘i‘l)l ay2m+l ( y) v
that can be written in compact form
w(x+iy):cos(yiju(x,o)—sin(yijv(x,0)+i cos(yijv(x,o)ﬂin(yiju(x,O)
OX OX OX OX (B.15)

=u(x,y)+iv(x,y),

and is equivalent to (B.10). Analogously by expansion in powers of X as intermediate

step we obtain

=u(xy)+iv(x,y),

wW(x+iy

~—

that is equivalent to (B.12). Therefore, relations (B.15) and (B.16) represent some
integral forms of the Cauchy-Riemann equations.

In cases if one of the functions U(X,O) or V((X,O) in (B.10) or U(O, y) or V(O, y)
in (B.12) is vanishing these formulae simplify and the case V(O, y) =0 is applied in
Section 5. We did not find up to now such representations in textbooks to complex

analysis but it seems to be possible that they are somewhere.
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