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Abstract

In this paper, we study about trigonometry in finite field, we know that V2 e F,, the field with p

elements, where p is a prime number if and only if p = 8k + 1 or p = 8k - 1. Let F and K be two fields,
we say that F is an extension of K, if K € F or there exists a monomorphism f: K — F. Recall that

F [x]={a0+alx+a2x2+---+anxn

a,eF,n> 0} , F[x] is the ring of polynomial over F. If K<°F
(means that F is an extension of K), an element u e F is algebraic over K if there exists f(x)eK [x]

such that f(u) = 0 (see [1]-[4]). The algebraic closure of Kin Fis K , which is the set of all algebraic
elements in F over K.
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1. Introduction

In this paper, we study about trigonometry in finite field, we know that V2 e FF,, the field with p elements,
where p is a prime number if and only if p = 8k + 1 or p = 8k — 1. More generally, what can be said about

\/pl +4/ P, +---+\/p_n in F, where p,p,,---,p, areprime numbers. To attempt to answer the question, for

which p, y/2+/p €F,, we are naturally led to use the formula, cos® g-1tc0s20 Indeed, if H:g, we
have coszg: 2+4ﬁ and so cosg:%ﬁ, we can choose 6, a suitable 16th root of unity, such that
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if p=2.

Let F and K be two fields, we say that F is an extension of K if K < F or there exists a monomorphism
f:K > F. Recall that F[x]={a0 +a,X+a,x" +---+a,X"|a, e F,n>0{, F[x] is the ring of polynomial
over F. If K <®* F (means that F is an extension of K), an element ueF is algebraic over K if there exists
f (x)e K[x] suchthat f(u)=0. The algebraic closure of K in Fis K, which is the set of all algebraic ele-
ments in F over K.

Definition. Let p be a prime number, p =2 and letk be an integer such that p t k . Then we can define the set

cos[k] :{ (0)= 9+2071

Note that symbol “|” is divisor or divides such that a|b means a divides b and a{b means a does not di-
vide b.

Remark. 1) Recall that @ is a primitive kth root of unity if #“=1 but 6" =1, forall 1<n<k-1 (see

[4]). The two make the assumption p{ k because if p|k , then there are no primitive kth root of unity in

. The crucial observation is that this formula makes sense any algebraic closure IETP of F,

@ is a primitive kth root of unity}.

[2

'ﬁL_‘

-
-1
2) We can define sin[k]z{s(e): 0-0

2i

@ is the kth root of unity}, in this set, i is a fixed square root of

. 2 2 R
~1. We know that s(6) e F . In particular, we have c(6) +s(0) =1 and 9=c(0)+is(0).

Theorem 1. If K is a field with 9 elements and if F is a finite extension of K, then the mapping A:F > F
defined by ﬂ(x) =x" is an automorphism of [F which fixes exactly the elements of K.

Proof. It is obviously that 2 is onto and one to one (see [5] [6]).

Theorem 2. Let 6 be a primitive kth root of unity. Then 6+67" € IF, ifand only if p=+1(modk).

Proof: Assume 6+67' e F,.If e, then p=1(modk). Since the order of the multiplicative group of
F, isp— 1. If 6¢F,, then the irreducible polynomial of & over T, is (X—H)(X—G’l). Hence 6° =6
andso p=-1(modk).

Conversely, let p=+1(modk). If p=1(modk) then, since the multiplicative group of F, is cyclic of or-
der p—1, F, contains a primitive kth root of unity. Therefore F, contains all pripmitive kth root of unity and so
OeF,.Hence #+60'eF,.If p=-1(modk) then 6° =@ hence (0+6°") =0+6",50 6+6"€F,.

Corollary 3. If p #2 and ¢ is a primitive kth root of unity, then c(0)e F, ifandonlyif p= +1(modk).

Remark. We observe that since membership of c¢(¢) in F, depends only on p and k, we have that either
cos[k]cF, or cos[k]NF, =D. B

Lemma 4. Let 6 be a primitive kth root of unity in Q, the algebraic closure of the rationales Q. Let
R=2Z[#], the subring of Q generated by the integers Z and 6, and let P be a prime ideal of R containing of
Rp, where (p, k) = 1, where () denotes the highest common factor. Let S be the valuation ring of Q(#) con-

taining the ring A={xy’1|x, yeR y¢ P}, and let M be the maximal ideal of S. Then & =+ M is a primi-

p

tive kth root of unity in the field of % .

Proof. The formal derivative kx** of x* —1 is relatively primeto x* -1 and so x* —1 has no repeated

roots in % On the other hand, x*-1=T;;(x—¢') and so, over %: X —1=[Tr,(x—0'). 1t follows

that @ is a primitive root of unity in %

Remark. For the basic properties of valuation rings, the reader can consult. In particular, it is worth recalling
that each valuation ring is integrally closed in its quotient field K, and so, if k*-a=0, keK, then ke A
(see [7]-[9]). Moreover, each valuation ring is a local ring which means that for each ae A/M, a-1e A/M as
well. Expression obtained for the real and imaginary parts of the roots of unity over complex number is mea-

ningful in A/M.
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2. Some Properties

Corollary 5. Let (g, 10) = 1. Then \/2+\/2+---+1/2+ \/52_1 e, < q=+1(mod2"-5) were n is the number

of 2’s occurring under the root signs (excluding the 2 in the denominator!).

Proof. Define r, = \/52_1, a = '1022\/5 ,and foreachn>2: r =,/2+a,,, a,=+/2-4a,, . Let bn

!
2

d , .Now b +id, isa primitive 5th root of unity viewed as an element of the complex number. Thus b, +id,

!
2
is a 5th primitive root of unity in F, provided p # 5. Moreover, it is easy to check that (b, + idn) =b,,tid, ,
andso @=h, +id, isa primitive 2"*.5 root of 1.

Remark. If in corollary 5 we take n=0, g=p, we obtain a special case of the quadratic reciprocity law,

namely: -1 F, < q=+1(mod5) or J5e F, < p=+1(mod5).

Corollary 6. Assume (2, q) = 1. Then y2++y2+-++2 €F, < q=+1(mod2"?) where n is the number

of 2’s occurring under root signs.
Proof. Let a =0, b =2 and for each n>2 Let a,=.,/2+b,,, b,=2—-a,, where at each stage we
make a specific choice of square root.

As before letting r , ,t , and we have r, +it, isa primitive 2"* root of unity.
n=—"" n="21

2 2

Corollary 7. Let (6, g) = 1. Then \/2++/2+---++/3 €F, < q=:+1(mod2"?-3), where n is the number of

2’s under the square root signs.

Proof. Let a =+/3,b, =2 and for each n>2 Let a, =./2+b,;,b, =2—a,, . Then with the same nota-
tion as above we have r, +it, isaprimitive 2"?-3 root of unity.

Remark. Ifn=0 and g = p above we have V3 efF, & ps= il(modlZ) which is again a particular case of
the quadratic reciprocity Law.

Corollary 8. Let (g, 34) = 1. Then

_ —1+\/ﬁ+2\/34—2\/ﬁ +\/17+3\/ﬁ_\/34_\/ﬁ_2\/34+2«/ﬁ eF, < q=£1(mod17).

The Formula in corollary 8 is quite complicated and one is naturally interested to know whether already some
subformula of this formula is an element of [, . Suppose that q = +1(mod17), then \/ﬁeF

Indeed set A =6+6°+60*+6° +6°+6°+ 6" + 6> where 0 is a primitive 17" root of unlty in ]F Since
g=+1(modl7) wesee A"=1 and Ae IF, . On the other hand one checks easily that (22 +1) —17 hence
V17 €F,. We climb that also A% +4 is a square in F,. To show thls consider a =6+6" +94 #° and
L=0°+0°+6"+6°. Then a+pB=A. Moreover we have aff= Z @' =-1. Thus a—a*=A1. Since

_ - J17+1
q==+1(mod17) we see that both «, 8 € T, . Hence VAT + 4el, too.Since A= \/_ ! or A= ( )

we see that [2(17-VA7)eF, or [2(17+AT)eF,. Since \/2 1717 ) \/2 17+f +8\FeIF

we see that both element \/2 17—\/ﬁ and \/2 17+\/ﬁ) belong to IF,. Combining corollary 8 with the

considerations above, we obtain.

Corollary 9. Suppose that (g, 34) = 1, Then \34—2v17 and Y17+ 317 —y/34— 2417 — 234+ 2417
both belong to F, if q=+1(mod17).
Remark ([10] [11]). One could use the formula given in the table at the end of this note to deduce corollary 9,
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—1+\/]7+\/34—2\/ﬁ T
4 q

more easily. Indeed, for example, from ¢, and ¢4 in F, we deduce that c, +c, =

similarly ¢, +¢c, = _1+\/1_7_4“ 34-2417 e F, . From this follows that +17 and /34-2V17 F,.
Theorem 10. Suppose (34, ) = 1, Then ,[2(17 +«/1_7) eF, ifandonlyif q=+1,+4(mod17).

Proof. If 1= 2(17+\/1—7)qu then also 17 €F, and q=+1,+4,+2,+8(mod17). Indeed /17 F,

if either q=p" and \/EEFq or g=p" with r even. In the first case p=+1,+4,+2,+8(mod17) and
therefore p" Eil,i4,12,18(m0d17), too. On the other hand p, when r is even, is congruent to one of the
elements 1, +4, +2, +8. On the other hand, in the notation as above, we have a=60+6"+6'+6"* F, if

and only if 2(17+\/ﬁ)e]Fq.lf q=+1 or q=+4 weseethat a¢*=a and «eT,. Hence

q=+1,+4(mod17).S (17+«/_)eIF

We want to prove that ,12(17+\/ﬁ) e[, then g==1,+4(mod17). It is enough to exclude possibilities
q=+2,+8(mod17) . Suppose that q==2,+8(mod17), Then a=a®=6°+6°+0°+6° =-a". Thus

—1+17
2 17 =1
O=a+pf= iff 7 that this is contradiction.
—(1+ \/ﬁ) 17 =41
2

Corollary 11. Assume (34, q) = 1. If g=p', then y17++17 €F, if and only if q==+1(mod8) and
q=+1,+4(mod17) or q=+3(mod8) and q=+2,+8(mod17).

Therefore the inclusion 17 ++/17 e IF, depends only on g(mod 136). we now focus attention on

-1 -1 -1
s(0)= 0=9" \where 6is a primitive kth root of unity in F, . Note that if p=2, 0_2? = '9+26
has been dealt with is lemma 4 from now on we assume 2.

Definition. Let sin[k] :{5(9)|6? is a primitive kth root of unity}, we shall abbreviate s(6) to s. The reader
should beware that “is” is not necessarily the third person singular of the present tense of the verb to be!

Theorem 12. Let € be a primitive kth root of unity. Then s(@)e I, iff one of the following holds :

(i) q= +1(m0d[4 k]) where [,] denotes the least common muItlpIe

(i) k has the form 8m + 4 and ¢ =4m+1(mod k)

(iii) k has the form 8m + 4 and g =4m +3(mod k)

Proof. Assume s=s(6)eF,. Then gq=1(modk) and set c=c(¢) so that & = c¢ + is. For case (i), Let
0 eT,.Then g=1(modk) and by corollary 3: ¢ e]F Therefore iseF, andso €T, .Hence gq=1(mod4)
and thus q=1(mod[4,k]).

Case (ii), Let ¢TF, and ceF, . Then is¢[, too, and thus i¢T, . Therefore q=1(mod4).On the oth-
erhand g #1(mod k) Since #¢F, andso gq=-1(modk),with ceF,,implies that q——l(mod[4 k]).

Case (iii), 0¢F,, ceF, andis belong to F,. Inthis case ieF, and so g=1(mod4). Now ct=1-¢°
whence 89 =+c. But c¢ ]F and so ¢ =-c Therefore 0% = (c+ ls) =—c+is. Hence "' =-1 and so

which

6% =1, Therefore 2q=-2(modk). So q#=+1(mod k) and thus k is even and g E—l(mod Ej There-

fore gq=1(mod4), z—l(mod gj and gq#+1(mod k). It is easily seen that these three condition are

equivalenttok=8m +4and q=4m+1(mod k) for some m.
Corollary 13. For any k, either sin[k]cF, or sin[k]NF, =& .
Proof. As s(0)e IF, depends only on g and k and not particular primitive root chosen, finally, we determine
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how many distinct values of c¢(@) and s(&) there are as 6 varies over the primitive kth root of unity.

3. Conclusion

We conclude that in the field of real numbers, trigonometric ratios are defined as defined in finite fields. As well
as relations between trigonometric ratios hold in the field of real numbers, finite fields are also established under
the circumstances.

References

[1] Delbaen, F. and Schachermayer, W. (2006) The Mathematics of Arbitrage. Springer, Berlin.

[2] Karl, G. (1994) Operator Trigonometry. Linear and Multilinear Algebra, 37, 139-159.
http://dx.doi.org/10.1080/03081089408818318

[3] Lima, J.B. and Campello de Souza, R.M. (2013) Fractional Cosine and Sine Transforms over Finite Fields. Linear Al-
gebra and Its Applications, 438, 3217-3230. http://dx.doi.org/10.1016/j.1aa.2012.12.021

[4] Karl, G. (2010) Operator Trigonometry of Multivariate Finance. Journal of Multivariate Analysis, 101, 374-384.

[5] Lang, S. (1994) Algebra. 2nd Edition, Addison-Wesley Publishing Company.

[6] Karl, G. (1997) Operator Trigonometry of Iterative Methods. Numerical Linear Algebra with Applications, 4, 333-347.
http://dx.doi.org/10.1002/(SICI1)1099-1506(199707/08)4:4<333::AID-NLA113>3.0.CO;2-1

[7]1 John, B. (2008) Geometry and Trigonometry. Engineering Mathematics Pocket Book (Fourth Edition), 105-148.

[8] Carl, S. and Jeff, Z. (2013) College Trigonometry. Lorain County Community College.

[9] Gauss, C.F. (1965) Disquisitrones Arithmetica. English Translation, Bravncshweig.

[10] Chowla, S. (1965) The Riemann Hypothesis Hilbert’s Tenth Problem. Gorden and Breach Science Publishers.

[11] Honghai, L., George, M.C. and Dave, P.B. (2009) Fuzzy Qualitative Trigonometry. International Journal of Approx-

imate Reasoning, 51, 71-88.


http://dx.doi.org/10.1080/03081089408818318
http://dx.doi.org/10.1016/j.laa.2012.12.021
http://dx.doi.org/10.1002/(SICI)1099-1506(199707/08)4:4%3c333::AID-NLA113%3e3.0.CO;2-I

	Some New Results about Trigonometry in Finite Fields
	Abstract
	Keywords
	1. Introduction
	2. Some Properties
	3. Conclusion
	References

