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Abstract

The new generalized (G'/G)-expansion method is one of the powerful and competent methods

that appear in recent time for establishing exact solutions to nonlinear evolution equations
(NLEEs). We apply the new generalized (G'/G)-expansion method to solve exact solutions of the

new coupled Konno-Oono equation and construct exact solutions expressed in terms of hyperbolic
functions, trigonometric functions, and rational functions with arbitrary parameters. The signi-
ficance of obtained solutions gives credence to the explanation and understanding of related
physical phenomena. As a newly developed mathematical tool, this method efficiency for finding
exact solutions has been demonstrated through showing its straightforward nature and estab-
lishing its ability to handle nonlinearities prototyped by the NLEEs whether in applied mathemat-
ics, physics, or engineering contexts.
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1. Introduction

Various physical, mechanical, chemical, biological, engineering and some economic laws and relations appear
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mathematically in the form of differential equations which are linear or nonlinear, homogeneous or inhomoge-
neous. Almost all differential equations relating physical phenomena are nonlinear. Methods of solutions of li-
near differential equations are reasonably easy and well avowed. In contrast, the techniques of solutions of non-
linear differential equations are less obtainable and in general, approximations are generally used. Nonlinearity
is a fascinating element of nature, today; many scientists observe nonlinear science as the most important fron-
tier for the fundamental understanding of nature. The analytical solutions of such equations are of fundamental
importance to reveal the inner structure of the phenomena. The world around us is inherently nonlinear. For in-
stance, nonlinear evolution equations (NEEs) are widely used as models to describe complex physical pheno-
mena in various fields of sciences, especially in fluid mechanics, solid-state physics, plasma physics, plasma
waves and biology, etc. One of the basic physical problems for those models is to obtain their travelling wave
solutions. In particular, various methods have been utilized to explore different kinds of solutions of physical
models described by nonlinear partial differential equations (NPDES). In the numerical methods, stability and
convergence should be considered so as to avoid divergent or inappropriate results. However, in recent years, a
variety of effective analytical and semi-analytical methods have been developed to be used for solving NLEEs,
such as the inverse scattering transform method [1], the (G'/G,1/G) -expansion method [2] [3], the modified
simple equation method [4] [5], the Sumudu transform method [6]-[8], the homogeneous balance method [9]
[10], the Darboux transformation method [11], the Backlund transformation method [12], the complex hyper-
bolic function method [13] [14], the (G'/G)-expansion method [15]-[25], the improved (G'/G)-expansion
method [26], the collocation method [27] [28], the similarity reductions method [29] [30], the homotopy analy-
sis method [31] [32], the spectral-homotopy analysis method [33]-[35], the Hermite-Pade approximation method
[36] and so on.

Naher and Abdullah [37] introduced a new approach of (G'/G)-expansion method and a new approach of
generalized (G'/G)-expansion method for a reliable treatment of the nonlinear evolution equations. Afterwards,
many researchers investigated many nonlinear PDEs to construct traveling wave solutions via this powerful
(G'/G)-expansion method. For example, Alam and Akbar [38] [39] applied this method for finding traveling
wave solutions of the KP-BBM equation, the (3 + 1)-dimensional potential-YTSF equation, the (2 + 1)-dimen-
sional Zakharov-Kuznetsov equation. Alam et al. [40] [41] concerned about this method to construct traveling
wave solutions of the strain wave equation in microstructured solids, the (3 + 1)-dimensional mKdV-ZK equa-
tion and the (1 + 1)-dimensional compound KdVB equations. The objective of this article is to look for new
study relating to the new generalized (G'/G) expansion method for solving the new coupled Konno-Oono eg-
uation to make the goodwill and helpfulness of the method obvious.

Our aim in this paper is to present an application of the new generalized (G'/G)-expansion method to the
new coupled Konno-Oono equation to be solved by this method for the first time.

The rest of the paper is organized as follows: In Section 2, we give the description of the new generalized
(G'/G)-expansion method. In Section 3, we apply this method to the new coupled Konno-Oono equation with
discussion and Graphical representations of the solutions. Conclusions are given at last.

2. Description of the Method
Let us consider a general nonlinear PDE in the form
P(u'ut’ux’utt'ulx’uxx"“)=0’ (1)

where u=u(x,t) isan unknown function, P is a polynomial in u(x,t) and its derivatives in which highest
order derivatives and nonlinear terms are involved and the subscripts stand for the partial derivatives.
Step 1: We combine the real variables x and t by a complex variable 7

u(x,t)=u(n), n=x£Vt, 2

where V is the speed of the traveling wave. The traveling wave transformation (2) converts Equation (1) into an
ordinary differential equation (ODE) for u=u(z):

Q(u,u’,u"u",---)=0, €))

where Q is a polynomial of u and its derivatives and the superscripts indicate the ordinary derivatives with re-

spectto 7.
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Step 2: According to possibility Equation (3) can be integrated term by term one or more times, yields con-
stant(s) of integration. The integral constant may be zero, for simplicity.
Step 3: Suppose the traveling wave solution of Equation (3) can be expressed as follows:

u(n):iai(mH)i+i§;ﬂi(d+H)“, (&)

where either o, or g, may be zero, but both «, or g, could be zero at a time, «; (i=0,12,---,N)
and g (i=12,--,N) andd are arbitrary constants to be determined later and H (7) is

H(7)=(G/G) (5)
where G =G(n) satisfies the following auxiliary ordinary differential equation:
AGG" -BGG'-EG?-C(G')’ =0 (6)

where the prime stands for derivative with respectto #; A, B, C and E are real parameters.

Step 4: To determine the positive integer N, taking the homogeneous balance between the highest order non-
linear terms and the derivatives of the highest order appearing in Equation (3).

Step 5: Substitute Equation (4) and Equation (6) including Equation (5) into Equation (3) with the value of N
obtained in Step 4, we obtain polynomials in (d+H)N (N=0,12,---) and (d+H)’N (N=0,12,).
Then, we collect each coefficient of the resulted polynomials to zero, yields a set of algebraic equations for ¢
(i=0142,---,N) and g (i=12;---,N),dandV.

Step 6: Suppose that the value of the constants ¢, (i=0,1,2,---,N), £ (i=12,--,N), dand V can be
found by solving the algebraic equations obtained in Step 5. Since the general solution of Equation (6) is well
known to us, inserting the values of o; (i=0,1,2,---,N), £ (i=12,---,N), dand V into Equation (4), we
obtain more general type and new exact traveling wave solutions of the nonlinear partial differential Equation
).

Using the general solution of Equation (6), we have the following solutions of Equation (5):

Family 1: When B=0, y=A-C and Q=B?+4E(A-C)>0,

ey R ,7]+c w2, )

H(n

G ‘2_+_
v C, cosh( 77} +C SInh(ryJ

Family 2: When B=0, y=A-C and Q=B*+4E(A-C)<0,

53

R SRS

(@)
2 2 N
v v Ccos( QUJ+C sm{ 7]}
Family 3: When B=0, y=A-C and Q=B*+4E(A- ) :

2A
G!
H(n){aj 2y C+C277 ©

Family 4: When B=0, w=A-C and A=wE >0,

\/»C 5|nh[\/X77J+C COSh(\/E ]
H(n)=| = |="~ (10)
(G J Cl cosh [\/AKUJJF C, sinh (\/En]

Family 5: When B=0, w =A-C and A=wE <0,
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_ H] [H j
—C,sinf ——n |+C,cos| ——
H(U):(%’J:M ( : . (11)
v Clcos[\/;\_Anj+Czsin[\/;_Anj

3. The New Coupled Konno-Oono Equation

The new coupled Konno-Oono equation: In this section, we will put forth the new generalized (G'/G) expan-
sion method to construct many new and more general traveling wave solutions of the new coupled Konno-Oono
equation. Let us consider the new coupled Konno-Oono equation [42] [43],

u, —2uv=0, Vv, +2uu, =0. (12)
Now let us suppose that the traveling wave transformation equation be
u(n)=u(xt), v(n)=v(xt), 7=x-Vt (13)
The Equation (13) reduces Equation (12) into the following ODEs
—Vu"-2uv =0. (14)
-W'+2uu’ =0. (15)

By integrating (15) with respectto 7, we obtain
1.2
v=—(u-+P|, 16
(" +P) (16)

where P is a constant of integration.
Substituting Equation (16) into Equation (14), we get

V2" +2uP +2u® = 0. 17)

Taking the homogeneous balance between highest order nonlinear term u® and linear term of the highest or-
der u” in Equation (17), we obtain N =1. Therefore, the solution of Equation (17) is of the form:

v(n)=a0+al(d+M)+ﬂl(d+M)71, (18)

where a,, o, 5, and d are constants to be determined.

Substituting Equation (18) together with Equations (5) and (6) into Equation (17), the left-hand side is con-
verted into polynomials in (d + H )N (N=012,-) and (d+ H)ﬁN (N =1,2,---). We collect each coeffi-
cient of these resulted polynomials to zero yields a set of simultaneous algebraic equations (for simplicity, the
equations are not presented) for «,, «,, £, d, P and V. Solving these algebraic equations with the help of
computer algebra, we obtain following:

0.’12
e

Aia,
v

where v =A-C, d, A, B, C, E are free parameters.
Substituting Equation (19) into Equation (18), along with Equation (7) and simplifying, our traveling wave so-
lutions become, if C,=0 but C,#0; C,=0 but C, #0 respectively:

u, (7) = “yl/@ coth [g”j'

P=-

(4Ey +B?), V=-""1, d=d, a0=—2a—1(8+2dy/), o =a, B =0. (19)
v

=5

and

vy, (77) =— 4;211// {Qcothz [gn] —(4E1// + Bz):l,

()
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2y

<n)=ﬂmtanh[§n],
and

v, ()= _Ll_i{fztanh2 {gnJ ~(4Ey + Bz)},

1Ay

Substituting Equation (19) into Equation (18), along with Equation (8) and simplifying yields exact solutions, if
C,=0 but C,#0; C,=0 but C =0 respectively:

Uy, (n)zi;ix/ﬁcot(ﬁnj,

v 2A
and
v, ()= 4| Qcot? ;QT] +(4E!//+ Bz) ,
¢ 4iAy 2A
ia, N-Q
u =——=4/Qtan ,
L (7)=—5, ( o ﬂj
and
v, () =—2—| Qtan? —‘_Qn +(4Ey +B?) |,
4iAy 2A
Substituting Equation (19) into Equation (18), along with Equation (9) and simplifying, our obtained solution
becomes:
C, j
u (7)=a ,
s (7) 1(C1 +C,n
and

1 2 CZ ’ 2
v, (77)=—4;;// [(—lecznj ~(4Ey +B )}

Substituting Equation (19) into Equation (18), together with Equation (10) and simplifying, yields following
traveling wave solutions, if C, =0 but C,#0; C,=0 but C, =0 respectively:

Uy, (77) = —;—1[8 —2/A coth (%UJ] .

7
and
Vi, (n):_4i021// {{B—zﬂcoth(%nn —(4|5,)[,Jr Bz)]
u, ()= —20(—;/(8 —2+/A tanh [%UD _
and

v, (7)= —ﬁ{[a —2JA tanh [%UD (4Ey + Bz)]

()
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Substituting Equation (19) into Equation (18), along with Equation (11) and simplifying, our exact solutions
become, if C,=0 but C,=0; C,=0 but C,#0 respectively:

u, (7) = —;—1(8 - ZiJZCOt(%nD

74
and
Vls(”):_maAl.,/ [B—Zi@cot(%nﬂ ~(4Ey +B?)
Uy, (n):—g—vll(8+2i«/gtan(%nj],
and

v, (U):_4iaA11// [B+2i\/Ztan[%nB ~(4Ey +B7)|.

where 7 =x —(A'—aijt.
v

Khan and Akbar [43] investigated solutions of the the new coupled Konno-Oono equation by the modified
simple equation method and obtained only eight solutions (A1)-(A8) (see appendix). Moreover, in this article
eighteen solutions of the new coupled Konno-Oono equation are constructed by applying the new approach of
generalized (G'/G)-expansion method. But by means of the new approach of generalized (G'/G)-expansion
method we obtained solutions are different to Khan and Akbar [43] solutions. Furthermore, we obtain solutions
U, (7)=uy, (7)., v, (7)—Vv, (7). These solutions are new and were not obtained by Khan and Akbar [43]. On
the other hand, the auxiliary equation used in this paper is different, so obtained solutions is also different.

4. Graphical Representations of the Solutions

The graphical illustrations of the solutions are depicted in the Figures 1-6 with the aid of commercial software
Maple.

3.0 x 10" -

2.0 x 10" —

1.0 x 10" —

Figure 1. Single soliton of u, (7) whenA=4,B=1,C=1E=1d=1,
a,=1 and -10<x,t<10.
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Figure 2. Multiple soliton of u, (7) when A=2, B=0, C=1 E=1, d=1, =1
and -10<x,t<10.
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Figure 3. Compacton of Ul,,(fl) when A=2, B=1 C=4, E=1, d=1, =1 and
—-1<x,t<1.
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Figure 4. Singular soliton of u, (7) when C, =1, C,=2, A=1, B=2 C=2
E=1, d=1, o =1 and -10<x,t<10.

Figure 5. Singular periodic solution of v, (7) when o, =1, d=1, A=2 B=1,
C=4, E=1 and -1<x,t<1.
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Figure 6. Periodic solutions of v, (7) when o, =1 d=1, A=1 B=0,
C=2, E=2 and -1<xt<1.

5. Conclusion

The new generalized (G'/G)-expansion method presented in this paper has been successfully implemented to
construct many new and more general exact solutions of the new coupled Konno-Oono equation. The method
offers solutions with free parameters that might be important to explain some complex physical phenomena.
Comparing the currently proposed method with other methods, such as (G'/G)-expansion method, the Exp-
function method and the modified simple equation method, we might conclude that the exact solutions to Equa-
tion (12) can be investigated using these methods with the help of the symbolic computation software such as
Matlab, Mathematica and Maple to facilitate the complicated algebraic computations. This study shows that the
new generalized (G'/G)-expansion method is quite efficient and practically well suited to be used in finding
exact solutions of NLEEs. Also, we observe that the new generalized (G'/G)-expansion method is straightfor-
ward and can be applied to many other nonlinear evolution equations.
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Appendix: Khan and Akbar’s Solutions [43]

We bring to the reader’s attention that Equation (16) regarding v(x,t) above is the same as Equation (10) in Khan
and Akbar [43], where the authors manged established exact solutions of the new coupled Konno-Oono equation
by using the modified simple equation method which are as follows (see Equation (23) for u(x,t), in [43]):

u(é)==I ﬁx{u 2Acosh (ﬁ(x— wt)}j—sinh(ﬂ(x—a)t)J

[0 [0
i G . (A.0)
x[(LB — A)cosh (—d(x - a)t)D +(LB + A)sinh [—d(x - a)t)J
[0 w
We can freely choose the constants A and B. Therefore, setting A= LB, Equation (A.0) reduces to
ulyz(x,t):ilx/acoth(ﬁ(x—wt)j, for d > 0. (A1)
[0
vl(x,t):—Ecosechz(ﬁ(x—wt)], for d > 0. (A.2)
w [
Again, Setting A=-LB, Equation (A.0) reduces to
u3,4(x,t):ilx/atanh[ﬁ(x—wt)} for d > 0. (A3)
w
vz(x,t):gsechz[ﬁ(x—a)t)], for d > 0. (A4)
[0 (0]

If d <0, using hyperbolic function identities, from (A.0), we get the following periodic traveling wave solu-
tions:

o (n) = T o) "
(10) = Seose| 2 (x|, ”6)
T ) A7)
R ]| no)
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