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Abstract

In this paper, our focus is to investigate the notion of irresolute topological vector spaces. Irreso-
lute topological vector spaces are defined by using semi open sets and irresolute mappings. The
notion of irresolute topological vector spaces is analog to the notion of topological vector spaces,
but mathematically it behaves differently. An example is given to show that an irresolute topologi-
cal vector space is not a topological vector space. It is proved that: 1) Irresolute topological vector
spaces possess open hereditary property; 2) A homomorphism of irresolute topological vector
spaces is irresolute if and only if it is irresolute at identity element; 3) In irresolute topological
vector spaces, the scalar multiple of semi compact set is semi compact; 4) In irresolute topological
vector spaces, every semi open set is translationally invariant.
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1. Introduction

If a set is endowed with algebraic and topological structures, then by means of a mathematical phenomenon, we
can construct a new structure, on the bases of an old structure which is well known. This is the case we have in-
troduced and discussed for beautiful interaction between linearity and topology in this paper. Although the new
notion is similar to the notion of topological vector spaces, mathematically it behaves differently. To define irre-
solute topological vector space, we keep the algebraic and topological structures unaltered on a set but continuity
conditions of vector addition and scalar multiplication are replaced by one of the characterizations of irresolute
mappings.

A topological vector space [1] is a structure in topology in which a vector space X over a topological field F(R
or C) is endowed with a topology 7 such that the vector space operations are continuous with respectto .

The axioms for a space to become a topological vector space or linear topological space have been given and
studied by Kolmogroff [2] in 1934 and von Neumann [3] in 1935. The relation between the axioms of topologi-
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cal vector space has been discussed by Wehausen [4] in 1938 and Hyers [5] in 1939. Also, Kelly [6] has done
classical work on topological vector spaces. In the last decade, we can see the work of Chen [7], on fixed points
of convex maps in topological vector spaces. Bosi et al. [8] and Clark [9] have researched on conics in topologi-
cal vector spaces. More work, in recent years, has been done by Drewnowski [10], Alsulami and Khan [11] and
Kocinac et al. [12]. In 2015, Moiz and Azam [13] defined and investigated s-topological vector spaces, which is
a generalization of topological vector spaces.

The motivation behind the study of this paper is to investigate such structures in which the topology is en-
dowed upon a vector space which fails to satisfy the continuity condition for vector addition and scalar multipli-
cation or either. We are interested to study such structures for irresolute mappings in the sense of Levine. The
concept of irresolute was introduced by Crossely and Hildebrand in 1972 as a consequence of the study of semi
open sets and semi continuity in topological spaces, defined by Levine [14]. In this paper, several new facts
concerning topologies of irresolute topological vector spaces are established.

2. Preliminaries

Throughout in this paper, X and Y are always representing topological spaces on which separation axioms are not
considered until and unless stated. We will represent field by F and the set of all real numbers by R. 6 and
e are assumed negligible small but positive real numbers.

Semi open sets in topological spaces were firstly appeared in 1963 in the paper of N. Levine [14]. With invent
of semi open sets and semi continuity, many interesting concepts in topology were further generalized and inves-
tigated by number of mathematicians. A subset A of a topological space X is said to be semi open if, and only if,
there exists an open set O in X such that O < AcCI(O), or equivalently if AcCl (Int(A)). SO(X) de-
notes the collection of all semi open sets in the topological space (X,z’) . The complement of a semi open set is
said to be semi closed; the semi closure of A X, denoted by sCI(A), is the intersection of all semi closed
subsets of X containing A [15]. It is known that x e sCI(A) if, and only if, for any semi open set U containing
x, UM A isnon-empty. Every open set is semi open and every closed set is semi closed. It is known that union
of any collection of semi open sets is semi open set, while the intersection of two semi open sets need not be
semi open. The intersection of an open set and a semi open set is semi open set. A subset A of a topological
space X is said to be semi compact if for every cover of A by semi open sets of X, there exists a finite sub cover.

Remember that, a set U < X is a semi open neighbourhood of a point X e X if there exists Ae SO(X)
suchthat xe AcU.Aset Ac X issemiopenin X if, and only if, A is semi open neighbourhood of each of
its points. If a semi open neighbourhood U of a point x is a semi open set, we say that U is a semi open neigh-
bourhood of x. If A €SO(X,) and A, €SO(X,), then A xA, e(X,;xX,), where X, and X, are to-
pological spaces and X, x X, is a product space. It is worth mentioning that a set semi open in the product
space cannot be expressed as product of semi open sets in the components spaces. Basic properties of semi open
sets are given in [14], and of semi closed sets in [15] [16], and references therein.

If X, is a vector space then e denotes its identity element, and for a fixed xe X, T:X — X,
y—>x+y and T,:X > X, y> y+x, denote the left and the right translation by x, respectively. The addi-
tion mapping m: X x X — X is defined by m((x, y)) =X+Y, and the scalar multiplication mapping
M:FxX — X isdefined by M ((4,X))=2x.

Definition 1. Let f : X —Y be single valued function between topological spaces (continuity not assumed).
Then:

1) f:X —>Y s termed as semi continuous [14], if and only if, for each V open in Y, there exists
f‘_(V)eSO(X).

2) f:X Y istermed as irresolute [15], if, and only if, for each V e SO(Y ), there exists
fe (V)e SO(X ) Note that the function f:X —Y isirresolute at x e X , if for each semi open set V in
Y containing f (x), there exists a semi open set U in X containing x such that f (U)cV .

Recall that a topological vector space (X(F),r) is a vector space over a topological field F (most often the
real or complex numbers with their standard topologies) that is endowed with a topology such that:
1) Addition mapping m: X x X — X defined by m(x,y)=x+y;x,ye X is continuous function.

2) Multiplication mapping M :FxX — X defined by M (4,x)=1x;4€F,xe X . is continuous function
(where the domains of these functions are endowed with product topologies).
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Equivalently, we have a topological vector space X over a topological field F (most often the real or complex
numbers with their standard topologies) that is endowed with a topology such that:

1) foreach x,ye X, and for each open neighbourhood W of x+y in X, there exist neighbourhoods U and V
of x and y respectively in X, such that U +V cW .

2) for each 2 e F,xe X and for each open neighbourhood W in X containing AX, there exist neighbour-
hoods U of 4 in Fand V of x in X such that U -V <cW . Or equivalently, we have: topological Vector
Space X over the field F(RorC) with a topology on X such that (X,+) is a topological group and
M :Fx X — X isa continuous mapping.

3. Irresolute Topological Vector Spaces

In this section we will define and investigate basic properties of irresolute topological vector spaces. Examples
are given to show that topological vector spaces are independent of irresolute topological vector spaces in gener-
al.

Definition 2. A space (X(F),rr) is said to be an irresolute topological vector space over the field F if the
following two conditions are satisfied:

1) for each X,y e X and for each semi open neighbourhood W of x+y in X, there exist semi open neigh-
bourhoods U and V in X of x and y respectively, such that U +V cW .

2) foreach xe X,1eF and for each semi open neighbourhood W of Ax in X, there exist semi open neigh-
bourhoods U of 4 inFandVofxinX, suchthat U.-V cW .

Remark 1. Topological vector spaces are independent of irresolute topological vector spaces.

The following example shows that (R( r) is neither a topological vector space nor an irresolute topological
vector space.

Example 1. Consider the vector space R, endowed with the lower limit topology 7z on R, generated by
the base ,B={[a,b):a<b where a,beR}, then (]R ) is neither a topological vector space nor an irre-
solute topological vector space.

Example 2. Let 7 be a topology on X =R generated by the base ﬂ={(a,b):a< b and a,b eR}, then

(R(R),r) is a topological vector space as well as irresolute topological vector space over the field R.

R)’

(&) T

The next example shows that (X(F>,r) is an irresolute topological vector space which fails to be a topological

vector space.
Example 3. Consider the field F =R with standard topology on F. Let X =R, where topology defined on

X be generated by the base /8 ={¢, X}U{(a,b),[o,c) ‘a,b,ce R}. Then (R(R),r) is not a topological vector

space, because for x,ye X;x=#0,y=0 but x+y=0, if we choose an open neighbourhood W = [0,5) of
x+ Yy in X, then, there does not exist any open neighbourhoods U and V of x and y respectively in X, which sa-
tisfy the relation U +V cW .

Now, we show that —(R(R),r) is an irresolute topological vector space. To verify the first condition, let
X,yeX.

Case I: Let x+y =0 Consider a semi open neighbourhood W = [x +V,X+Yy+ 5) (or,

W =(x+y—3,x+Yy]) of x+y in X. Then, for the selection of semi open neighbourhoods U =[x, x + €)
(resp. U =(x—gx])and V =[y,y+e) (resp. V =(y—¢,y])ofxandy respectively in X, we have
U+V cW foreach e<(5/2).

Case II: Let x+y=0, for x=0,y=0 or x=#0,y=0. Consider a semi open neighbourhood W = [0,5)
(or, W :(—5,0]) of x+y in X. Then, for the selection of semi open neighbourhoods U :[x,x+ ) (resp.
U=(x—gx])and V=[y,y+e) (resp. V=(y—¢,y]) of x and y respectively in X, we have U +V cW
foreach e<(5/2).

Now, we have to verify the second condition. For this we have four cases,

Casel: Let xe X,AeF and A1>0,x>0. Then for each semi open neighbourhood W = [Ax,;tx + 5) (or,
W :(ﬂx—é,ix] ) of Ax in X, we can choose semi open neighbourhoods U = [/1,/1 +¢€) (resp.
U=(2-e4])and V =[x,x+e) (resp. V =(x—¢,x]) containing A and x in F and X respectively. Then,
U-Vcw forevery e<(d/(4+x +1)5) (resp. €<(5/(A+Xx —1)) ).

Case Il: Let xe X, AeF and A1<0,x<0. Then for each semi open neighbourhood W :(lx—é,ix]
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(or, W =[4x,4x+6)) of Ax in X, we can choose semi open neighbourhoods U =[1,4+¢€) (resp.
U=(A-&4])and V =[x,x+¢€), (resp. V =(x—g,x]) containing A4 and x in F and X respectively. Then,
U-VcWw forevery e<(d/(A+x-1)) (resp. e<(5/(1-21-x))).

Case Ill: Let xe X,2eF and 1>0,x<0. Then for each semi open neighbourhood W :(ﬂx—&,ix]
(or, W =[4x,4x+6)) of Ax in X, we can choose semi open neighbourhoods U =[1,4+¢€) (resp.
U=(2-e4])and V =(x—¢,x] (resp. V =[x,x+¢€)) containing A and x in F and X respectively. Then,
U-VcW forevery e<(5/(1-x+A4)) (resp. €<(5/(A-x-1))).

Case IV: Let xe X,2eF and A<0,x>0. Then for each semi open neighbourhood W = (/1x—5,/1x] (or,
W =[Ax,Ax+¢)) of Ax inX, we can choose semi open neighbourhoods U =(1—¢€,1] (resp. U =[1,4 +€))
and V :[x,x+e) (resp. V :(x—e,x]) containing A and x in F and X respectively. Then, U -V cW for
every e<(5/(1+x=2)) (resp. e<(3/(x=2-1))).

Since, both conditions for irresolute topological vector spaces are satisfied, therefore, (X(F),r) is an irreso-
lute topological vector space.

Theorem 1. Let (X(F),r) be an irresolute topological vector space. Then:

1) The (left) right translation T, : X — X defined by T, (y)=y+x;forall x,ye X, isirresolute.
2) The translation M, : X — X, defined by M(i)(x)=ﬁ,x; forall xe X, isirresolute.
Proof. 1. Let W be a semi open neighbourhood of Tx) (y) =y +X. Then by definition, there exist semi open
neighbourhoods U and V in X containing y and x respectively, such that U +V <cW . Or
T, (U)=U+xcU+V cW . This proves that, T, :X — X is irresolute mapping.

(x x)
%. Let xe X,2eF ,then M(l) (X) = AX. Let V\; be any semi open neighbourhood of X, then by definition,
there exist semi open neighbourhoods U in F of A and V in X of x, such that U -V cW . This gives that

M(l) (V)=AV cU -V cW . This proves that M, isan irresolute mapping.
Remark 2. In topological vector spaces, every open set is translationally invariant whereas in irresolute topo-
logical vector spaces, every semi open set is translationally invariant.
Theorem 2. Let (X(F),r) be an irresolute topological vector space. If AeSO(X), then:
1) A+xeSO(X) forevery xeX.
2) AAeSO(X) forevery xeX .

Proof 1. Let ye X ,and let ze A+ Yy, then we have to prove that z is a semi-interior point of A+ y. Now,
z=x+Yy, where x is some point in A. We can write xe A+ y+(—y):A. By the right translation

T, X =X, we have T(fy)(z)= z+(-y)=x. Since, X is irresolute topological vector space and T, i

irresolute, by Theorem 1 , we have for any semi open neighbourhood A containing T(_y)(z) =X, there exists
semi open neighbourhood M, of z such that T(_y)(MZ): M, +(-y)c A, thatis M, c A+y. Thus for any

ze A+y, we can find a semi open neighbourhood M, suchthat M, c A+y. Hence A+yeSO(X2.
2. Let 2eF,2#0 and ze AA. This means z=Ax, for some xe A, so we can write xe A-AA=A

and x=A""z. Then we can define mapping M XX by Ml_1 (z) =A"'z=x. Since, X is an irresolute

topological vector space and by Theorem 1(2), M X —>X is irresolute mapping, so, we have for any semi
open neighbourhood A containing Mfl(z):x, there exists semi open neighbourhood U, of z such that

M (UZ ) =17U, c A. This gives U, c AA . Thatis, forany ze AA, we can find a semi open neighbourhood
U,,suchthat U, c AA.Hence 1AeSO(X).
Theorem 3. Let (X(F),r) be an irresolute topological vector space. If Ae SO(X) and B is any subset of

X,then A+ B issemiopeninX.
Proof. Suppose AeSO(X) and Bc X . Then, for each x; € B and by Theorem 2 (1), We have

A+x €SO(X). Now, for each x €B,A+B=A+{x,X, -} =|J,.s {A+X]. Because arbitrary union of

semi open sets is semi open, therefore A+ B is semi open in X.
Corollary 1. Suppose (X(F),r) is an irresolute topological vector space. If AeSO(X), then the set
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U ={J.,(nA) issemiopenin X.
Theorem 4. Let (X(F),r) be an irresolute topological vector space. Then M :Fx X — X is an irresolute

mapping.
Proof. Let AeF and xe X . The M ((l,x)):/lx. Let W be a semi open neighbourhood of Ax in X.

Since (X(F),r) is an irresolute topological vector space, therefore there exist semi open neighbourhoods U of
A inFandV of x in X such that,U -V cW . Or M((U,V))=M (UxV)=U-V cW . Since, U € SO(F, 1)
and V eSO(X,x), therefore, UxV eSO(F xX,Ax). This proves that M:FxX — X is an irresolute
mapping.

Theorem 5. Let (X(F>,r) be an irresolute topological vector space. The m: X xX — X defined by
m((x, y)) =X+Y isan irresolute mapping.

Proof. Let x,ye X and m((x,y)S):Xer. Let W be a semi open neighbourhood of x+y in X. Since
(X(F),r) is an Irresolute topological vector space, therefore, there exist semi open neighbourhoods U of x and

V of y in X such that, U+V cW . Or m((U,V))=m(UxV)=U+V cW . Since, UeSO(X,x) and
V €SO(X,y), therefore, UxV e SO(X x X,xxy). This proves that M : X x X — X is an irresolute map-
ping.

Let A be semi open in X. Then, by Theorem 3, A+ A=2AeSO(X) and 2A+A=3AeSO(X). Similarly,

we can prove that each set 4A,5A,--- is semi open in X. Thus the set U = U::l(n&) is semi open in X.

Definition 3. A mapping f form a topological space to itself is called irresolute-homeomorphism [15], if it is
bijective, irresolute and pre-semi open.

Theorem 6. Let (X(F),r) be an irresolute topological vector space. For given ye X and A€F with
A #0, each translation mapping T, :x+ Xx+y and multiplication mapping M, : x> Ax, where xe X is
irresolute homeomorphism onto itself.

Proof. First, we show that T, : X — X is an irresolute homeomorphism. It is obviously bijective. By Theo-
rem 1, T, is irresolute. Moreover, T, is pre-semi open because for any semi open set U, by Theorem 2 (1),
T,(U)=U+y issemiopen.

Similarly, we can prove that M, : X+ Ax is an irresolute homeomorphism.

Definition 4. An irresolute topological vector space (X(F),r) is said to be irresolute homogenous space, if
foreach x,ye X, there exists irresolute homeomorphism f of the space X onto itself such that f (x)=y.

Theorem 7. Every irresolute topological vector space is an irresolute homogenous space.

Proof. Let (X(F),r) be an irresolute topological vector space. Take X,y e X, put z=(-x)+y. Define,

T,:X>X by T, (x): X+z=Yy. By Theorem 6, T,:X — X is irresolute homeomorphism, therefore
(X(F),r) is an irresolute homogenous space.

Theorem 8. Suppose that (X(F),r) is an irresolute topological vector space and S is a subspace of X. If S

contains a non-empty semi open subset of X, then S is semi open in (X(F),r).

Proof. Suppose U is a non-empty semi open subset in X, such that U < S . By Theorem 2 (1), T, (U ) =U+y
is semi open subset of X for each yeS. Thus S =Uyes (U + y) is semi open in X being union of semi open

sets.

In general, intersection of two semi open sets is not semi open; however we have the following lemma.

Lemma 1. [17] Let (X,r) be a topological space and Ac X . If A is open and U is semi open, then
ANU eSO(X).

Lemma 2. [17] Suppose (X,z) isa topological space. Ac X, < X, where X;eSO(X), then
AeSO(X) if andonlyif, AeSO(X,).

Theorem 9. Every open subspace S of an irresolute topological vector space is also an irresolute topological

vector space.
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Proof. Suppose (X(F),r) is an irresolute topological vector space and S is an open subspace of X. Then, it

satisfies the following properties.
1) Forall x,yeS,wehave x+yeS.
2) Forany AeF and xeS,wehave AxeS.We define topology onSas, 7y ={SNO/Oer}.We show

that (S(F),rs) is itself an irresolute topological vector space.

Now, let x,yeS, and W be any semi open neighbourhood of x+y in S, then W is semi open neighbor-
hood of x+y in X. As (X(F),r) is an irresolute topological vector space, therefore, there exist semi open

neighbourhoods Ac X of x and Bc X of y such that A+BcW . Now, the sets U=ANS and
V =B S are semi open in X containing x and y respectively. By Lemma, 2, U,V e SO(S) yand U+V cW .
Again, for AeF,and xe X, let W be a semi open neighbourhood of AX in S and hence semi open in X.

As (X(F),r) is an irresolute topological vector space, therefore there exist semi open neighbourhoods A of 4

in Fand B of x in X suchthat A-BcW . Now, the sets U =AF and V=B(1S are semi open in F and

X respectively. Since, S is open, therefore by Lemma 2, V is semi open in S. Hence for each semi open neigh-
bourhood W of Ax in S, there exist semi open neighbourhoods U in F of 4 and V in S of x such that

U -V W . This proves that (S(F),rs) is an irresolute topological vector space.

Theorem 10. In irresolute topological vector spaces, for any semi open neighbourhood U of 0, there exists a
semi open neighbourhood V of 0 such that V +V cU .

Proof. The proof is trivial, therefore omitted.

Theorem 11. Let A and B be subsets of an irresolute topological vector space. Then
sCI(A)+sCl(B) <= sCI(A+B).

Proof. Let xesCI(A) and yesCI(B), and let W be a semi open neighbourhood of x+y. Then there ex-
ist semi open neighbourhoods U and V of x and y respectively, such that U +V cW . Since, x esCI(A),
y esCl(B), there are ac ANU and beBNV. Then, a+be(A+B)N(U+V)<(A+B)NW . This im-
plies x+yesCl(A+B). Thatis, sCI(A)+sCl(B)csCl(A+B).

Theorem 12. Let (X(F),r) be an irresolute topological vector space, then every semi open subspace of X is

semi closed in X.
Proof. Let H be a semi open subspace of X. As right translation T, : X — X is irresolute homeomorphism,

therefore, H +X is semi open. Then, Y =UX6X_H(H +x) is also semi open. Hence H =X -Y, is semic-

losed.

Theorem 13. Let f (X ..,z | > (Y
. e . (F)°X (F)
irresolute on X if itis irresoluteat ' 0e X .

Proof. Let x e X . Suppose W is semi open neighbourhood of y = f (x) inY.Since, T, :Y —>Y Iisirreso-
lute, therefore, there is a semi open neighbourhood V of 0 such that T, (V):V +y < W . Now, since f is irreso-
lute at 0e X, there exists semi open neighbourhood U of 0 in X such that f (U)gv .Since T,: X > X is
irresolute, therefore, U + x is semi open neighbourhood of x. Thus,

f(U+x)="f(U)+f(x)="f(U)+ycW.This proves that, f is irresolute at x and hence on X.
Theorem 14. Let (X(F),r) be an irresolute topological vector space and A,B are subsets of X. If B is

,TY) be a homomorphism of irresolute topological vector spaces. f is

semi open, then for any set A, we have A+ B =sCI(A)+B.

Proof. As we know that Ac sCI(A) so A+BcsCI(A)+B. Conversely, let yesCI(A)+B and write
y=x+b where xesCI(A) and beB. There exists a semi open neighbourhood V of zero such that
T,(V)=V +bc B. Now, V is semi open neighbourhood of 0 in X, this gives that -V is also semi open neigh-
bourhood of 0 in X. Since, xesCI(A),so, aeAN(x-V).We know that
y=x+b=a-a+x+bea+V+bc A+B.Therefore, sCI(A)+Bc A+B.Hence, A+B=sCI(A)+B.

Theorem 15. Let (X .,,z| be an irresolute topological vector space. Then the scalar multiple of semi clo-
sedset is semi closed.

Proof. Let BeSC(X), then X -BeSO(X). M,(X-B)=4(X-B)=AX-1B=X-1BeSO(X).

F)
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Therefore, ABeSC(X).
Theorem 16. Let (X(F),r) be an irresolute topological vector space. Then scalar multiple of semi-compact
set is semi-compact.
Proof. Let A be a semi-compact subsets of X. Let {U, :a eV} be a semi open cover of AA for some non
1

zero AeF, then AAc(], U, . This gives Ac(Y2)U,., U, :Uaev((ZjU“j' Since, U, € SO(X)

and (X,,7] isan irresolute topological vector space, therefore, L U, e SO(X) for each ae V. Since, A
(F) 1) ¢

is semi-compact therefore, there exist a finite subset vV, of V suchthat Ac Uaevo[[%jua} This implies

that AAcJ,, (U, ). Hence AA is semi-compact in X.

Definition 5. [18] A space is said to be P-regular, if for each semi closed set F and x ¢ F , there exist disjoint
open sets U and Vsuchthat xeU and FcV.

Theorem 17. Let (X - ,r) be a P-regular and irresolute topological vector space. Then the algebraic sum of
a semi-compact set A and semi-closed set B is semi-closed.

Proof. Let x¢ A+ B, then for some ae A, xga+B. Since, the translation mapping is irresolute homeo-
morphism so aT(B):a+ B, where a+ B is semi closed. Since X is P-regular space, therefore, there exist

open sets U, and V, such that xeU,,a+BcV, and U,NV,=¢. Also V,-B={]J, ,(V,-b) is semi
open and contains a. Hence, Ac UaeA(Va - B). Since, A is semi-compact, therefore there exists a finite subset

{a,,a,,8;,---,a,} of elements of A, such that Ac Ui":l(vai -B). Let U :Ui”Uali , then U is a neighbourhood

of x. We claim that UN(A+B)=¢. If not, then y=a+beUN(A+B), then yeV, for some i and
y €U, , which is contradiction to the fact that U, NV, =¢.

ai !
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