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Abstract

In this paper, M is a smooth manifold of finite dimension n, 4 is a local algebra and MA is the asso-
ciated Weil bundle. We study Poisson vector fields on M4 and we prove that all globally hamilto-
nian vector fields on M4 are Poisson vector fields.
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1. Introduction

A Weil algebra or local algebra (in the sense of André Weil) [1], is a finite dimensional, associative, commuta-
tive and unitary algebra A over R in which there exists a unique maximum ideal m of codimension 1. In his
case, the factor space A/m is one-dimensional and is identified with the algebra of real numbers R. Thus
A=R®m and R isidentified with R-1,,where 1, isthe unitofA.

In what follows we denote by A a Weil algebra, M a smooth manifold, C” (M ) the algebra of smooth func-
tions on M.

A near point of xeM of kind A is a homomorphism of algebras

£:C"(M)—> A

such that forany feC”(M), [&(f)-f(x)]em.

We denote by M the set of near points of x of kind Aand M* = | J M the set of near points on M of
xeM

kind A. The set M* is a smooth manifold of dimension dimM xdim A and called manifold of infinitely near
points on M of kind A [1]-[3], or simply the Weil bundle [4] [5].
If f:M — R isasmooth function, then the map

FAMA SR = A g | FA(£)](idy )= £(ids o F)=&()
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is differentiable of class C* [4] [6]. The set, C* (M A A) of smooth functionson M* with values on A, is a
commutative algebra over A with unit and the map

C*(M)—>C*(M*A), fis £
is an injective homomorphism of algebras. Then, we have:
(f+g)' =t +g% (A1) =14 (f-g9)' =1"g
We denote X(MA),the set of vector fieldson M* and DerA[C‘”(MA,A)J the set of A-linear maps
X:C*(M* A)>C” (M4, A)

A

such that
X (@-y)=X(p)-w+p-X (), forany g,y eC*(M*, A),
Thus [4],
X(M*)=Der,[C”(M*,A)].
If

6:C*"(M)—>C”"(M)
is a vector field on M, then there exists one and only one A-linear derivation
0":C*(M* A)>C"(M*,A)
called prolongation of the vector field @ [4] [6], such that
HA(fA):[H(f)]A,forany feC”(M).
Let Q, [C‘”(M )] be the C” (M )-module of Kalher differentials of C*(M) and
SuiC (M)> 0 [C"(M) ] frofoL, -1, ®f

the canonical derivation which the image of &, generatesthe C”(M)-module Q, [C“‘ (M )] i.e. for
xeQ,[C"(M)],

x= > f-6,(9)

iel:finite
with f,9,eC”(M) forany iel [7]et[8].
We denote Q, [C“"(M A,A)] the C*(M*, A)-module of Kalher differentials of C*(M*, A} which are

A-linear. In this case, for (peC“’(MA,A),we denote ¢®1C°°(MAA)_]'C”(MAA)®¢’the class of
PO cfin ) Tee(un ) BP 1N C*(M*,A).
The map
C*(M)>Q,[Cc” (MY A)| > [8, ()] = PO yn s “herurn @

is a derivation and there exists a unique A-linear derivation
82, :C7 (MY A) > Q,[C"(M*,A)]
such that
%\A(fA):DM (f)}A

forany feC”(M) [9]. Moreover the map
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0. [C"(M)]>0,[C” (M*,A)] x> x4

is an injective homomorphism of R -modules. Thus, the pair (QA [C” (M A A)J,&GA) satisfies the following
universal property: for every C” (M A A) -module E and every A-derivation

®:C*(M* A)>E,
there exists a unique C*(M*, A) -linear map
®:Q,[C"(M* A)|>E

such that
oo, = .

In other words, there exists a unique @& which makes the following diagram commutative
o, [c" ("]
sh, T N
c*(M*A) o E
This fact implies the existence of a natural isomorphism of C*(M*, A)-modules
Homcw(MAyA)(QA[C‘” (M A,A)], E)—) Der, [C“’(M * A), E:|,l// ol
In particular, if E=C”(M* A), we have
a,[c”(M* A)] =per,[c”(M* A)[=x(M*).
For any peN, AP(QA[Cw(MA,A)J)zg';kS (QA[C“’(MA,A)},C‘”(MA,A)) denotes the C*(M*,A)-
module of skew-symmetric multilinear forms of degree p from QA[cw (M*, A)] into C*(M*,A) and
A(QA[Cw(M A,A)]): p@NAp (QA[C”(M A,A)J)
the exterior C*(M*, A) -algebra of QA[C“ (M*, A)] called algebra of Kahler formson C*(M*,A).
AO(QA[C“‘(M A A)]):C*(M " A),
Al(QA [c*(m A,A)]):QA[C“ (M*,A)]

If neA?(Q,[C(M)]), then y is of the form &, (f,)A+Ady (f,) with f, T, f,€C*(M). Thus,
the C*(M*, A)-module AP(QA[C”(MA,A)]) is generated by elements of the form
UA:5$A((01)A"'A§$A((Dp)

with ¢, = flA,m,gpp = pr eCw(MA,A).
Let

o, [Q.[c”()]] > A% (.[c”(m)]),

be the C” (M) -skew-symmetric multilinear map such that
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Ty (X %0+, X )=Zp:(—1)i716~(xi)-x1/\m/\)“(i A A X,

i=1
forany x,X,,---,X, € Qy [C” (M )] and, where
0:Q,[C"(M)]>C"(M)
isaunique C” (M )-linear map such that §-6,, =@ [8]. Then,
oh:[o,[cr(m*, A)ﬂp > AP (Q,[c”(m*,A)))
isaunique C” (M ) -skew-symmetric multilinear map such that
O':A (XlA,X;,'--,XS):[0'€<x1,x2,...'xp)]A_
We denote
Eg:/\p(QA[Cw(M A,A)])—>AP*1(QA[C°°(MA,A)]),
the unique C~ (M A A) -skew-symmetric multilinear map such that
o?g’i(xl’*/\xf/\.../\x;‘)zcv‘:A (Xf‘xz‘\x,’j)

ie. O':A induces a derivation
oo (0 ) A ()

of degree —1 [9].
We recall that a Poisson structure on a smooth manifold M is due to the existence of a bracket {} on

C”(M) such that the pair (C“’(M),{,}M) is a real Lie algebra such that, forany f eC”(M) the magI
ad(f):C*(M)—»>C”*(M),g—{f.g},

is a derivation of commutative algebra i.e.
{f’g'h}M :{f'g}M 'h+g'{f’h}M

for f,9,heC”(M). In this case we say that C* (M) is a Poisson algebra and M is a Poisson manifold [10]
[11].
The manifold M is a Poisson manifold if and only if there exists a skew-symmetric 2-form

oy 9, [C7(M)]xQ,[C"(M)]>C" (M)
such that for any fand gin C* (M),
{19}y =-ou[6u ()04 (9)]

defines a structure of Lie algebra over C” (M ) [8]. In this case, we say that ,, is the Poisson 2-form of the
Poisson manifold M and we denote (M, a,, ) the Poisson manifold of Poisson 2-form a,, .

2. Poisson 2-Form on Weil Bundles
When (M, {,},, ) is a Poisson manifold, the map
ad:C*(M)— DerR[C‘*’(M)], fioad(f)
such that [ad (f )](g) ={f,qg},, forany geC” (M), isaderivation. Thus, there exists a derivation
ad*:C"(M*,A) > Der, | C”" (M, A)]
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such that
ad”(f*)=[ad(f)]".
Let
ad*:0,[c”(M* A)] > Der,[C"(M*,A)]
be a unique C~ (M A A) -linear map such that
ad* o sh, =ad”,

Let us consider the canonical isomorphism

:0,[c”(M*,A)] > Der,[C*(M*,A)], Wi wes),

GMA

and let

— -1
d A

o oad*:0,[C (M A,A)T—) Der,[C”" (M A,A)}EQA[C‘”(M A,A)T

be the map.
Proposition 1. [9] If (M, a,, ) is a Poisson manifold, then the map,

o0, [C7 (MM A)[xQ,[C7 (M, A) |5 C" (M4, A)
such that for any X,Y eQA[C‘”(MA,A)]
wpa (X,Y) == o3ty cad” () |(¥)
is a skew-symmetric 2-formon Q, [C““ (M A A)} such that
@ (¥ y*) =L (xy)]",

foranyxandyin Q. |C”(M)|. Moreover, (M A", ) isaPoisson manifold.
Theorem 2. [9] The manifold™ M* is a Poisson manifold if and only if there exists a skew-symmetric 2-form

ohQ,[C7(MA A)|x0, [c”(M*,A)[>C" (M4, A)
suchthatforany ¢ and y in C*(M* A,

(oW} ye =00 (82 (0). 50, (v))
defines a structure of A-Lie algebra over C“’(MA,A) . Moreover, for any fand g in C°°(M),

{fA,gA}MA:{f,g}’\Aﬂ-

In this case, we will say that ©", is the Poisson 2-form of the A-Poisson manifold M* and we denote
(M A Q’SA) the A-Poisson manifold of Poisson 2-form w®, [9].

3. Poisson Vector Field on Weil Bundles
Proposition 3. For any 6 < Der, [C*(M)] and for any 7€ AP (QR [C‘” (M )]) , We have

ieA (nA):[ig (77):|A'
Proof. If 7 eA"(QIR [C“’(M )]) , then there exists f,, f,,---, f, €C” (M), such that
n="08y (f)A-Ady(f,). Thus,
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')
(%,)]')

) )
S, ([5M (1)]" A5
- [ (0] o[ (1)
~[ou(6 (1.0 (1,)]
:[ig(aM (f) A A8y (fp))]A
=[]

3.1. Lie Derivative

The Lie derivative with respect to D e Der, [C“" (M A A)J is the derivation of degree 0
€5 =iy 088, +6%, oy :A(QA[C‘”(M A,A)]) —>A(QA [c*(m A,A)]).
Proposition 4. Forany 6 X(M), Ithe map
<, :A(QA[C“(M A,A)})AA(QA[C‘”(MA,A)J)

is a unique A-linear derivation such that

forany ne A(Q]R [C‘” (M )])
Proof. Forany n e A(Q]R [C (M )]) we have

&0 (1) =1 [0 ()] 3 1 ()]

=ip ([0 ()] oo (L (n)]')

[ (1)) +(6 [i0 (n)])”

(6 (m)]+ 6 [is (n)])°
(m]"

A vector field ¢ on a Poisson manifold (M, @, ) is called Poisson vector field if the Lie derivative of e,
with respectto @ vanishesi.e. £,m, =0. A vector field

(i
(i
S,

X :CW(MA,A)—>C°°(MA,A)

on a A-Poisson manifold of Poisson 2-form wh’;A will be said Poisson vector field if Sxa)MA =0.
Proposition 5. If (M , Oy ) is a Poisson manifold, then a vector field

49:C°°(M)—>C°°(M)
is a Poisson vector field if and only if
0":C”(M* A)>C”*(M*, A)
is a Poisson vector field.
Proof. indeed, forany 6eXx(M),
L0, 4 =[Lo0 ]A.

(4
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Thus, £,0, =0 ifandonlyif £ .o ,=0.

Proposition 6. Let (M A,a)MA) be a A-Poisson manifold. Then, all globally hamiltonian vector fields are
Poisson vector fields.

Proof. Let X be a globally hamiltonian vector field, then there exists @ eC”(M*,A) suchthat X =ad(¢)
i.e. X is the interior derivation of the Poisson A-algebra C*(M*,A) [6]. Forany y and geC*(M* A),

L300 ([0 0): 034 (9)]) = (L0 ) ([004 9): 504 (9)])
=2 (9) (0[50 (0)-500 (9)]) (0 [£2101 () 03 0))
_(“’MA 500 (V) LaayPe (M)
=—ad ()({y.8})~ @, [ Son {00} 0 (8) |- 0 [ S (W), S {08} ]
=l o))+ {{ow} o)+ (v {o.6}) = ({0 v )} + {6 low )} + v {b.0}}) = 0.

Thus, all globally hamiltonian vector fields are Poisson vector fields.
When (M ,Q) is a symplectic manifold, then (M A,QA) is a symplectic A-manifold [6] [12]. For
peC”(M* A), we denote X, the unique vector field on M*, considered as a derivation of C*(M*,A)

into C”(M A,A) , such that

i, Q" =d" (o),
where
d*:A(MAA) > A(MAA)
denotes the operator of cohomology associated with the representation
X(M*) - Der,[C"(M*,A)], X 5 X.
When (M*,Q") isasymplectic A-manifold, then forany X e X(M*),
£,0" =d"(i,Q").
Therefore, all globally hamiltonian vector fields are Poisson vector fields.
Proposition 7. Forany ¢ eC” (M A A) and for any Poisson vector field Y, we have

[Y.X,]= Xy (o)
Proof.
i[Y,Xw]QA :|:£Y,ixq, j|QA — E’Y (inQA)_ixw (*QYQA>
-, 1,9%) 4 [0 (0%) o1 o]
=d*[i, (¢%)]=d"[¥ (9)] =iy, , 0"
Thus,
[Y.X,]= Xy (o)
3.2. Example

When a =) pdx isa Liouville form, where (x,---X,, .-+ p,) is a local system of coordinates in the co-
i=1

tangent bundle T°M of M, then (T'M , Q=da =) dp,Adx, ) is a symplectic manifold on T°M [7]. Let

i=1
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a” be the unique differential A-form of degree —1 on T*M* such that
dA(aA):[d(a)}A.
Thus,
Q* =[d(a)] =d*(a*)= 3 d*(p*)Ad” (x*).
[a(a)]" ~0*(a*) - 3:0* (ot )ad* (x')

Therefore, (T*"M*, Q* =d*(a")) is a symplectic A-manifold.
For HeC”(M* A), let X, "be the globally hamiltonian vector field

i, 0" =—d*(H).

A
o _[2
ot o\ox )

0 0 0 0
XH :Z fi'F-’-zgi.apAa

i=1 i i=1 i

g S e

i=1 i i=1

_ZQA[ a%]d’*(xﬁ)+ n QA(XH,%]dA(pﬁ).

i i=1 i

R o 0 Q o @
OA Xy, — =Y f.0 —,— |+Yg. - QO —,—
[ ; ax.’*] ; ' (ax.A é’xiAJ ,Z:;g' [apf axiAJ

J

S0 (0000006 e o500 ) e 2
S fon (o 2o ) o ot e )

As [13]

we have

As

and

As,
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oH " oH
”ggAUﬂ‘éaf *(p?).
Thus,
oH
fl :W
__oH
g oxA

where f,,g,eC” (U A A) . An integral curve of X, is a solution the following system of ordinary equation

d*(x") oH
d*t opt
Al A Vi=12,---,n
d*(p") aH
d*t ox?
X, = oH o Z6H 0
|lap| aX .16x apl
When (X, %,,--, %, ) is a local system of coordinates corresponding at a chart U of M,
n
Qf, = dx Adx,,
i=1
Thus,
o, =3 a" < A (st
n a A
Xla=) fi| —| +
|UA ; i 8Xi ; i+n X+n
where f,,f,, eC”(U* A) for i=12.-,n.For peC”(M* A),
z”: op i_ - 0p 0
oo G oxh, ox! I ox! axn+,
.A 6(0 . Op
0= S 2000 ) £ 20 )|
As
oo =X, (),
we have
N ¢ dy K Op oy
¥l = Soxh oxh Goxhoxh,
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