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Abstract 
In this paper, M is a smooth manifold of finite dimension n, A is a local algebra and MA is the asso-
ciated Weil bundle. We study Poisson vector fields on MA and we prove that all globally hamilto-
nian vector fields on MA are Poisson vector fields. 
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1. Introduction 
A Weil algebra or local algebra (in the sense of André Weil) [1], is a finite dimensional, associative, commuta-
tive and unitary algebra A over   in which there exists a unique maximum ideal m  of codimension 1. In his 
case, the factor space A m  is one-dimensional and is identified with the algebra of real numbers  . Thus 
A = ⊕ m  and   is identified with 1A⋅ , where 1A  is the unit of A. 

In what follows we denote by A a Weil algebra, M a smooth manifold, ( )C M∞  the algebra of smooth func-
tions on M. 

A near point of x M∈  of kind A is a homomorphism of algebras 

( ): C M Aξ ∞ →  

such that for any ( )f C M∞∈ , ( ) ( )f f xξ − ∈   m . 
We denote by A

xM  the set of near points of x of kind A and A A
x

x M
M M

∈

=


 the set of near points on M of  

kind A. The set AM  is a smooth manifold of dimension dim dimM A×  and called manifold of infinitely near 
points on M of kind A [1]-[3], or simply the Weil bundle [4] [5]. 

If :f M →   is a smooth function, then the map 

( ) ( ) ( ) ( ): ,A A A Af M A f id id f fξ ξ ξ ξ → = = =      
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is differentiable of class C∞  [4] [6]. The set, ( ),AC M A∞  of smooth functions on AM  with values on A, is a 
commutative algebra over A with unit and the map 

( ) ( ), ,A AC M C M A f f∞ ∞→   

is an injective homomorphism of algebras. Then, we have: 

( ) ( ) ( ); ; .A A AA A A A Af g f g f f f g f gλ λ+ = + ⋅ = ⋅ ⋅ = ⋅  

We denote ( )AMX , the set of vector fields on AM  and ( ),A
ADer C M A∞ 
   the set of A-linear maps 

( ) ( ): , ,A AX C M A C M A∞ ∞→  

such that 

( ) ( ) ( ) ( ), for any , , .AX X X C M Aϕ ψ ϕ ψ ϕ ψ ϕ ψ ∞⋅ = ⋅ + ⋅ ∈  

Thus [4], 

( ) ( ), .A A
AM Der C M A∞ =  X  

If 

( ) ( ): C M C Mθ ∞ ∞→  

is a vector field on M, then there exists one and only one A-linear derivation 

( ) ( ): , ,A A AC M A C M Aθ ∞ ∞→  

called prolongation of the vector field θ  [4] [6], such that 

( ) ( ) ( ), for any .
AA Af f f C Mθ θ ∞= ∈    

Let ( )C M∞ Ω    be the ( )C M∞ -module of Kälher differentials of ( )C M∞  and 

( ) ( ) ( ) ( )
: , 1 1M C M C M
C M C M f f fδ ∞ ∞

∞ ∞ → Ω ⊗ − ⊗    

the canonical derivation which the image of Mδ  generates the ( )C M∞ -module ( )C M∞ Ω    i.e. for  
( )x C M∞ ∈Ω   , 

( )
:

,i M i
i I finite

x f gδ
∈

= ⋅∑  

with ( ),i if g C M∞∈  for any i I∈  [7] et [8]. 
We denote ( ),A

A C M A∞ Ω   , the ( ),AC M A∞ -module of Kälher differentials of ( ),AC M A∞  which are 

A-linear. In this case, for ( ),AC M Aϕ ∞∈ , we denote ( ) ( ), ,
1 1A AC M A C M A

ϕ ϕ∞ ∞⊗ − ⊗ , the class of  

( ) ( ), ,
1 1A AC M A C M A

ϕ ϕ∞ ∞⊗ − ⊗  in ( ),AC M A∞ . 

The map 

( ) ( ) ( ) ( ) ( ), ,
, , 1 1A A

AA A A
A M C M A C M A

C M C M A f f f fδ ∞ ∞
∞ ∞ → Ω = ⊗ − ⊗      

is a derivation and there exists a unique A-linear derivation 

( ) ( ): , ,A
A A A

AM
C M A C M Aδ ∞ ∞ →Ω    

such that 

( ) ( )A

AA A
MM

f fδ δ=     

for any ( )f C M∞∈  [9]. Moreover the map 
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( ) ( ), ,A A
AC M C M A x x∞ ∞  Ω →Ω      

is an injective homomorphism of  -modules. Thus, the pair ( )( ), , A
A A

A M
C M A δ∞ Ω    satisfies the following 

universal property: for every ( ),AC M A∞ -module E and every A-derivation 

( ): , ,AC M A E∞Φ →  

there exists a unique ( ),AC M A∞ -linear map 

( ): ,A
A C M A E∞ Φ Ω → 

  

such that 

.A
A

M
δΦ = Φ

  

In other words, there exists a unique Φ  which makes the following diagram commutative 

( )

( )

,

,

A

A
A

A
M

A

C M A

C M A E

δ

∞

Φ

∞

Φ

 Ω  

↑

→



  

This fact implies the existence of a natural isomorphism of ( ),AC M A∞ -modules 

( ) ( )( ) ( ),
, , , , , .AA

A A A
A A MC M A

Hom C M A E Der C M A E ψ ψ δ∞
∞ ∞   Ω →       

In particular, if ( ),AE C M A∞= , we have 

( ) ( ) ( ), , .A A A
A AC M A Der C M A M

∗
∞ ∞   Ω =    X  

For any p∈ , ( )( ) ( ) ( )( ), , , ,p A p A A
A sks AC M A C M A C M A∞ ∞ ∞   Λ Ω = Ω   L  denotes the ( ),AC M A∞ - 

module of skew-symmetric multilinear forms of degree p from ( ),A
A C M A∞ Ω    into ( ),AC M A∞  and 

( )( ) ( )( ), ,A p A
A A

p
C M A C M A∞ ∞

∈

   Λ Ω = Λ Ω   ⊕


 

the exterior ( ),AC M A∞ -algebra of ( ),A
A C M A∞ Ω    called algebra of Kähler forms on ( ),AC M A∞ . 

( )( ) ( )0 , , ,A A
A C M A C M A∞ ∞ Λ Ω =   

( )( ) ( )1 , , .A A
A AC M A C M A

∗
∞ ∞   Λ Ω = Ω     

If ( )( ) ,p C Mη ∞ ∈Λ Ω    then η is of the form ( ) ( )1M M pf fδ δ∧ ∧  with ( )1 2, , , pf f f C M∞∈ . Thus,  

the ( ),AC M A∞ -module ( )( ),p A
A C M A∞ Λ Ω    is generated by elements of the form 

( ) ( )1A A
A A A

pM M
η δ ϕ δ ϕ= ∧ ∧  

with ( )1 1 , , ,A A A
p pf f C M Aϕ ϕ ∞= = ∈ . 

Let 

( ) ( )( ): ,
p pC M C Mθσ

∞ ∞    Ω → Λ Ω       

be the ( )C M∞ -skew-symmetric multilinear map such that 
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( ) ( ) ( )1
1 2 1

1
ˆ, , , 1 ,

p
i

p i i p
i

x x x x x x xθσ θ−

=

⋅ ⋅ ⋅ = − ⋅ ∧ ∧ ∧ ∧∑ 

   

for any ( )1 2, , , px x x C M∞ ∈Ω     and, where 

( ) ( ): C M C Mθ ∞ ∞ Ω → 


  

is a unique ( )C M∞ -linear map such that Mθ δ θ=

  [8]. Then, 

( ) ( )( ): , ,A

p
A A p A

A AC M A C M A
θ

σ ∞ ∞    Ω → Λ Ω      

is a unique ( )C M∞ -skew-symmetric multilinear map such that 

( ) ( )1 2 1 2, , , , , , .A

AA A A A
p px x x x x xθθ

σ σ =     

We denote 
 ( )( ) ( )( )1: , , ,A

A p A p A
A AC M A C M A

θ
σ ∞ − ∞   Λ Ω → Λ Ω     

the unique ( ),AC M A∞ -skew-symmetric multilinear map such that 
 ( ) ( )1 2 1 2, , ,A A

A A A A A A A A
p px x x x x x

θ θ
σ σ∧ ∧ ⋅⋅⋅∧ = ⋅⋅⋅  

i.e. A
A
θ

σ  induces a derivation 
 ( )( ) ( )( ): , ,A A

A A A
A Ai C M A C M A

θ θ
σ ∞ ∞   = Λ Ω → Λ Ω     

of degree −1 [9]. 
We recall that a Poisson structure on a smooth manifold M is due to the existence of a bracket { }, M  on 
( )C M∞  such that the pair ( ) { }( ), , MC M∞  is a real Lie algebra such that, for any ( )f C M∞∈  the map 

( ) ( ) ( ) { }: , , Mad f C M C M g f g∞ ∞→   

is a derivation of commutative algebra i.e. 

{ } { } { }, , ,M M Mf g h f g h g f h⋅ = ⋅ + ⋅  

for ( ), ,f g h C M∞∈ . In this case we say that ( )C M∞  is a Poisson algebra and M is a Poisson manifold [10] 
[11]. 

The manifold M is a Poisson manifold if and only if there exists a skew-symmetric 2-form 

( ) ( ) ( ):M C M C M C Mω ∞ ∞ ∞   Ω ×Ω →      

such that for any f and g in ( )C M∞ , 

{ } ( ) ( ), ,M M MMf g f gω δ δ= −     

defines a structure of Lie algebra over ( )C M∞  [8]. In this case, we say that Mω  is the Poisson 2-form of the 
Poisson manifold M and we denote ( ), MM ω  the Poisson manifold of Poisson 2-form Mω . 

2. Poisson 2-Form on Weil Bundles 
When { }( ), , MM  is a Poisson manifold, the map 

( ) ( ) ( ): ,ad C M Der C M f ad f∞ ∞ →     

such that ( ) ( ) { }, Mad f g f g=    for any ( )g C M∞∈ , is a derivation. Thus, there exists a derivation 

( ) ( ): , ,A A A
Aad C M A Der C M A∞ ∞ →    
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such that 

( ) ( ) .
AA Aad f ad f=     

Let 
 ( ) ( ): , ,A A A

A Aad C M A Der C M A∞ ∞   Ω →     

be a unique ( ),AC M A∞ -linear map such that 
 .A

A A A
M

ad adδ =  

Let us consider the canonical isomorphism 

( ) ( ): , , ,A A
A A A

A AM M
C M A Der C M Aσ δ

∗
∞ ∞   Ω → Ψ Ψ       

and let 

 ( )


( ) ( )
1

1 : , , ,
A AM

A

ad
A A A A

A A AM
ad C M A Der C M A C M A

σ

σ
−

∗
− ∞ ∞ ∞     Ω → → Ω       

be the map. 
Proposition 1. [9] If ( ), MM ω  is a Poisson manifold, then the map, 

( ) ( ) ( ): , , ,A
A A A A

A AM
C M A C M A C M Aω ∞ ∞ ∞   Ω ×Ω →     

such that for any ( ), ,A
AX Y C M A∞ ∈Ω    

( )  ( ) ( )1,A A
A A
M M

X Y ad X Yω σ − = −
 

  

is a skew-symmetric 2-form on ( ),A
A C M A∞ Ω    such that 

( ) ( ), , ,A

AA A A
MM

x y x yω ω=     

for any x and y in ( )C M∞ Ω   . Moreover, ( ), A
A A

M
M ω  is a Poisson manifold. 

Theorem 2. [9] The manifold AM  is a Poisson manifold if and only if there exists a skew-symmetric 2-form 

( ) ( ) ( ): , , ,A
A A A A

A AM
C M A C M A C M Aω ∞ ∞ ∞   Ω ×Ω →     

such that for any ϕ  and ψ  in ( ),AC M A∞ , 

{ } ( ) ( )( ), ,A A A A
A A A

M M M M
ϕ ψ ω δ ϕ δ ψ= −  

defines a structure of A-Lie algebra over ( ),AC M A∞ . Moreover, for any f and g in ( )C M∞ , 

{ } { }, , .A

AA A
MM

f g f g=  

In this case, we will say that A
A
M

ω  is the Poisson 2-form of the A-Poisson manifold AM  and we denote 
( ), A

A A
M

M ω  the A-Poisson manifold of Poisson 2-form A
A
M

ω  [9]. 

3. Poisson Vector Field on Weil Bundles 
Proposition 3. For any ( )Der C Mθ ∞ ∈    and for any ( )( )p C Mη ∞ ∈Λ Ω   , we have 

( ) ( ) .A

AAi iθθ
η η=     

Proof. If ( )( )p C Mη ∞ ∈Λ Ω   , then there exists ( )1 2, , , pf f f C M∞∈ , such that  

( ) ( )1M M pf fη δ δ= ∧ ∧ . Thus, 
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( ) ( ) ( )( )
( ) ( )( )
( ) ( )( )
( ) ( )( )
( ) ( )( )

( )

1

1

1

1

1

, ,

, ,

.

A A

A

A

AA
M M p

AA
M M p

AAA
M M p

A

M M p

A

M M p

A

i i f f

i f f

f f

f f

i f f

i

θ θ

θ

θ

θ

θ

θ

η δ δ

δ δ

σ δ δ

σ δ δ

δ δ

η

 = ∧ ∧ 

 = ∧ ∧    

 =     

 =  

 = ∧ ∧ 

=   











 

3.1. Lie Derivative 
The Lie derivative with respect to ( ),A

AD Der C M A∞ ∈    is the derivation of degree 0 

( )( ) ( )( ): , , .A A
A A A A

D D D A AM M
i i C M A C M Aδ δ ∞ ∞   = + Λ Ω → Λ Ω    L  

Proposition 4. For any ( )Mθ ∈X , lthe map 

( )( ) ( )( ): , ,A
A A

A AC M A C M A
θ

∞ ∞   Λ Ω → Λ Ω   L  

is a unique A-linear derivation such that 

( ) ( ) ,A

AA
θθ

η η=   L L  

for any ( )( )C Mη ∞ ∈Λ Ω   . 

Proof. For any ( )( )C Mη ∞ ∈Λ Ω   , we have 

( ) ( ) ( )
( )( ) ( )( )
( )( ) ( )( )
( ) ( )( )

( ) .

A A A A A

A A

A A A A A
M M

A AA
M M

A A

M M

A

M M

A

i i

i i

i i

i i

θ θ θ

θθ

θ θ

θ θ

θ

η δ η δ η

δ η δ η

δ η δ η

δ η δ η

η

   = +   

= +      

= +      

= +      

=   

L

L

 

A vector field θ  on a Poisson manifold ( ), MM ω  is called Poisson vector field if the Lie derivative of Mω  
with respect to θ  vanishes i.e. 0Mθω =L . A vector field 

( ) ( ): , ,A AX C M A C M A∞ ∞→  

on a A-Poisson manifold of Poisson 2-form A
A
M

ω  will be said Poisson vector field if 0AX M
ω =L . 

Proposition 5. If ( ), MM ω  is a Poisson manifold, then a vector field 

( ) ( ): C M C Mθ ∞ ∞→  
is a Poisson vector field if and only if 

( ) ( ): , ,A A AC M A C M Aθ ∞ ∞→  

is a Poisson vector field. 
Proof. indeed, for any ( )Mθ ∈X , 

[ ] .A A
A

MM θθ
ω ω=L L  
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Thus, 0Mθω =L  if and only if 0A AMθ
ω =L . 

Proposition 6. Let ( ), A
A

M
M ω  be a A-Poisson manifold. Then, all globally hamiltonian vector fields are 

Poisson vector fields. 
Proof. Let X be a globally hamiltonian vector field, then there exists ( ),AC M Aϕ ∞∈  such that ( )X ad ϕ=  

i.e. X is the interior derivation of the Poisson A-algebra ( ),AC M A∞  [6]. For any ψ  and ( ),AC M Aφ ∞∈ , 

( ) ( )( ) ( )( ) ( ) ( )( )
( ) ( ) ( )( ) ( ) ( ) ( )( )

( ) ( ) ( )( )
( ) { }( ) { } ( ) ( ) { }

{ }{ } { }{ } { }{ } { }{ } { }{ } { }{ }( )

, ,

, ,

,

, , , , ,

, , , , , , , , , , , , 0.

A A A A A A

A A A A A A

A A A

A A A A A

A A A A
X adM M M M M M

A A A A
adM M M M M M

A A
adM M M

A A A
MM M M M M

ad

ad

ϕ

ϕ

ϕ

ω δ ψ δ φ ω δ ψ δ φ

ϕ ω δ ψ δ φ ω δ ψ δ φ

ω δ ψ δ φ

ϕ ψ φ ω δ ϕ ψ δ φ ω δ ψ δ ϕ φ

ϕ ψ φ ϕ ψ φ ψ ϕ φ ϕ ψ φ φ ϕ ψ ψ φ ϕ

   =   

  = −   

 −  

   = − − −   

= − + + = − + + =

L L

L

L  

Thus, all globally hamiltonian vector fields are Poisson vector fields. 
When ( ),M Ω  is a symplectic manifold, then ( ),A AM Ω  is a symplectic A-manifold [6] [12]. For  

( ),AC M Aϕ ∞∈ , we denote Xϕ  the unique vector field on AM , considered as a derivation of ( ),AC M A∞  

into ( ),AC M A∞ , such that 

( ) ,A A
Xi d
ϕ

ϕΩ =  

where 

( ) ( ): , ,A A Ad M A M AΛ → Λ  

denotes the operator of cohomology associated with the representation 

( ) ( ), , .A A
AM Der C M A X X∞ →   X  

When ( ),A AM Ω  is a symplectic A-manifold, then for any ( )AX M∈X , 

( ).A A A
X Xd iΩ = ΩL  

Therefore, all globally hamiltonian vector fields are Poisson vector fields. 
Proposition 7. For any ( ),AC M Aϕ ∞∈  and for any Poisson vector field Y, we have 

( ), .YY X Xϕ ϕ  =   

Proof. 

( ) ( )
( ) ( ) ( )

( ) ( )
( )

,
,

.
Y

A A A A
Y X Y X X YY X

A A A A A
Y X Y Y

A A A A
Y X

i i i i

i i d d d i d

d i d d Y i

ϕ ϕ ϕϕ

ϕ

ϕ

ϕ ϕ

ϕ ϕ

  
 Ω = Ω = Ω − Ω 

   = Ω = +   
 = = = Ω   

L L L

L  

Thus, 

( ), .YY X Xϕ ϕ  =   

3.2. Example 

When 
1

n

i i
i

p dxα
=

=∑  is a Liouville form, where ( )1 1, , , , ,n nx x p p⋅ ⋅ ⋅ ⋅ ⋅ ⋅  is a local system of coordinates in the co-

tangent bundle T M∗  of M, then ( T M∗ , 
1

n

i i
i

d dp dxα
=

Ω = = Λ∑ ) is a symplectic manifold on T M∗  [7]. Let 
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Aα  be the unique differential A-form of degree −1 on AT M∗  such that 

( ) ( ) .
AA Ad dα α=     

Thus, 

( ) ( ) ( ) ( )
1

.
nAA A A A A A A

i i
i

d d d p d xα α
=

Ω = = = Λ   ∑  

Therefore, ( AT M∗ , ( )A A Ad αΩ = ) is a symplectic A-manifold. 
For ( ),AH C M A∞∈ , let HX  be the globally hamiltonian vector field 

( ).
H

A A
Xi d HΩ = −  

As [13] 

,
A

A
ii xx

 ∂ ∂
=  ∂∂  

 

we have 

1 1
,

n n

H i iA A
i ii i

X f g
x p= =

∂ ∂
= ⋅ + ⋅

∂ ∂∑ ∑  

( ) ( ) ( ) ( )

( ) ( )
1 1

1 1
, , .

H H H

n n
A A A A A A A

X X i X iA A
i ii i

n n
A A A A A A

H i H iA A
i ii i

i i d x i d p
x p

X d x X d p
x p

= =

= =

   ∂ ∂
Ω = Ω + Ω   ∂ ∂   

   ∂ ∂
= Ω + Ω   ∂ ∂   

∑ ∑

∑ ∑
 

As 

( ) ( )( ) ( ) ( )( )

( ) ( )

1 1

, ,

,

, , ,

, ,

n n
A A A

H i jA A A A A
j ji j i j i

n n
A A A A A A A A

j k k j k kA A A A
j k j kj i j i

n
A A A A A

j k kA A
j k j i

X f g
x x x p x

f d p d x g d p d x
x x p x

g d p d x d
p x

= =

    ∂ ∂ ∂ ∂ ∂
Ω = ⋅Ω + ⋅Ω        ∂ ∂ ∂ ∂ ∂     

   ∂ ∂ ∂ ∂
= ⋅ Λ + ⋅ Λ      ∂ ∂ ∂ ∂   

   ∂ ∂
= ⋅ −    ∂ ∂  

∑ ∑

∑ ∑

∑ ( ) ( )

( )
,

,

A A A
k kA A

i i

n

j kj ki j
j k

p d x
x p

g gδ δ

    ∂ ∂
    ∂ ∂     

= ⋅ ⋅ =∑

 

and 

( ) ( )( )

( ) ( ) ( )

1 1

1 ,

,

, , ,

, ,

n n
A A A

H i jA A A A A
j ji j i j i

n n
A A A A A

i j k kA A A A
j j kj i j i

n
A A A A A A

j k k kA A A
j k j i i

X f g
p x p p p

f f d p d x
x p x p

f d p d x d p
x p p

= =

=

    ∂ ∂ ∂ ∂ ∂
Ω = ⋅Ω + ⋅Ω        ∂ ∂ ∂ ∂ ∂     

   ∂ ∂ ∂ ∂
= ⋅Ω = ⋅ Λ      ∂ ∂ ∂ ∂   

    ∂ ∂ ∂
= ⋅ −    ∂ ∂ ∂  

∑ ∑

∑ ∑

∑ ( )

( )
,

.

A A
k A

j

n

j kj ki j
j k

d x
x

f fδ δ

   ∂
     ∂     

= ⋅ − ⋅ = −∑

 

As, 
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( ) ( )

( ) ( )
1 1

1 1
.

H

n n
A A A A A

X i i i i
i i
n n

A A A A
i iA A

i ii i

i g d x f d p dH

H Hd x d p
x p

= =

= =

Ω = ⋅ + ⋅ = −

∂ ∂
= −

∂ ∂

∑ ∑

∑ ∑
 

Thus, 

i A
i

i A
i

Hf
p

Hg
x

∂ = ∂
 ∂ = −
 ∂

 

where ( ), ,A
i if g C U A∞∈ . An integral curve of HX  is a solution the following system of ordinary equation 

( )

( )

d

d
1,2, , .

d

d

A A
i

A A
i

A A
i

A A
i

x H
t p

i n
p H
t x

 ∂ =
∂

∀ =
 ∂

= −
∂

  

1 1

n n

H A A A A
i ii i i i

H HX
p x x p= =

∂ ∂ ∂ ∂
= −

∂ ∂ ∂ ∂∑ ∑  

When ( )1 2 2, , , nx x x  is a local system of coordinates corresponding at a chart U of M, 

1
.

n

i i nU
i

dx dx +
=

Ω = Λ∑  

Thus, 

( ) ( )
=1

= ,A

n
A A A A A

i i nU i
d x d x +Ω Λ∑  

1 1
A

A A
n n

i i nU
i ii i n

X f f
x x+

= = +

   ∂ ∂
= +   ∂ ∂   
∑ ∑  

where ( ), ,A
i i nf f C U A∞

+ ∈  for 1, 2, ,i n=  . For ( ),AC M Aϕ ∞∈ , 

1 1
.

n n

X A A A A
i in i i i n ix x x xϕ

ϕ ϕ
= =+ +

∂ ∂ ∂ ∂
= −

∂ ∂ ∂ ∂∑ ∑  

( ) ( )
1 1

.
n n

A A A A A
X i n iA

i i n ii

i d x d x
xxϕ

ϕ ϕ
+

= = +

 ∂ ∂
Ω = − + ∂∂ 

∑ ∑  

As 

{ } ( ), ,A Xϕϕ ψ ψ
Ω

=  

we have 

{ }
1 1

, .A

n n

A A A A
i in i i i n ix x x x

ϕ ψ ϕ ψϕ ψ
Ω

= =+ +

∂ ∂ ∂ ∂
= −

∂ ∂ ∂ ∂∑ ∑  
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