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Abstract 
Let ( )p z  be a polynomial of degree n and for a complex number α , let  

( ) ( ) ( ) ( )′D p z np z z p z= + −α α  denote the polar derivative of the polynomial ( )p z  with respect to 
α . In this paper, first we extend as well as generalize the result proved by Dewan and Mir [Inter. 
Jour. Math. and Math. Sci., 16 (2005), 2641-2645] to polar derivative. Besides, another result due 
to Dewan et al. [J. Math. Anal. Appl. 269 (2002), 489-499] is also extended to polar derivative. 
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1. Introduction and Statements of the Results  
Let ( )p z  be a polynomial of degree n and denote by ( ) ( ), max

z r
M p r p z

=
= . Then we have the following 

well-known Bernstein’s inequality [1]. 

( ) ( )
1 1

max max .
z z

p z n p z
= =

′ ≤                                  (1.1) 

Equality holds in (1.1) if and only if ( )p z  has all its zeros at the origin. 

Inequality (1.1) can be sharpened if we restrict ourselves to the class of polynomials having no zeros in 
1z < . In fact, it was conjectured by Erdösand later verified by Lax [2] that if ( ) 0p z ≠  in 1z < , then 

( ) ( )
1 1

max max .
2z z

np z p z
= =

′ ≤                                  (1.2) 

Inequality (1.2) is the best possible and equality attains for ( ) np z zα β= + , α β= . 
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Malik [3] extended (1.2) by considering the class of polynomials ( )p z  of degree n not vanishing in z k< , 
1k ≥ , and proved 

( ) ( )
1 1

max max
1z z

np z p z
k= =

′ ≤
+

.                               (1.3) 

As a generalization of (1.3), Bidkham and Dewan [4] proved that if ( )p z  was a polynomial of degree n 
having no zero in z k< , 1k ≥ , then for 1 kρ≤ ≤ , 

( ) ( )
( )

( )
1

1
max max .

1

n

nz z

k
p z n p z

kρ

ρ −

= =

+
′ ≤

+
                            (1.4) 

Equality holds in (1.4) for ( ) ( )np z z k= + . 
Further, Dewan and Mir [5] obtained the following result which was a generalization as well as an improve-

ment of (1.4). 

Theorem A. If ( )
0

n
p z a zυυ

υ=
= ∑  is a polynomial of degree n having no zero in z k< , 1k ≥ , then for 

0 r kρ< ≤ ≤ , 

( ) ( )
( )

( )( )
( ) ( )

1 1
0 1

2 2 2
0 1

max 1 , .
2

n n

nz

k k n a k a nk r k rp z n M p r
k kk n a k ak rρ

ρρ ρ
ρ ρρ ρ

− −

=

 − −+   − + ′ ≤ −   + ++ ++    
         (1.5) 

Let ( )p z  be a polynomial of degree n and let ( )D p zα  denote the polar derivative ( )p z  with respect to 
a point α , then 

( ) ( ) ( ) ( ).D p z np z z p zα α ′= + −  
The polynomial ( )D p zα  is of degree at most 1n −  and it generalizes the ordinary derivative in the sense 

that 
( ) ( )lim .

D p z
p zα

α α→∞
′=  

Aziz [6] extended (1.3) to the polar derivative of ( )p z  by showing that if ( )p z  had no zero in z k< , 
1k ≥ , the for every real or complex number α  with 1α ≥ ,  

( ) ( )
1 1

max max .
1z z

k
D p z n p z

kα

α
= =

 +  ≤  
+  

                            (1.6) 

Inequality (1.6) is the best possible and equality holds for ( ) ( )np z z k= +  with a real number 1α ≥ , and 
1k ≥ . 

In this paper, we establish the following result, which deduces to a result giving, in turn, a generalization as 
well as an extension of Theorem A to polar derivative. In fact, we prove: 

Theorem 1. If ( )
n

o
p z a zυυ

υ=
= ∑ , is a polynomial of degree n having no zero in z k< , 0k > , then for 

0 r kρ< ≤ ≤ , and for every real or complex number α  with α ρ≥ , 

( ) ( )
( )

( ) ( )( )
( )

1
0 1

2 2 2
0 1

max 1 1 .
2

n n

nz

k k n a k an k r kD p z k
kk n a k ak r

αρ

ρρ
α

ρρ ρ

−

=

  − −+  +  ≤ + − −  + + ++     
     (1.7) 

The result is the best possible and equality occurs for ( ) ( )np z z k= + , 0k >  with a real number α ρ≥ .  
Remark 1. For 0 r kρ< < ≤ ,we have 

( )

( )

1 2

1

1 1 1
1

.

n n n n

n

rr k r k r r k r k r k
k k k k k kr kk

k

r r kn
k k

ρ ρ
ρ ρ ρ ρ ρ ρ

ρ
ρ

ρ
ρ ρ

− −

−

   −           + + − + + +   − = − = + + + +              + + + + + +  +                 + −  +  

   − +
≥    + +   



 (1.8) 
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Also, for r ρ= , inequality (1.8) holds trivially and hence inequality (1.8) is true for 0 r kρ< ≤ ≤ . Using 
this fact in the above theorem, we have: 

Corollary 1. If ( )
0

n
p z a zυυ

υ=
= ∑ , is a polynomial of degree n having no zero in z k< , 0k > , then for 

0 r kρ< ≤ ≤ , and for every real or complex number α  with α ρ≥ , 

( ) ( )
( )

( ) ( )( )
( ) ( )

1 1
0 1

2 2 2
0 1

max 1 max .
2

n n

nz z r

k k n a k a nk r r kD p z n k p z
k kk n a k ar k

αρ

ρρ ρα
ρ ρρ ρ

− −

= =

 − −+   − + ≤ + −   + + + ++    
  (1.9) 

It is seen that Corollary 1 is a generalization as well as an extension of a result due to Dewan and Mir [5] into 
polar derivative.  

Dividing both sides of (1.9) by α  and making α →∞ , we obtain the following, which is an extension of 
the theorem due to Dewan and Mir [5]. 

Corollary 2. If ( )
0

n
p z a zυυ

υ=
= ∑  is a polynomial of degree n having no zero in z k< , 0k > , then for 

0 r kρ< ≤ ≤ ,  

( ) ( )
( )

( )( )
( ) ( )

1 1
0 1

2 2 2
0 1

max 1 max .
2

n n

nz z r

k k n a k a nk r k rp z n p z
k kk n a k ak rρ

ρρ ρ
ρ ρρ ρ

− −

= =

 − −+   − +′ ≤ −   + + + ++    
    (1.10) 

The result is the best possible and the extremal polynomial is ( ) ( ) np z z k= + , 0k > . 
Remark 2. Both the inequalities (1.7) and (1.9) of Theorem 1 and Corollary 1, respectively reduce to inequa-

lity (1.6) for 1r ρ= = . 
Further, it was shown by Turán [7] that if ( )p z  is a polynomial of degree n having all its zeros in 1z ≤ , 

then 

( ) ( )
1 1

max max
2z z

np z p z
= =

′ ≥ .                             (1.11) 

The result is sharp and equality in (1.11) holds if all the zeros ( )p z  lie on 1z = . 
As an extension of (1.11), Malik [3] showed that if ( )p z  has all its zeros in z k≤ , 1k ≤ , then 

( ) ( )
1 1

max max
1z z

np z p z
k= =

′ ≥
+

                            (1.12) 

whereas, if ( )p z  has all its zeros in z k≤ , 1k ≥ , then Govil [8] proved that 

( ) ( )
1 1

max max .
1 nz z

np z p z
k= =

′ ≥
+

                          (1.13) 

Both the estimates (1.12) and (1.13) are sharp. Equality in (1.12) holds for ( ) ( )np z z k= + , 1k ≤  whereas 

equality in (1.13) holds for ( ) n np z z k= + , 1k ≥ . 
Although the above result is sharp but still it is easy to see that it has two drawbacks. Firstly, the bound in 

(1.13) depends only on the zero of largest modulus and not on other zeros even if some of them are very close to 
the origin. Secondly, since the extremal polynomial in (1.13) is n nz k+ , it should be possible to obtain a better  

bound for the polynomials 
0

n
a zυυ

υ=
∑ , where not all the co-efficients 1 2 3 1, , , , na a a a −  are zero. It would, there-

fore, be interesting to obtain a bound which depends on the location of all the zeros of the polynomial 
0

n
a zυυ

υ=
∑  

and also on the co-efficients 1 2 3, , , , na a a a . In this connection, Dewan et al. [9] proved. 

Theorem B. If ( ) ( )
10

n n

np z a z a z zυ
υ ν

νυ ==

= = −∑ Π , 0na ≠  is a polynomial of degree 3n ≥  such that 
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z kν ν≤ , 1 nν≤ ≤ , and ( )1 2 3max , , , , 1nk k k k k= ≥ , then 

( ) ( )
( )
( ) ( )

( ) ( )
( ) ( )

( ) ( )
( )

( ) ( )( )
( )( )

1 11 1

1 2

1

2

1

1

12max max min
1 1

1 14 41
11 1

1 1 1 2 1 1
1 2 3

2

nn n

n n n z kz z

n n
n n

n n

n n n

kk kp z p z p z
k z k zk k k

k n ka a
n n k zk k k

k n k k n k

n n n n k z

a

ν νν ν

ν ν

ν ν

== == =

− −

=

−

=

−  
′ ≥ +   + ++ +  

 − − − + + 
+ ++ +  

    − − − − − − −    × −    − − − +       

+

∑ ∑

∑

∑

1 1 3
2

1 1

21 1 1 , for 3
1 1 3

n n n

n n

ak k k n
n n nk k

− − −

− −

   − − −
+ − >   + − −   

         (1.14) 

and 

( ) ( ) ( ) ( )

( ) ( ) ( )
( )

( ) ( ){ }

3

3 3 31 11 1

3 3
2 1

3 3
1 1

1 22

2 1max max min
1 1

1 3 1 2 11 1
31 3 1

1 1 2 1 , for 3.
2

n n

z kz z

n n

k k kp z p z p z
k z k zk k k

k ka a k
k z k zk k k

k k a a k n
k

ν νν ν

ν νν ν

== == =

= =

   −′ ≥ +      + ++ +   

 − − −    − + +       + ++ +     
− + + + − = 

 

∑ ∑

∑ ∑       (1.15) 

The result is the best possible and equality in (1.14) and (1.15) holds for ( ) n np z z k= + . 
Aziz and Rather [10] obtained a result which not only extended (1.12) into polar derivative of ( )p z , but also 

was a generalization by proving that if all the zeros of the polynomial ( ) ( )
1

n

np z a z zν
ν =

= −∏ of degree n lie in 

z k≤  where 1k ≤ , then for every real or complex number α  with kα ≥ ,  

( ) ( ) ( )
1 11

1max max
1

n

z z
D p z k p z

zα
ν ν

α
= ==

≥ −
+∑ .                      (1.16) 

The result is sharp and equality holds for ( ) ( )np z z k= −  with 1α > . 
While, the corresponding extension which was also a generalization of (1.13) for 1k ≥ , was done by Rather 

[11] who proved that if all the zeros of the polynomial ( ) ( )
1

n

np z a z zν
ν =

= −∏  of degree n lie z k≤ , 1k ≥ , 

then for every real or complex number α  with kα ≥ , 

( ) ( ) ( )
1 11

1 1max max .
11

n

nz z
D p z k p z

zkα
ν ν

α
= ==

≥ −
++ ∑                    (1.17) 

Next, we further prove the following theorem in which inequality (1.18) not only extends inequality (1.14) 
into polar derivative but is also a generalization, while inequality (1.19) extends inequality (1.15) into polar de-
rivative. 

Theorem 2. If ( ) ( )
01

n n

np z a z z a zυν υ
υν ==

= − = ∑∏ , 0 0a ≠  is polynomial of degree 3n ≥ , such that z kν ν≤ , 

1 nν≤ ≤ , and if ( )1 2 3max , , , , 1nk k k k k= ≥ , then for every real or complex number α  with kα ≥ , and 

1 0n nna aα −+ ≠  for 3n ≥ , 
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( ) ( ) ( )
( )
( ) ( )

( ) ( )
( ) ( )

( ) ( )
( )

( ) ( )( )
( )( )

1 11 1

1 2

1

2

12max max min
1 1

1 1 1 14 41
1 11 1

1 2 1 1
2 3

nn n

n n n z kz z

n nn
n n

n n

n

kk kD p z k p z p z
k z k zk k k

k n k k n ka a
n n k z n nk k k

k n k

n n

α
ν νν ν

ν ν

α
== == =

− −

=

−

 −  
≥ − +   + ++ +  

   − − − − − −    + +      + + −+ +      
 − − − −  −  − −  

∑ ∑

∑

( )

1

0 11
1

1 3
1 2

1

2 1
1

1 2 1 1 for 3
1 3

nn

n

n n

n

k na a
k z nk

n a a k k n
n nk

ν ν

α

α

−

−
=

− −

−

   −
+ +    + +   

− +  − −
+ − > − − 

∑

    (1.18) 

and 

( ) ( ) ( ) ( )

( )
( ) ( ) ( )

( )
( ) ( ) ( ){ }

33 3

3 3 31 11 1

3 3
2 1

3 3

0 1 1 22

2 1max max
1 1

1 3 1 12min
3 31 1

1
1 3 2 1 for 3.

2

z z

z k

k k kD p z k p z
k z k zk k k

k ka a k
p z

k k k

k
k a a k a a n

k

α
ν νν ν

α

α α

= == =

=

    −≥ − +      + ++ +   
 − − − −  × + +  + +   

−
+ + + + − + =

∑ ∑

      (1.19) 

If we divide both sides of (1.18) and (1.19) by α  and make α →∞ , we obtain inequalities (1.14) and 
(1.15) respectively. 

Remark 3. For polynomials of degree 3n ≥ , Theorem 2 gives a refinement of inequality (1.17) due to Ra-
ther [11]. 

Since 1
2

k
k zν

≥
+

 for 1 nν≤ ≤ , Theorem 2 gives, in particular: 

Corollary 3. If ( )
0

n
p z a zυυ

υ=
= ∑ , 0 0a ≠ , is a polynomial of degree 3n ≥  having all its zeros in z k≤ , 

1k ≥ , then for every real or complex number α  with kα ≥ , 1 0n nna aα −+ ≠  for 3n ≥ , 

( ) ( ) ( )
( )
( ) ( )

( )
( ) ( )

( ) ( )
( ) ( )

( )

( ) ( )( )
( )( )

( )

1 1

1 2
2

2 1

0 11

1

1
max max min

1 2 1

1 1 1 12 2
1 11 1

1 2 1 2 1
2 3 1

1 2

n

n n n z kz z

n n
n n

n n

n n

n

n knD p z k p z p z
k k k

k n k k n kn a n a
n n n nk k k k

k n k k na a
n n nk

n a

α α

α

α

== =

− −

− −

−

 −
≥ − +
+ +

   − − − − − −   + +   + −+ +     
 − − − −  − − + +   − − +  

− +
+

1 3
2

1

1 1 for 3
1 3

n n

n

a k k n
n nk

− −

−

 − −
− > − − 

        (1.20) 

and 

( ) ( ) ( )
( )
( ) ( )

( ) ( )

( )
( )

( ) ( ) ( ){ }

3 3
2

3 33 31 1

3
1

0 1 1 223

3 1 1 3 13max max min
31 12 1

1 12 1 3 2 1 for 3.
3 21

z kz z

k k ka
D p z k p z p z

k kk k

a k k
k a a k a a n

kk k

α α

α α

== =

 − − − − ≥ − + +   + ++   
− −
+ + + + + − + =
+ 

  (1.21) 
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Remark 4. For 1k >  and 1x > , 1xk
x
−  and 

( ) ( )
( )

1 1

1

xk x k

x x

− − −

−
 are both increasing functions of x and so 

the expressions 
1 31 1

1 3

n nk k
n n

− − − −
− − − 

 

and 

( ) ( )
( )

( ) ( )( )
( )( )

21 1 1 2 1
,

1 2 3

n nk n k k n k

n n n n

− − − − − − − − − 
− − −  

 

are always non-negative so that for polynomials of degree 2n > , inequalities (1.20) and (1.21) together provide 
a refinement of inequality (1.17). In fact, excepting the case when ( )p z  has all its zeros on z k= , with 

1 0a = , 2 0a = , 1 0na − =  and 2 0na − = , the bound obtained in Theorem 2 is always sharper than the bound 
obtained from inequality (1.17). 

2. Lemmas 
We require the following lemmas for the proofs of the theorems. 

Lemma 2.1. If ( )
0

n
p z a zυυ

υ=
= ∑  is a polynomial of degree n having no zero in z k< , 1k ≥ , then 

( ) ( ) ( )
2

0 1
2 21 1

0 1

max max .
1 2z z

n a k a
p z n p z

k n a k a= =

+
′ ≤

+ +
 

The above result is due to Govil et al. [12]. 

Lemma 2.2. If ( )
0

n
p z a zυυ

υ=
= ∑  is a polynomial of degree n having no zero in z k< , 0k > , then for 

0 r kρ< ≤ ≤ , 

( ) ( ), ,
n

r kM p r M p
k

ρ
ρ

 +
≥  + 

. 

There is equality in (2.2) for ( ) ( ) np z z k= + . 
Lemma 2.2 is due to Jain [13]. 

Lemma 2.3. If ( )
n

p z a zυυ
υ µ=

= ∑  is a polynomial of degree n having no zero in z k< , 0k > , then the func-

tion 

( )
( )( )
( )

2
0 1

2 2 2
0 1

,
2

n a t k a k t
f t

t k n a k t a

+ +
=

+ +
                               (2.2) 

is a non-decreasing function of t in ( ]0, k . 
Proof of Lemma 2.3.We prove this by derivative test. Now, we have 

( )
( ) ( )( )

( ){ }
3 2 2

0 1 0 1 0

22 2 2
0 1

2 2

2

n a k a k n a tk k a n a k t
f t

t k n a k t a

− + + −
′ =

+ +
, 

which is non-negative since ( )0 1 0n a k a− ≥  (see Remark 1 with m = 1) [14] and the fact that t k≤ . 

Lemma 2.4. If ( )
0

n
p z a zυυ

υ=
= ∑  is a polynomial of degree n having no zero in z k< , 0k > , then for 
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0 r kρ< ≤ ≤ , 

( )
( )( )

( ) ( )0 1

2 2 2
0 1

, 1 1 , .
2

nn k k n a k ak r kM p M p r
r k kk n a k a

ρρρ
ρρ ρ

  − −  + +    ≤ − −   + + + +     
             (2.3) 

Inequality (2.3) is the best possible for ( ) ( )np z z k= + , 0k > . 
Remark 5. Lemma 2.4 is of independent interest because by employing the simple fact that  

1

1
n n

k r k rn
k kρ ρ

−
   + +

− ≥   + +   
 

of Remark 1, it gives a result which extends the theorem due to Dewan and Kaur [15]. 
The proof of Lemma 2.4 follows on the same lines as that of Lemma 2.3 due to Dewan and Mir [5], but for 

the sake of completeness we give a brief outline of its proof. 
Proof of Lemma 2.4. Since ( )p z  has no zero in z k< , 0k > , the polynomial ( ) ( )P z p tz=  where 

0 t k< ≤  has no zero in kz
t

< , where 1k
t
≥ . Hence applying Lemma 2.1 to the polynomial ( )P z , we get 

( ) ( )

2

0 12

2 21 1

0 12 2

max max
1 2

z z

kn a ta
tP z n P z

k kn a ta
t t

= =

 
 +
 ′ ≤   

+ +  
   

, 

which implies  

( ) ( ) ( )
2

0 1
2 2 2

0 1

max max
2z t z t

n a t k a
p z n p z

t k n a k t a= =

 + ′ ≤  
+ +  

.                         (2.4) 

Now, for 0 r kρ< ≤ ≤  and 0 2πθ≤ ≤ , we have 

( ) ( ) ( ) ( ) ( )
2

0 1
2 2 2

0 1

e e e d max d ,
2

i i i

z t
r r

n a t k a
p p r p t t n p z t

t k n a k t a

ρ ρ
θ θ θρ

=

 + ′− ≤ ≤  
+ +  

∫ ∫  (using (2.4)) 

which implies on using (2.2) of Lemma 2.2, 

( ) ( ) ( ) ( )

( )
( ) ( ) ( )

2
0 1

2 2 2
0 1

2
0 1

2 2 2
0 1

e e , d
2

,
d ,

2

n
i i

r

n
n

r

n a t k a t kp p r n M p r t
r kt k n a k t a

n a t k anM p r
t k t

t k n a k t ar k

ρ
θ θ

ρ

ρ
 + +  − ≤   ++ +    

 + = + 
+ ++   

∫

∫

 

which gives for 0 r kρ< ≤ ≤ , 

( )
( ) ( ) ( ) ( )

2
0 1

2 2 2
0 1

, 1 d , .
2

R
n

n
r

n a t k anM p t k t M p r
t k n a k t ar k

ρ
  +  ≤ + × +  + ++    

∫                (2.5) 

For 0 r t kρ< ≤ ≤ ≤ , by Lemma 2.3, we have 

( )
( )

( )
( )

2 2
0 1 0 1

2 2 2 2 2 2
0 1 0 1

.
2 2

n a t k a k t n a k a k
t k n a k t a k n a k a

ρ ρ

ρ ρ

+ + + +
≤

+ + + +
                      (2.6) 

Using (2.6) to (2.5), we have 
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( ) ( )
( ) ( ) ( ) ( )

( )( )
( )

( )( )
( ) ( )

( )( )
( )

2
10 1

2 2 2
0 1

2 2
0 1 0 1

2 2 2 2 2 2
0 1 0 1

0 1

2 2 2
0 1

, 1 d ,
2

1 ,
2 2

2

n
n

r

n

n a k ak
M p n t k t M p r

k n a k ar k

k n a k a k n a k a k M p r
r kk n a k a k n a k a

k k n a k a

k n a k a

ρρρ
ρ

ρ ρ

ρ ρ ρ ρ ρ
ρ ρ ρ ρ

ρ

ρ

−
 ++
 ≤ + × +
 + ++ 
    + + + + +     = − +     ++ + + +         

 − − =  
+ +

∫

( )( )
( ) ( )

( )( )
( ) ( )

0 1

2 2 2
0 1

0 1

2 2 2
0 1

1 ,
2

1 1 , ,
2

n

nn

k k n a k a k M p r
r kk n a k a

k k n a k ak r k M p r
r k kk n a k a

ρ ρ
ρ

ρρ
ρρ

  − − +   + −   ++ +       
  − −  + +    = − −   + + + +      

 

which completes the proof of Lemma 2.4. 

Lemma 2.5. If ( )
0

n
p z a zυυ

υ=
= ∑  is a polynomial of degree 2n ≥ , then for 1R ≥ , 

( ) ( )
( ) 2

0 11

2 1 1 1max max , if 2
2 2

n n n
n

z R z

R R Rp z R p z a a n
n n n

−

= =

−  − −
≤ − − − > 

+ − 
            (2.7) 

and 

( ) ( ) ( ) ( ) ( ) }{2
0 11

1
max max 1 1 , if 2.

2z R z

R
p z R p z R a R a n

= =

−
≤ − + + − =               (2.8) 

Lemma 2.5 is due to Dewan et al. [9]. 

Lemma 2.6. If ( )
0

n
p z a zυυ

υ=
= ∑  is a polynomial of degree 3n ≥  having all its zeros in 1z ≥ , then for 

1R ≥ , 

( ) ( ) ( )
( ) ( )

( ) ( )
( )

( ) ( )( )
( )( )

1

11

2

2

1 121 1max max min
2 2 1

1 1 1 2 1
2 for 3

1 2 3

nn n

zz R z

n n

R n RaR Rp z p z p z
n n

R n R R n R
a n

n n n n

== =

−

 − − − + −  ≤ − −    +    
    − − − − − − −    − − >    − − −       

       (2.9) 

and 

( ) ( ) ( )

( ) ( )( )
( )( ) ( )

3 3

11

2
31 2

1 1max max min
2 2

1 2 1
1 , for 3

2 2 3 3

zz R z

n

R Rp z p z p z

R n Ra a
R n

n n

== =

−

   + −
≤ −   
   

 − − − − − − − = 
− −  

           (2.10) 

The result is sharp and equality in (2.9) and (2.10) holds for ( ) ( )ei np z c zθ= + , where c∈C  and θ ∈R . 
This result is also due to Dewan et al. [9]. 

3. Proof of the Theorems 

Proof of Theorem 1. Since the polynomial ( )
0

n
p z a zυυ

υ=
= ∑  has no zero in z k< , 0k > , it follows that 

( ) ( )T z p zρ=  has no zero in kz
ρ

< , where 1k
ρ
≥ . Applying inequality (1.6) to the polynomial ( )T z  and 
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noting that 1α
ρ

≥ , we have  

( ) ( )
1 1

max max
1

z z

n kD p z p z
kα

ρ

α
ρ ρ

ρ ρ
ρ

= =

   ≤ +       +  
 

 

or 

( ) ( ) ( ) ( )
1 1

max max
z z

nnp z z p z k p z
k

αρ ρ ρ α ρ
ρ ρ= =

  ′+ − ≤ +  + 
, 

which is equivalent to  

( ) ( ) ( )max max
z z

nD p z k p z
kαρ ρ

α
ρ= =

≤ +
+

.                        (3.1) 

For 0 r kρ≤ ≤ ≤  and α ρ≥ , inequality (3.1) when combined with Lemma 2.4, we get  

( ) ( )
( )

( ) ( )( )
( ) ( )

1
0 1

2 2 2
0 1

max 1 1 ,
2

n n

nz

k k n a k ak r kD p z n k M p r
kk n a k ar k

αρ

ρρ
α

ρρ ρ

−

=

  − −+  +  ≤ + − −  + + ++     
, 

hence the proof of Theorem 1 is completed. 
Proof of Theorem 2. We first prove inequality (1.8). Since the zeros of ( )p z  are zν , 1 nν≤ ≤ , the zeros 

of the polynomial ( ) ( )T z p kz=  are z
k
ν , 1 nν≤ ≤ , and because the polynomial ( )p z  has all its zeros in 

z k≤ , 1k ≥ , the polynomial ( )T z  has all its zeros in z k≤ . Hence for every real or complex number α  

with 1
k
α

≥ , we have by inequality (1.16) with 1k = , 

( ) ( )
1 11

1max 1 max
1

n

z z
k

D T z T z
zk
k

α
ν ν

α
= ==

 
  
 ≥ − 
   + 
 

∑  

or 

( ) ( ) ( )
1 11

max 1 max ,
n

z z

knp kz z kp kz p kz
k k k zν ν

αα
= ==

    ′+ − ≥ −      +    
∑  

which is equivalent to  

( ) ( ) ( )
1

max 1 max
n

z k z k

z knp z kp z p z
k k k k zν ν

αα
= ==

    ′+ − ≥ −      +    
∑  

or 

( ) ( ) ( )
1

1max max
n

z k z k
D p z k p z

k zα
ν ν

α
= ==

 
≥ −   + 

∑ .                     (3.2) 

Since the polynomial ( )p z  is of degree 4n ≥ , and also by our assumption, the co-efficient of 1nz −  in the 

polar derivative ( )D p zα  viz., 1 0n nna aα −+ ≠ , it follows that ( )D p zα  is a polynomial of degree ( )1 3n − ≥ . 

Thus, applying (2.7) of Lemma 2.5 to ( )D p zα  with 1R k= ≥ , we get  
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( ) ( )
( )

( )
1 1 3

1
0 1 1 21

2 1 1 1max max 1 2 .
1 1 3

n n n
n

z k z

k k kD p z k D p z na a n a a
n n nα α α α

− − −
−

= =

−  − −
≤ − + − − + − + − − 

    (3.3) 

Combining (3.2) and (3.3), we get  

( )
( )

( )

( ) ( )

1 1 3
1

0 1 1 21

1

2 1 1 1max 1 2
1 1 3

1 max .

n n n
n

z

n

z k

k k kk D p z na a n a a
n n n

k p z
k z

α

ν ν

α α

α

− − −
−

=

==

−  − −
− + − − + − + − − 

 
≥ −   + 

∑
          (3.4) 

Let ( ) 1nq z z p
z

 =  
 

 be the reciprocal polynomial of ( )p z . Since ( )p z  has all its zeros in z k≤ , 1k ≥ , 

0 0a ≠ , it follows that the polynomial zq
k

 
 
 

 has all its zeros in 1z ≥  and is of degree 4n ≥ . Applying in-

equality (2.9) of Lemma 2.6 to zq
k

 
 
 

 for 1R k= ≥ , we get  

( ) ( )
( )

( ) ( )
( )

( ) ( )( )
( )( )

1

11

2
2

2

1 121 1max max min
2 2 1

1 1 1 2 12
,

1 2 3

nn n
n

zz k z

n n
n

k n kaz k z k zq q q
k k k k n n

k n k k n ka
n n n nk

−

== =

−
−

 − − −   + −       ≤ − −           +           
    − − − − − − −    − −    − − −       

 

which is equivalent to  

( ) ( ) ( )
( ) ( )

( )

( ) ( )
( )

( ) ( )( )
( )( )

1

11

2
2

2

1 121 1max max min
12 2

1 1 1 2 12
,

1 2 3

nn n
n

n n zz z k

n n
n

k n kak kp z p z p z
k n nk k

k n k k n ka
n n n nk

−

== =

−
−

 − − −   + −  ≤ − −      +      
    − − − − − − −    − −    − − −       

 

which gives  

( ) ( ) ( )
( ) ( )

( )

( ) ( )
( )

( ) ( )( )
( )( )

1
1

1

22
2

1 142 1max max min
11 1 1

1 1 1 2 14
.

1 2 31

nnn n
n

n n nz kz k z

n nn
n

n

k n ka kk kp z p z p z
n nk k k

k n k k n ka k
n n n nk

−
−

== =

−−
−

 − − −   −  ≤ − +      ++ + +      
    − − − − − − −    + −    − − −+        

      (3.5) 

Combining (3.4) and (3.5), we get  

( )
( )

( )

( ) ( ) ( )
( ) ( )

( )

( ) ( )

1 1 3
1

0 1 1 21

1
1

11

2
2

2 1 1 1max 1 2
1 1 3

1 141 2 1max min
11 1 1

1 14
1

n n n
n

z

nnn nn
n

n n nz kz

nn
n

n

k k kk D p z na a n a a
n n n

k n ka kk kk p z p z
k z n nk k k

k n ka k
n nk

α

ν ν

α α

α

− − −
−

=

−
−

===

−
−

−  − −
− + − − + − + − − 

 − − −     −  ≥ − + +        + ++ + +        

− − −
+

+

∑

( )
( ) ( )( )

( )( )

2 1 2 1
,

1 2 3

nk n k

n n

−     − − − −    −    − − −     
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which on simplification yields  

( ) ( ) ( ) ( ) ( )

( ) ( )
( ) ( )

( ) ( )
( )

( ) ( )( )
( )( )

1 11 1

1 2

1

2

2 1max max min
1 1

1 1 1 14 41
1 11 1

1 2 1 1
2 3

nn n

n n n z kz z

n nn
n n

n n

n

k k kD p z k p z p z
k z k zk k k

k n k k n ka a
n n k z n nk k k

k n k

n n k z

α
ν νν ν

ν ν

ν ν

α
== == =

− −

=

−

 − ≥ − +  + ++ + 

   − − − − − −     + +      + + −+ +     
 − − − −  −  − − + 

∑ ∑

∑

( ) ( )

1

0 11
1

1 3
1 2

1

2 1
1

11 2 1 ,
1 3

nn

n

n n

n

k na a
nk

kn a a k
n nk

α

α

−

−
=

− −

−

   −
+ +     +   

 −− + −  + −  − −  

∑
 

which proves inequality (1.18) completely. 
The proof of inequality (1.19) follows on the same lines as that of (1.18), but instead of applying (2.7) of 

Lemma 2.5 and (2.9) of Lemma 2.6, inequalities (2.8) and (2.10) respectively of Lemmas 2.5 and 2.6 are used. 
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