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Abstract

In this paper, we proof some properties of the space of bounded p(-)-variation in Wiener’s sense.
We show that a functions is of bounded p(-)-variation in Wiener’s sense with variable exponent if
and only if it is the composition of a bounded nondecreasing functions and hélderian maps of the

1
p(")

maps the spaces WBVp(,) ([a, b]) into itself if and only if h is locally Lipschitz. Also, we prove that if

variable exponent. We show that the composition operator H, associated with h:R > R,

the composition operator generated by h: [a,b]x]R—) R maps this space into itself and is un-

iformly bounded, then the regularization of h is affine in the second variable.
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1. Introduction

Since Camile Jordan in 1881 first gave the notion of variation of a function in the paper [1] devoted to the
convergence of Fourier series, a number of generalizations and extensions have been given in many directions.
Such extensions find many applications in different areas of mathematics. Consequently, the study of notions of
generalized bounded variation forms an important direction in the field of mathematical analysis. Two well-
known generalizations are the functions of bounded p-variation and the functions of bounded ¢-variation, due to
N. Wiener [2] and L. C. Young [3] respectively. In 1924, N. Wiener [2] generalized the Jordan notion and intro-
duced the notion of p-variation (variation in the sense of Wiener). L. Young [3] introduced the notion of
o-variation of a function. The p-variation of a function f is the supremum of the sums of the pth powers of
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absolute increments of f over no overlapping intervals. Wiener mainly focused on the case p=2, the 2-
variation. For p-variations with p = 2, the first major work was done by Young [3], partly with Love [4]. After
a long hiatus following Young’s work, pth-variations were reconsidered in a probabilistic context by R. Dudley
[5] [6]. Many basic properties of the variation in the sense of Wiener and a number of important applications of
the concept can be found in [7] [8]. Also the paper by V. V. Chistyakov and O. E. Galkin [9] is very important
in the context of p-variation. They study properties of maps of bounded p-variation (p >1) in the sense of
Wiener are defined on a subset of the real line and take values in metric or normed spaces.

In recent years, there has been an increasing interest in the study of various mathematical problems with
variable exponents. With the emergency of nonlinear problems in applied sciences, standard Lebesgue and
Sobolev spaces demonstrated their limitations in applications. The class of nonlinear problems with exponent
growth is a new research field and it reflects a new kind of physical phenomena. In 2000, the field began to
expand even further. Motivated by problems in the study of electrorheological fluids, Diening [10] raised the
question of when the Hardy-Littlewood maximal operator and other classical operators in harmonic analysis
were bounded on the variable Lebesgue spaces. These and related problems are the subject of active research to
this day. These problems were interesting in applications (see [11]-[14]) and gave rise to a revival of the interest
in Lebesgue and Sobolev spaces with variable exponent, the origins of which could be traced back to the work
of Orlicz in the 1930’s [15]. In the 1950’s, this study was carried on by Nakano [16] [17] who made the first
systematic study of spaces with variable exponent. Later, Polish and Czechoslovak mathematicians investigated
the modular function spaces (see for the example Musielak [18] [19], Kovacik and Rakosnik [20]). We refer to
books [14] for the detailed information on the theoretical approach to the Lebesgue and Sobolev spaces with
variable exponents. In [21], Castillo, Merentes and Rafeiro studied a new space of functions of generalized
bounded variation. There, the authors introduced the notion of bounded variation in the Wiener sense with the
exponent p(-)-variable.

The main purpose of this paper is threefold: First, we provide a further develop of the results of the article
[21]. We give a detailed description of the new class formed by the functions of bounded variation in the sense
of Wiener with the exponent p(-)-variable. Second, in the spirit of some results of Federer ([22] sec. 2.5.16),
Sierpinski [23], and Chistyakov and Galkin [9], we provide a characterization of the functions with variable
bounded variation in the sense of Wiener. We prove a structural theorem for mappings of bounded variation in
the sense of Wiener with the exponent p(-)-variable. Finally, we analyze a necessary and sufficient conditions
for the acting of composition operator (Nemystskij) on the space WBVp(_) [a,b] .

This paper is organized as follows: Section 2 contains definitions, notations, and necessary background about
the class of functions of bounded p(-)-variation in Wiener’s sense; Section 3 contains some properties of this
space; Section 4 contains a main theorem, which is a characterization of the functions of bounded p(-)-variation
in Wiener’s sense of the composition of two functions with certain properties; Section 5 contains another main
theorem, in which we prove a result in the case when h is locally Lipschitz if and only if the composition
operator maps the space WBV, [a,b] into itself; Finally, in section 6 we give the last main theorem, namely,
we show that any uniformly bounded composition operator that maps the space WBVp(_)[a,b] into itself
necessarily satisfies the so called Matkowski’s weak condition.

2. Preliminaries

Throughout this paper, we use the following notation: we will denote by
a)p(m(f,[a, b]) =sup{| f(t)—f(s) Pt g e [a,b]} the diameter of the image f([a,b]) (or the oscillation

of fon [a,b])and by x, anumber between [ts].

The concept of functions of bounded variation has been well-known since C. Jordan in 1881 (see [1]) gave the
complete characterization of functions of bounded variation as a difference of two increasing functions. This
class of functions exhibit so many interesting properties that it makes them a suitable class of functions in a
variety of contexts with wide applications in pure and applied mathematics (see [8] [24]).

Definition 1 Let f :[a,b]—> R be a function. For each partition 7:a=t, <t <---<t, =b of [ab], we
define

v ((£5[a,b]):=supd| f (1)~ F (t,4)], (21)

7 i=l
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where the supremum is taken over all partitions 7 of the interval [a,b]. If v ( f;[a, b]) < oo, We say that f has
bounded variation. The collection of all functions of bounded variation on [a,b] is denoted by BV [a,b].

The notion of bounded variation due to Jordan was generalized in 1924 by Wiener (see [2]) who introduced
the definition of p-variation as follows.

Definition 2 Given a real number p=>1, a partition z:a=t, <t <---<t, =b of [a,b], and a function
f :[a,b] - R. The nonnegative real number

VY (£)=V¥ (f:[ab]):= sgpjﬁ_l([ £(t) - (t)) 2.2)

is called the Wiener variation (or p-variation in Wiener’s sense) of f on [a b] where the supremum is taken
over all partitions of z. In case that VW (f [a, b]) < oo, We say that f has bounded Wiener variation (or bounded
p-variation in Wiener’s sense) on [a b] The symboI WBV ([a b]) will denote the space of functions of
bounded p-variation in Wiener’s sense on [a,b].

In 2013 R. Castillo, N. Merentes and H. Rafeiro [21] introduce the notation of bounded variation space in the
Wiener sense with variable exponent on [a, b] and study some of its basic properties.

Definition 3 Given a function p:[a,b]—(1,%0), a partition z:a=t, <t <---<t,=b of the interval
[a,b], and a function f :[a,b]— R. The nonnegative real number

Vo, (F) =V, (f.[ab])= sil[{pjzn]([f (t,)-f (tj_l)[)p(x"‘l) 23)

is called Wiener variation with variable exponent (or p(-)-variation in Wiener’s sense) of f on [a, b] where 7~
is a tagged partition of the interval [a,b], i.e., a partition of the interval [a,b] together with a finite sequence
of numbers x,,---,x,, subject to the conditions that for each i, t, <x <t,,,.

In case that V"V[( [a b])<oo we say that f has bounded Wlener variation with variable exponent (or
bounded p(-)-variation in Wiener’s sense) on [a b] The symbol WBV( ([a b]) will denote the space of
functions of bounded p(-)-variation in Wiener’s sense with variable exponent on [a,b] .

Remark 1 Given a function p:[a,b]—[1,0)

1) If p(x)=1 forallxin [a,b], then WBV, ([a,b])=BV ([ab]).
2)If p(x)=p forallxin [a,b] and 1< p<oo then WBV, ([a,b])=WBV, ([a,b]).

3. Properties of the Space
Definition 4 (Norm in WBV ([a b])

111, = (@) a4, (1), 1 =WV, ([a.b] @

. f
— W
where s, (f)=inf,, [/1 >0:Vy, (7) sl] :
In [21] is shown that the space WBV,, ([a b]) endowed with the norm ||||W is a Banach space.

Theorem 2 Let p:[a,b]—(1,%0) be a function, then (WBV ( [a,b]),| || ) is a Banach space.

Lemmallet f: [a b]—>R be a function such that f cWBV, ([a,b]) then f has the left-hand and right-
hand limits in all pointon [a,b].

Proof. Without loss of generality we can show that f has a left limit on X, e[a,b]. Assume that the
lim_ e f(x) do not exist. Then

Case 1: If lim f (x) - o0, then

[£(0)= £ (%)| <V (f:[ab])™ so tim

and lim . f (x) — o0, then V“(’)(f;[a,b]):oo,which is a contradiction.

F(x)= (%) <V (F:[ab])™ . since f(x,)=L<w

Case 2: lim _ ( ) do not converge a any point. That means that the function f oscillates. Let {tn} be
X—>Xg

n>1
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a sequence such that t, — x, when n— oo
|f(t,)-f(t,)|>r forallnm=N

f(t)-f (ti_1)| <V, (f.[a,b]) therefore Vg‘(’l) ( f.[a,b]) =0, which is a contradiction as well. o

nr <zi":1

Remark 3 Without loss of generality we can take [a,b]=[0,1]. If f e Lip[0,1] then
‘f (t;)-f (tH)‘ <k|t; ~t,,|, further, as p(-) is bounded

Vyiy (f.[0.2])=sup ,Z:‘ f(t)-f (t,-,l)‘p(xjfl) <sup JZ:" P

p(xj1)

p(xj1)

t -t

n
< k"(x°1)su*p2|tj -t

=1

since p(x)>1 and |, —t;,[<1 we have

Voo (F.[02]) <kt Su*p_Zn;|t,- —t 1 <ot <o,

T )=

So f eWBVp(_)[a, b],ie., Lip[a,b]cWBV,[ab].

The following properties of elements of WBV,. [a,b] allow us to get characterizations of them.
Lemma 2 (General properties of the p(-)-variation) Let f : [a, b] — R be an arbitrary map. We have
(P1) minimality: if t,se[a,b], then

(xts)
£ ()= ()™ <y, (F.[ab]) <V}, (F.[ab]).

V\(IPZ) monotonicity: if a,t,s,be [a,l?N] and a<t<s<b, then V;I() ( f ,[a,t]) <Vyi) ( f.[a,s]),
Vo (Fa[s:bl) < Vi, (F.[tb]) and Vif, (f.[t,s]) <Vgi, (F.[a.b]).

(P3) semi-additivity: if te[a,b], then

277 v (L [ab]) < vl (FL[at])+Vy, (F.[tb]) <V, (f.[a.b]).

(P4) change of a variable: if [c,d]cR and ¢:[c,d]—[a,b] isa (not necessarily strictly) monotone func-
tion, then V/ ( f ,(o([c,d])) =V, (fopfcd]).

(P5) regularity: V| (f.[ab])= SUD{VZZ.) (f.[st]);ste[ab]as< b} .

Proof. (P1) Let a,t,s,be[a,b], a<t<s<b

[f(t)-f (s)|p(x‘5) < S/l;l*p{| f(t)-f (s)|p(x‘5) ‘t,se [a,b]} =y (f.[ab])
SSUpZn:( f(t,)-f (tjfl)‘)p(xjfl) =V, (f.[a,b]).

 j=l
(P2) Let a,t,s,befa,b], a<t<s<b and the partition
rra=ty<t <--<t,=t<.-<t,=s<---<t =b so

Vaiy (F[at]) = sgpi(‘ ft;)-1 (tj_l)‘)P(m)

< S}L:*pjmzll( f (tj)— f (tjil)‘)l’(xjfl) +57|;{p jm;il(‘ f (tj )_ f (tjil)‘)p(xj,l)
zsg*p;nz_zl( f ('[J- )— f (tjil)‘)P(xH) :Vp(,) ( ¢ ,[a, s])

the other cases are si[nnilarly.
(P3) Let T :{t.}_ ex and denote p*(-)=sup p(x) and S=TU{t}. We consider the following
ifj-o0 xe[a,b]
two cases:
1)if t<t, or t, <t,then
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Voo (£T) v (F.TU{LY).
2)if t,_, <t<t, forsome 1<k <m,then
Vo (1.T) <277V, (1T UL).
For the case (a) we have
Voo (FT) <V (FTU{)) <V, (L [at])+V,, (f.[t0]).

For the case (b) we get

k-1

Vo (f.T)=sup ]Z;‘ f(y)-f (tj-l)‘p(m) ()= F ()" +1§+l‘f (t)-1(t,) p(m)}

= S;lzj*p H‘f (ti )_ f (ti—l) ol +(|f (t)-f (tk—1)|+|f (t)-f (t)|)p(xkf1) +§:ﬂ‘f (t,- >_ f (tH) P(Xj—l)}

P(%-1) )

<sup ‘f (t,)-f (tj_l)‘p(x”l) +2P05a) (| f(t)-f(tey) P0x) +[f(t)- (1)

+iZI:;rl f (tj )_ f (tj—l) p(le):|

< SUPEZP(X“““‘ ()= 1) 2 10 1)

V4 j=1

P(Xk-1)

+ Zm: Zp(xk’l)_1| f(t)-f(t) P(X-1) +2P(Xk4)-1‘ f (tj )_ f (tj—l) P(le)}
j=k+1

<20V (T U{Y),
also
p(xj1)

VY (E T U =V (5T ()= (4 )" 41 (1)~ £ (1)

-[f(t)-1 (tk,l)lp(x“) .

Therefore
Vo, (£.T)<27 V) (F,8) <27 v, (f.[a,b])
<27V, (F.[at]) 4V, (F.[t.b])).

Taking the supremum over all T e 7", we arrive at the left hand side inequality in (P3).
Now we prove the right hand side inequality. Let (f.[at])<e and Vo) (f.[t.b]) <oo. Then for every

£>0 thereare partitions 7, ez  and z,ex oftheinterval [a,t] and [t,b] respectively, such that
¢ £
vp(,)(f,[a,t])svp(,)(f,;z1)+E and vp(,)(f,[t,b])svp(.)(f,nz)JrE.
It follows that
Vi (T lat])+vig, (f.[Lb]) <vy

(

o0 (
ZVV\(I')(f,ﬂEUﬂ'ZU{t})-FS

(
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and take into account the arbitrariness of ¢>0.
(P4) Let [c,d]cR, ¢:[c,d]—[ab] a (not necessarily strictly) monotone function, 7, a tagged parti-

tion of the interval [c,d], le{rj}T:06ﬂ0 and T:{tj}rjn:0 with t; = ¢(z;), then

p(xj-1)

Vi (feom) =5t (o(r) - f(o(r-)
—sup 1 (t) ()
=V, (£.T) <V, (f,(p([c,d])).

On the other hand, if a partition T = {(}mo of (/J([C d]) is such that t; , <t; for j=1..-,m then there
exist 7, e[c,d] suchthat t; =¢(z;) a 'again by the monotonicity of ¢

Voo (£.T) =50, (FooT) <V (oo [c.d]).
w

(P5) By monotonicity of Vp(l) we get
VW‘ (f.[a.b]) ZSup{VF‘)’Z,) (f.[s.t]);stefab].a< b}.

On the other hand, for any number « <VV¥)(f [a, b]) such that there is a partition T :{ti}im:o e with
V"V ) (f.T)2 . Wedefine 7 apartition of the interval [t,,t,] then T ez and

Vo) (f 7)2Vy (£.T)2a e,
V;A(’})(f,[a,b])ZSup{VF‘)’{)(f,[s,t]);s,te[a,b],agb}. o

4. Characterization

W. Sierpinski in 1933 (See [23]) showed that a function f :[a,b] — R is regular function if and only if it is
the composition of increasing function and continuous function. This is a notable result which links regular
functions with continuous functions. In 1969 (see [22]), H. Federer demostrated that function is of bounded
variation if and only if it is the composition of a Lipschitz function with a monotone function. In the year 1998
(see [9]) V. V. Chistyakov and O. E. Galkin proved similar result for bounded p-variation with p >1, they
show that a function is of bounded p-variation if and only if it is the composition of a bounded nondecreasing
function with a Hélder function. In this section we show that a function is of bounded p(-)-variation in Wiener’s
sense with variable exponent if and only if it is the composition of a bounded nondecreasing function with a

L
p()

We say that g(x)e H’™, the Hélder space of variable exponent, where 7(x) is a positive function,
0< y(x) <1,if

Holderian function with variable exponent equal to

lo(t)-9(t )| <Clt—t,[ ™

forall x_, e [a, b] . The least number C satisfying the above inequality is called the Holder constant of g.

Theorem 4 The map f :[a,b] — R is of bounded p(-)-variation if and only if there exists a bounded non-
decreasing function ¢:[a,b]—>R a Holderian map g:¢([a,b])—>R of exponent y=1/p(-) and
H(g)<1 suchthat f=gogp on [a,b].

The proof of this theorem is contained in the following two lemmas.

Lemma4.1If ¢:[a,b]> R isbounded monotone, g: (p([a b]) — R is Holderian of exponent

7()=1p() and f=gep, then feVy ([ab;R
Proof. Assume that ¢ is nondecreasmg Smce

o([ab])=[¢(a).o(b)]

by virtue of change of a variable (P4) we have
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Vo, (F.[a.b])=V() (9o ¢[a.b]) =V, (9.0([ab]) =V;(, (9. #(a).0(b) ])-

If T={t}, isa partition of [o(a).0(b)]

Vit (9.T) =52 g (t) =g (1) <sup 307t
i=1 i=1

- ic ) —t, | <C (p(b) - (a)),
i=1
where ¢(a)<x, <¢(b). Therefore, by boundedness of ¢ yield

VY (f.[a.b])<C™*) (p(b)-g(a)) <o forall abe[ab].
If ¢ isnonincreasing the proof is similarly. o
Lemma4.2 Let f: [a b] — R be a map of bounded p(-)-variation. Then, there exist a bounded nondecreas-
ing nonnegative function ¢: [a b]—)R and a Hdélderian map g: qo([a b])—)R of exponent y 1/p
and the Holder constant H(g)<1 such that

1) f=gop on [ab].
2 (o((a b]>)=f<[a b)) in ®.
3) VW{/\(/ b])) =Va(, (f.[a.b]).

Proof edefme the function ¢ by qo p( (
and nondecreasing. If 7 < ¢([a,b]) denote by ot

f, a, t]); by (P2) ¢ itis well define nonnegative bounded
()= {t e[a,b]:go((t)zz'} the inverse image of the one-

point set {z’} under the function ¢ . Define the map g.gy([a,b])—)R as follows if
reo([ab])=[e(a).0(b)]
g(z)=f(t) foranypointtegp™(r). (4.1)
By (P1) and (P3),
[£()— £ (s)™™ <V (£.[ts]) <V (. [a.s])-VY (.[at]) =o(s)-o(t).

The representation of f in (1) follows from (5), for if te[a,b], then 7= (o(t)e[(p(a),(p(b):l and

tegp™(z),sothat (5)yields f(t)=g(z)=g(e(t))=(go0)(t).
The assertions in (2) and (3) follows from (1) and (P4). Now we will show that g is H6lderian. We have

Voo (9:[0(a).0(0)])=Vyi, (g0 [at]) =Vy( (.[at])=o(t) ==
Hence, if o, <[p(a),p(b)], a<p,thenby (P1)and (P3) we get

9(8)-9(a) (Xﬂa)<VW ([ A]) <V (9.[a B]) -V, (a.[aa]) = -a,

then

9(8)-g(a) < |-l ") <|p-af ). 5

In the next section we will be dealing with the composition operator (Nemitskij).

5. Composition Operator between the Space WBV ( f.[a, b])

In any field of nonlinear analysis composition operators (Nemytsku), the superposition operators generated by
appropriate functions, play a crucial role in the theory of differential, integral and functional equations. Their
analytic properties depend on the postulated properties of the defining function and on the function space in
which they are considered. A rich source of related questions are the monograph by J. Appell and P. P. Zabrejko
[25] and J. Appell, J. Banas, N. Merentes [8].

Given a function h:R — R, the composition operator H, associated to a function f (autonomous case) maps
each function f:[a,b] >R into the composition function Hf :[a,b] > R, given by
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Hf (t):=h(f(t)), (te[ab]). (5.1)
More generally, given f :[a,b]xR — R, we consider the operator H, defined by
Hf (t):=h(t, f (), (te[a,b]). (5.2)

This operator is also called superposition operator or susbtitution operator or Nemytskij operator. In what
follows, will refer (5.1) as the autonomus case and to (5.2) as the non-autonomus case.

One of our main goals is to prove a result in the case when h is locally Lipschitz if and only if the composition
operator maps the space of functions of bounded p(-)-variation into itself.

Theorem 5 Let H be a composition operator associated to h:R — R . H maps the space WBV o) (f) into
itself if and only if h is locally Lipschitz.

Proof. We may suppose without loss generality that ]=[0.1]. First, let u:R— R be locally Lipschitz
on R,andlet ueWBV, ([0 1]). Then Vol (lu [0, 1]£<oo for some A >0. Considering the local Lipschitz
condition

|h(u)—h(v)| <k(r)ju-v| (u,v eR,ul,lv|< R) (5.3)

for r:=||f|_, forany partition z:0=t, <t <---<t =1 we obtain the estimate

) p(tja)
;[ k(1. )‘ (u(t)))- h(“(tj—l))U

) p(tj)
S |

=3 (autt )—u(tj_l)\)p(t“) =v¥ (4u,[0,1]).

This shows that for = Vi, (#Hu,[0,1]) <0, and hence Hu eWBV,  ([0,1]) as claimed.

(II fl.)
For the converse implication, suppose that h does not satisfy a local Lipschitz condition (5.3), in this way for

any increasing sequence of positive real numbers {ki};>1 that converges to infinite, that we will be defined

later, we can choose sequences {uj}jzl, {vj}jzl,with 8,1V, -, <ki and
i
‘h v. —h(u. ‘>k.|v.—u.| jeN,u.<v.). (5.4)

Considering subsequences if necessary, we can assume that the sequence {u‘ } is monotone. We supposed

without loss of generality the sequence {uj}_ ) is increasing. Since [0 1] is corhpact from de inequality (5.2)

we have that there exists subsequences of {u i},—>1 and {vj}j>1 that we will denote in the same way, and that
converge to u, e[O,l]. Since the sequence {uj}_ . is a Cauchy sequence, we can assume that u_ e[—r,r]
j=

. Choose n, i
k.o

j 17

1
such that |uj—uw|S— for all k, and so |u. "
2kj ] i

Pick the sequence defined recursively {t } by
t =0, ty =t +[U,; —U+2n5,
This sequence is strictly increasing and

t, >t = Z; -t Z|uj+1 |+2_Z;nj <SZ—
1= 1=

Jlj

So to ensure that t e [0,1], it is sufficient to suppose that ZL%S%' We define the continuous zig-zag
i
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functions f :[0,1] >R, as

uj, t=t. +2|( ) [nj]
()= Vi, t=t. +(2|+1)(b. ) =0, [ ]

u,, t, <t<l.

©

affine,  otherwise.

PUt t;, =t, +i(vj —uj), jeN,i =0,~--,2[nj] and write each interval 1. _[t t
the family of non-overlapping ones

Ij.i = [ti.i’ti.iﬂ] Ij,z[nj] = |:tj,2[ il J+1:| ( [n ] )
The function f is defined on |j,i,i=o,--.,2[nj] as follows:
f(t)=t—(tj +2i(vj —uj))+uj (t € |,z.)

ft)=t—t; +(2i+1)(v;—u;)+v; (tel;,,)

J+1:| j e N, as the union of

f(t)=t—t;,+y, (te 'm[nj])

Let 0<s<t<1, then the possibilities for the location of s and t on [0,1] are as follows
Case 1. If sitel;,(jeN) andareinthe same interval 1;,i=0,-,2[n;].

VI (st <|f () f (o) =[t- s <1

Case2.If s,tel;,(jeN) andareintwo different intervals 1, 0,--~,2[nj].
selj;, tel,,, |<k<2[n ] We get
p(%saem) ]

Vo, (F.[s.t]) < zp*l[‘f (1) T (s) ") +|f (t)= f(t; )
<2v 1Uu P(¥(iiu25) Hu,—v,| (X«uu))j

<2 max{|u —v| (35001) u. —v| 1-1)}

p(xl(]"“))} < .
p[X(jvz[nj}fl)S] +‘ f (t)_ f (tj,nl)

p(xt(im))]
A )} < oo,

(X 05 )

<2 max{ j

Case3.If sel;, tel,, k,jeN,j<k.

V,\)’{) ( f '[S*t]) < pr[ f (tiz["i]+1)_ f(s)
<2” 1[|u —v, | ( i4njJst) ] |u
<2” max{|5| [ (32 a2 ]

(1) J

Case 4. If sel;,jeNt=t,.

)



0. Mejia et al.

V,‘)“(’.) ( f ,[s,t]) <opt Uf (t,-,m)— f(s) P i1 ) +‘ f(t,)-f (tm)
< 2P+71 (|uj _Vj |p(x(l"+1)5) +|ur)o _uj|p(x“°(J,l+1))j
i p(xm“'iﬂ))} < .

p(xx(,‘.n))j

< 2P max {|5j |p(X(J',i+1)S) ,

Case 5. If s<t, <t<l1.
= (%es)
Vi (F st <27 2| 0)- £ (5] 4 f (1) £ )

P(%et )
i

5j|p(xﬁ)}<oo

p(X,a) )

£2p+‘1(|uw—vj|p(x”)

Xos )

<2*" max [g,|"

Case6: If t <s<t<l.
In this circumstance f (s)= f (t)=f, and the situation is trivial.
So fewBv, [0 1], for each partition of the interval [0,1] of the form

0=t <t +(v,—u )<<t +2[n](v,—u,)
<t <t +(V,—Uy) <o <t <<t +2[n (v —u ) <1

and using the inequality (5.4) and definition of n;, je N, we have

Vi (e 1) fo)=sup 3 (ne (1) 1 1))

n

—sup3(n( (1)~ ( 1 (1,.)))""”

7 j=1

>sup:(2[n,](n(b,)-n(a, )"

=1

> su*pZ(l) P(xi-)

z j=1

Hence series zrj':l(l)p(xj’l) diverges, ho f ¢WBV, | [0,1] , which is a contradiction. o

6. Uniformly Continuous Composition Operator

In this section, we give the other main result of this paper, namely, we show that any uniformly bounded com-
position operator that maps the space the WBV, [a b] into itself necessarily satisfies the so called Matkow-
ski’s weak condition.

First of all we will give the definition of left regularization of a function.

Definition 5 Let f eWBV, ([a b]) its left regularization f~:(a,b] >R of mapping f is the function

given as
limf(s) te(a,bl;
[ (s) e
f(a) t=a.
We will denote by WBV ([a b])([a.b]) the subset in WBV,, ([a,b]) which consists of those functions

that are left continuous on (a b]
Lemma6.11f feWBV, ([ab]) then f~eWBV,,([ab]).
Thus, if a function f has iener variation with variable exponent, then its left regularization is a left con-

tinuous function.
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Theorem 6 Suppose that the composition operator H generated by h: [a, b]xR — R maps WBVp(A) ([a,b])
into itself and satisfies the following inequality

M= HE <r (16 I, ) (o f. ewWBV, ([a.b])) (6.1)
for some function y:[0,00) —[0,0). Then, there exist functions «, 8 eWBV,, ([a, b]) such that
h™(t,x)=a(t)x+B(t), te[ab], xeR (6.2)

where h™(,x):(a,b] >R is the left regularization of h(-x) forall xeR.
Proof. By hypothesis, for x € R fixed the constant function f(t)=x, te[a,b] belongs to

WBV, | ([a,b]). Since H maps WBV, | ([a,b]) into itself, we have (Hf)(t)=h(t, f(t)) cWBV, ) ([a,b]). By

Lemma 6.1 the left regularization h™ (-, x) eWBV,, ([a,b]) forevery xeR.
From the inequality (6.1) and definition of the norm ||||‘g'() we obtain for f,, f, eWBV, | ([a,b]),

iy (H(R)=H (B)) < [H (R)-H (R <7 (1t tl},) (6.3)

From the inequality (6.3) and Lemma 6.1, if ;/(|| f,—f, ||\,A)’()) >0 then

H(f)-H(f
vg{_) (1)—&2) <1 (6.4)
7(” -1, ||p(~))
Let a<s<t<b,andlet r, ={t,t, -t} €7 be the equidistant partition defined by

t-s .
th=s, t; -t = (j=12,--,2m).

Given u,veR with u=v,define f,f,:[ab]>R by

v, if x=t; for someeven j,
f,(x)= % if x=t; for some odd j, (6.5)
linear, otherwise
and
%, if x=t,; for some even j,
f,(x):=4u, if x=t; for some odd j, (6.6)

linear, otherwise.

Then, the difference f, — f, satisfies

|f1(x)—f2(x)|z|u;V| (a<x<b).

Consequently, by the inequality (6.1)

u-—-v
Rt = el < (1~ fz"ﬁ-))”[' 2 q'

From the inequality (6.4) and the definition of p(-)-variation in Wiener’s sense, we have

[khon)(tz,)<hofz><tzé><hof;)(tz,m(hofz><tz~>Jp“‘”<1.
7(27 -y

>

i=1

)



0. Mejia et al.

However, by definition of the definition of the functions f, and f,,

‘(hf ° fl)(th )_(hf ° fZ)(th )_(hf ° fl)(tzrl)*(hf ° fZ)(tZH)
- ‘h (v)-h" (%}-h(%} h(u)
_ ‘h (v)—2h(%)+ ™ (u)).

Then

p(xj-1)

h (v) =2 (“;"]m- (1)

7(2’1|u—v|)

M

]
[N

<1

Since 1< p(xj71)<oo forall j=1,2,---,2m and passing to the limitas m — o, necessarily

- (v)— 2 (”_Zvjm(u):o.

So, we conclude that h~ (s) satisfies the Jensen equation in R (see [26], p. 315). The continuity of h~
with respect of the second variable implies that for every te[a,b] thereexist «,s:[a,b] >R such that

h™(t,x)=a(t)x+B(t) te[a,b],xeR.

Because A(t)=h"(t,0),te[ab], a(t)=h"(t,1)-B(t) and h’(-,x)eWBVp(,)([a,b]), for each xeR,
we obtain that «, 8eWBV,, ([a,b] o

J. Matkowski [27] introduced the notion of a uniformly bounded operator and proved that any uniformly
bounded composition operator acting between general Lipschitz function normed spaces must be of the form
(112).

Definition 6 ([27], Def. 1]) Let X and )Y be two metric (or normed) spaces. We say that a mapping
H:&x — Y isuniformly bounded if, for any t >0 there exists a nonnegative real number 7(t) such that for
any nonempty set B< X we have

diamB <t = diamH (B) < (t).

Remark 6.2 Every uniformly continuous operator or Lipschitzian operator is uniformly bounded.

Theorem 7 Let h: [a,b]xR — R and H the composition operator associated with h. Suppose that H maps
WBV,,, ([a, b]) into itself and is uniformly continuous, then, there exist functions a, 8 €WBV, ([a,b]) such
that

h™(t,x)=a(t)x+B(t), te[a,b],xeR.

where h™(,x):(a,b] >R is the left regularization of h(-x) forall xeR.
Proof. Takeany t>0 and f,geWBV,([ab]) suchthat

W .
| f —g||p(.) <diamH ({ f,g})
Since diam{f,g} <t by the uniform boundedness of H, we have

diamH ({f,g}) < »(t),
that is,

[H(H)-H (), = diamH ({1.0})<#(If ~all,)
therefore, by the Theorem 6 we get

h™(t.x)=a(t)x+B(t), te[ab],xeR.
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