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Abstract

In the present paper asymptotic solution of boundary-value problem of three-dimensional micro-
polar theory of elasticity with free fields of displacements and rotations is constructed in thin do-
main of the shell. This boundary-value problem is singularly perturbed with small geometric pa-
rameter. Internal iteration process and boundary layers are constructed, problem of their jointing
is studied and boundary conditions for each of them are obtained. On the basis of the results of the
internal boundary-value problem the asymptotic two-dimensional model of micropolar elastic
thin shells is constructed. Further, the qualitative aspects of the asymptotic solution are accepted
as hypotheses and on the basis of them general applied theory of micropolar elastic thin shells is
constructed. It is shown that both the constructed general applied theory of micropolar elastic
thin shells and the classical theory of elastic thin shells with consideration of transverse shear de-
formations are asymptotically confirmed theories.
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1. Introduction

Current methods of reducing three-dimensional problem of theory of elasticity to two-dimensional problem of
theory of plates and shells are the followings: 1) hypotheses method; 2) method of expansion by thickness; 3)
asymptotic method [1]-[9]. From recent important papers on construction of micropolar elastic thin plates and
shells must be noted papers [10] [11], where also review of researches is done in the mentioned direction.

The main problem of the general theory of micropolar or classical elastic thin plates and shells is in approx-
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imate, but adequate reduction of three-dimensional boundary-value problem of the micropolar or classical
theory of elasticity to two-dimensional problem. From our point of view, for achievement of this aim [12]-[14]
during the construction of applied theories of thin plates and shells main results of the asymptotic solution of
boundary-value or initial boundary-value problem of three-dimensional micropolar or classical theory of elastic-
ity in corresponding thin domains can be used, which are formulated as hypotheses [15]-[18]. Micropolar and
classical theories of elastic thin plates and shells, constructed on the basis of such approach, are asymptotically
correct theories. This problem is also essential in classical theory of elasticity during the construction of mathe-
matical models of thin plates and shells with the account of transverse shear deformations: in paper [19] it is
shown that one of the main theories of plates and shells of Timoshenko’s type, where transverse shear deforma-
tions are taken into account, is not asymptotically consistent.

2. Problem Statement

A shell of constant thickness 2h is considered as a three-dimensional elastic body. Equations of the static prob-
lem of asymmetric (micropolar, momental) theory of elasticity with free fields of displacements and rotations
are the followings [20] [21]:

Equilibrium equations:

V.oc™=0V u™+e™s  =0. 1)
Physical relations:
T = (14 ) Yo +(1=@) Vo + 274 b = (7 +€) o + (7 =€) Zom + Blac O - 2
Geometrical relations:
Von =V = €@ T =V, ©)

Here o™, u™ are the components of tensors of force and moment stresses; y,.,,x,, arethe components of
tensors of deformation and bending-torsion; V" are the components of displacement vector; «" are the
components of free rotation; A,u,a,f,y,& are physical constants of the micropolar material of the shell; in-
dices m,n,k take values 1, 2, 3.

It should be noted that if « =0, main equations of the classical theory of elasticity will be obtained from
Equations (1)-(3).

We’ll consider three orthogonal system of coordinates «, (H; =A (1+ a3/Ri), H,=11i=12), accepted
in theory of shells [4].

Boundary conditions of the first boundary-value problem for front surfaces of the shell are accepted:
G3n:pr?1 ﬂ3n:m§y Ona’3=ih. (4)

Boundary conditions on the edge X =%, X, of the shell are boundary conditions of the mixed boundary-
value problem:

O-mnnm = p;l :umnnm = m: on 21, Vn :Vn.l Oy = wr: on 2:2’ (5)
where p,,m, are the components of the given loads and moments on X,; V., @, are the given compo-
nents of displacement and free rotation vectorson X,.

3. Asymptotic Solution (Construction of Internal Problem) of Boundary-Value
Problem of Three-Dimensional Micropolar Theory of Elasticity in Thin
Domain of the Shell

It is assumed that the thickness 2h of the shell is small compared with typical radius of curvature of the middle
surface of the shell (2h < R). We’ll proceed from the following basic concept [4]: in the static case general
stress-strain state (SSS) of thin shell is composed of internal SSS, covering all three-dimensional shell, and
boundary layers, localizing near the surface of the shell edge X . On the basis of such approach and results of
initial approximation of internal problem the construction of general two-dimensional (asymptotic) model of
micropolar thin shells will be possible (in case of « =0 also model of elastic shell by classical theory of elas-

ticity).
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Question of reduction of three-dimensional static problem of asymmetric theory of elasticity for thin domain
of the shell to two-dimensional problem is considered on the basis of asymptotic method with boundary layer
[14], including the question of satisfaction of boundary conditions on shell edge X .

At first we’ll consider the construction of internal interactive process. For achievement of this aim we’ll pass
to dimensionless coordinates in three-dimensional Equations (1)-(3) of asymmetric theory of elasticity:

o, =R P&, a;=RA'C. (6)

Here quantity p/l characterizes the variability of SSS by coordinates; p, | are integers, | > p>0; R is the
characteristic radius of curvature of the shell middle surface; A is the big constant dimensionless geometric
parameter, determined with the help of formula h=RA™. Following dimensionless quantities and dimension-
less physical parameters are also considered:

Vi & 9 _ i — . m . R =
_I=Vi, _ngu, i: ij? pn :pal mn =mr;l _I=Ri' (7)
R U Ru Ru R
_ u = E _ a = _ oy _ &
H=— E=—, oa=—), IBZ y V= y €= . (8)
u u 7 R?u R?u R?u

On the basis of (7), (8) following system of dimensionless equations will be obtained instead of system of
Equations (1)-(3).
Equilibrium equations:

AL+ %5 1 % *ta 00y =0, T E % =0,
R o¢ oc
v, -
AR + A7 Vg,;-v +ai_62’l +(_1)J/17Iaj (513—531)20, 9)

'K+ Ao +aav—23+,1" (8,5, — 2,5, )=0.

Physical-geometrical relations:

a| A" LV, R aA\7,+— _i[aic‘r"—vajajj—v@s]
Ao; AAGa, ' R| E

v, 1 V; ' H+a - p-a
| — | i ] Hto H=a ~
2,3, a_gzﬁ[% Va3, —Va,0y, ], a;4 E_(_l) =g O 4 O
o, _ - A+d, . fi-@
a, Vi R %vi}(—l)‘ ago =t 2az -L2a 5,
A 05  AA oq; Ao Apio
a; piavg _i +(_ )J aa;0; = ﬂif aia'ue._lu 8,03,
Aog R e
. _ _ (10)
aj ﬂpi%-l-Lﬂa)j‘i‘& =— ﬂ_+7/ — ai‘7ii_ _ﬂ — (ajvjj+‘733) )
AOL AA R 7327 " 2(F+7)
ow. B+7 | _ B _ _
/1 sl Vi — — Vv, +a,V. y
Weog 7(3ﬂ+27){ 2(7) 22)]
(lpi%_L% J T4E gy T Ea g
j — ij —
A 0 AA oa, 478 47z
a; P " 0 _ﬁ —y+_8 Via 7_8ai‘73i' aj”%:@_ B _—8‘7'3
A O R) 4 47z o¢ 4y aye

Here
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-_ 107 R/IpaA _ 157 R/ipaA
L= ( i jJ) ( i toy )
A 65 AA Og, A 65 AA oa;
E:&+% lf:i6513+R/1p6A2 180‘23+R/1p6A1_
D ! 13 237
R R A 05  AA Oay Az 05, AA Oa, (11)
- 1oV, RAPOA = 18V. POA
= A 0 o5 AA AA oa (V"_ i) A O¢, Frae AA. E( %),
]
_ V., V — p p -
KoVu, Ve q):iav13 RA™POA, _ 3+iav23 RA™" oA Mg, a :1+A_§.
R1 R, A 0% AA oo A, 05, AA, da, R
The case is considered when dimensionless phyS|caI parameters (8) have the following values:
LA R A A R ) (12)
u Rou Rou Ru
Following replacements of unknown quantities will be done:
T = J’T"’ i A’Tll’ ':]’Hp_cz—;’ Tig =" Tiyr Ty = A2 1,
Vi = A%y Viin Vi =" ;, V3 :/llipvail Vi3 = A" Vi3! Va3 :/lzpizc";w (13)
V="V v3=,1 N, 0=1" e, o,=1""a0],
c=0 at 2p<l,c=2p-I at 2p=l.
As a result following system of equations will be obtained:
07 :_i-ncil_?_;t-l 17; ‘_"T;i ,
og a; a R
aL;i: _p e 1 K -2 iv;i_v;i +(_1)J' 2-1+2pc i(z';j —TT3>’
og &, 8 R a
66723 T OV — )P _ g2prae gyt _ﬂ’—z;:afzcalz_l*2 +ﬁ_2p+zcaﬂ;y
L AE(A+E) o . i
T __J _( - )ei + _2;[], J + A 1+2p-c 1 A — 7.,
a A+2u A+2u a A+2nu
o Qe i lan. —
7 :?(,uﬂz)ti +(z-a)t -2(-1)" 17Pa,am;,
oV, 1 A+« A 1 . 1.
_3:2172|+Zp __A/_L_Tss _17I+C + 1 +_T22 ) (14)
o a, z1(34+27) 27 (37 +271)
A . . H—O « s
i ( ) A 1- <o +ﬂ 1+2p-c 1 ,u+f z ﬂ—l+2p c 1 ,Ll_fl T :_i/l—l+2p—cgi +ﬂ—|+2p—ci(z_3i +Ti3)v
oc a; dua a; 4uc a 23,
« & Adno . - Ha « H—0O »
oS A g () 4, g EE
H+a H+a H+a
. A BrY) o B . . A . .
L= _( - ),(i + _27'B_Kj sl P —Vy;, Vi=—(7+&)n +(y-2)n,
a p+2y B+2y a f+2y i
dw, B+7 . B « «
@3 _ j2ap-2c 1 _ ﬁ_+7 v, _/I—I+2p—c B (ivn +£sz]'
oc aa, 7(36+27) 27 (38+27) 8 7 &
ow, . V=€ « . @ A% . 7-F .
@ Zﬂ_HC 1 7f 3I_/1—I+ci7_g " Vi3:_J_478_9i +7: iVSi’
o¢ a; 4y a; 4y & y+¢ y+E
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where

« 1 ar; RA7P 6A N 1 61’ RAPOA [«
L="—""4+— ( ”—TJ-J) L= —(Z'ji-i-‘l'ij)
A 0 AA o, A 851 /\Aj 80(-
. N . b .
L*=@+T_£, F*:iaqum oA, 13+16723+RZ 8A1 o
R R A 05 AA oa A, 05, AA Oa,
N l av Rﬂ 5A * 1 3V R/I GA
Ki = ("— jj)+ (v|+v)
A 65 AA oa: A 6§ AA 8a

*

p p
K*:&jLV__Z, cD_lé'vBJrR/i oA, 13+i8v23+R/1 6A1 v (15)
R R A 0&  AA Oa A, 05, AA Oa
. P “ S - oA .
-t N L RA %ij—cvrs, ¢ =i%_&_lvj,
A, 65, AiAj oa; R, A 05 AA Og
gj:i%—ﬁp”v?‘*, K== ;. ’l_p%wj =3
e R, Ai a‘fl AﬁAj oa; i
Lol RN L dd o
' A 0% AA Og TN A 84 R

Following to the asymptotic method, the question is the following: to reduce three-dimensional Equations (14)
(with free variables &, &,,< ) to two-dimensional ones (with free variables &, &,).

Following formulas will be obtained for displacements and rotations, force and moment stresses with asymp-
totic accuracy O (/‘U’" ) on the basis of system (14):

* 0 * 0 —l+2p-c 1 * /0 —1+2p-c 1 * /0
=0, 0,=0;,+A Cag, V, =V, +1 SV, V=V,

*_ 0 —l+2p—c ~ 1 *_ .0 —l+2p—c ~ 1 *_ 0 *_ .0
i =T+ A ¢ty T =T+ A STy Ta =Ty Tig =Tz

(16)
* _\,0 *_\,0 * _ 0 —l+2p—c 1 * _\,0 —1+2p-c & 1
Vi =Vi, V=V, Vg =Vg+ A4 GVai, Vig=Viz+4 GVizs

* _ 0 1 = .0 —2p+2c o 1
Ty3 =Tgg + (T3, Vg =Vgz+4 ¢V,

where

1 __ 4q-l+2p-c ﬁ+}7 0o _ ﬂ 0 0
A e a e )
Vilzii—iirgi 'Z_f i +(- 1)jﬂ,’2pa)? =—g)+ 1(r§,+z’-°),

aa

o _AR(ZE) o 2@ 7

A—HZ p-c l 0 0

fi = A+2m /T+2ﬁej+ Z+2,L7133’ Ti,-=(ﬁ+&)t?+(ﬁ—&)ti°—2(—1)’AZpawg,
4a(Z+m) ,  2mk I o -

=Tz 8 Taan S Tz G- (Er @) (E-a)t -2(-1) A e,
4y _+_ —n —14+2p-c .+ -

0TI TN o, 2B o AN sy (-2
B+2y B+2y ' pB+2y 2 i j

ek_1avik+R,1*paA . VA Kk_iaa} RAP 0A
OA ¥ AAjaaj’ TR A AA g

k
Y5
Ri

T + 5 AT
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Vk Vk _k
gi = L g g g 100 s ead
A aé:I Ri A aé Ri
« 1ot LR oA, 10T RAP 0A (17)
" Th oz AR PG e AA, oa, da T8
i ] ]
o 4dna 2p 0), H—Q 1 0 if_o 0 L0
2% = ﬂ+a(g, +(-1)' 4 pwj)+ﬁ+5r3i, Vi =K (1) (e )+ TS
_1ov RAPOA G 1oV JRAP oA
"= A ag AA g, 7 "n)+Ka§J AA, da; e Vi)
]
:)3:_4}’5_9?_’_7:—6_'\/;' Vi13:_4}/€_6i1+}:—ivgi
y+e y+e y+e y+ée
0
1;3:12P+°|_°—F°+862\T/§, Vg = A K —@° —2) + 1),
T, Tn  px_10mg RAPOA 107 RATOA
ROR A 05 AA oo il A 05 AA da;
5 5 ! 13 237
R R A 6‘51 AiAZ 60{1 A a‘fz AiAZ 80{2

The aim is to construct asymptotically strictly interactive process for averaged along the shell thickness quan-
tities, which determine the stated problem (i.e. depending only on quantltles &.,5). From this point of view
there is an opportunity to define values from (16) of force stress 13, and moment stress ,u33 The approach is
the following: at the level of initial approximation of the asymptotic method for quantities 73, and v33 we
have:

T;i = Tgi (51:52)’ V3*3 =V3(.)3(9“:1v€tz)‘*‘/1 2p+2°‘/§3(§1a§z)- (18)

Keeping quantities up to A?°"?'" order in equilibrium equations and integrating these equations by ¢, we’ll
obtain:

Ty = Fa + Ay + ATHPP %gz L, (19)
Vig = Vag + AP 2 vgs — At %42 [(Dl - (7112 -7 ):|! (20)

where 75 and vy, are constants of the integration:

Ty = =A2°K - -7 +77,. (21)

0
i _LO ﬂ’cﬁs’ Véa

It must be required that averaged values along the shell thickness of quantities f; and 0;3 are equal to ze-
ro:

r3,dcj 0, j v5de =0. (22)
-1
Substituting (19) and (20) into conditions (22), following formulas will be obtained for f3°i and 17303:

_é/l 21+2p Lf ~o —l l+c é'[q)l"‘(rllz_fél)]-
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Thus for 7, and v,, we’ll obtain:

f=ate it (L (23)
6 2
~ —2p+2¢c ~l+c 1 42
V33 =1 2p+2 'é"V;'s +A : (€—7J|:(D1+(Tiz —Tgl):|. (24)
Finally, for quantities 7, and v, we’ll have the sum of (18), (23), (24):
2
Ty =g + AT + AT 1e L, (25)
6 2
+2¢ +c 1 é’
Vig = Ve + AL 4 g (6 ’ J[CDl (-2 | (26)

It should be noted that averaged along the shell thickness quantities for r; and v§3 at the level (18) and
(25), (26) are equal.

Thus, taking into consideration (25), (26), we’ll have following formulas for displacements, rotations, force
and moment stresses instead of (16):
:C()»O * — a)?? +l—|+2p—c§a);, V-* :V-O +/1—|+2p—cé»\/i1, Vs* :V30,

i
* 0 I+2p c *_ 0 —l+2p-c 0
Ti = T +A4 é,‘[ z-ij - z-ij +4 é,‘[u' Tiz = Tizs

V = Vios +A7? picgvis’ z'33 = 733 + §T33' (27)

s,

Vi =Vii, Vi =V,

2
Ty = Tgi +/r|+c~/;7;i + A7 (%_%J L, Vi :V'o[‘)i "J:Hzpicé/véi,
+2¢ w1
Vi = Ve + APyl 4 A7 (6 i )[Cl)l (Tllz—rél)]

The constructed asymptotics (27) for internal interaction process of the stated problem gives an opportunity to
reduce three-dimensional problem to two-dimensional one (what is already done for displacements, rotations,
force and moment stresses). As in the classical theory, instead of components of tensors of force and moment
stresses statically equivalent to them integral characteristics are introduced in micropolar theory: forces Tj;, S,
Nis, N3i, moments Mi;, Hyj, Lii, Lij, Lis, Lsz and hypermoments A, :

T, = IO‘ dz, S; = .[audz Ni; = I 0,0z, Ny = J.aadz
M; = _T z0ydz, Hy = I z0ydz, L = Iﬂiidzl Ly = _[:uijdzl (28)
h —h —h -h

h h h
Ly = j Mgz, Lig = Iﬂisdz! Ajg= J Z50z.
h h h

Displacements and rotations of points of the shell middle surface are introduced as follows:

ow,

V|;o’W V|;o'Q w';o’ a)3|§:o’l_§

Satisfying boundary conditions (4) on shell surfaces z =+h, taking into consideration (27), (17), following
system of equations of two-dimensional problem of micropolar theory of shells with free fields of displacements

and rotations will be obtained:
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Equilibrium equations:
T. OA. oS, .
iﬁ_}_i_]( i _Tjj)+i_J+L6_A(Sji+Sij)+_'3:_(pi++pi_),
A da;  AA O¢ A da; AA; 0a; R

1M, 1 OA 10H; 1 & .
— __J( ii Jj) - __A(HJI Hlj)_NSi:_h(pi _pi)'
A Jop  AA; Og A da;  AA oq;
o(AN O(AN
Ty T, 1 { (ANis)  O(A 23)}:_(p3++p3),
R R, AA ooy oa, (29)
y O0A. oL _ )
2hy L ) 2 LA e B (N Ny ) == (),
A oo, AA Og YOON da; AA Oa " VR ! !
0 O(AL
_%_%_‘_ 1 |: (A2L13)+ (Ai 23):|—(512—821)=—(m;+m;),
1 , AA ooy oa,
1 |O(AA O(AA P
L33_ |i ( 13)+ ( 23):|—(H12—H21):h(m3—m3).
AA, ooy oa,
Elasticity relations:
Ni; =2h(u+a)T+2h(u—a)ly, Ny =2h(u+a)ly+2h(u—a)ly;,
2Eh .
Tii:m[l“"+vl““}+ﬁh(p3+p3), Sij:Zh[(y+a)l“ij+(u—a)l“ji]
2Eh® h2 v .
i ZM[KH +Vij}+?E( P; — Ps ),
Hy =S [ (1 @)K+ (u-a)K; ] Ly =2h[(B+27)k, + B(k; +1)],
Lij:2h[(7+5)’<ij+(7_5)’(ji]' Lss:Zh[(ﬁ+27)l+ﬂ("11+’fzz)]’
fm- 3 — + -
L, = 2h dye Ki3+y—gmi m, ’ Ai3=£ dye |i3+7/ em +m .
y+e y+e 2 3 |y+e y+¢ 2h
Geometric relations:
ou.
low LA w10 1 OA g
A da;  AA O R A Oa;  AA da;
Loy 1AL 10V LAy
" Ada AA ;" A day AA Oa; ’ 1)
1 ow u 1 o:
r,=-9+(-1)'Q, I, =v,-(-1))Q, § =———+1 |, =—",
i3 |+( ) ] 3i l//I ( ) j I A aal Ri i3 Aﬁ aai
) oQ; )
(ol LA, 0 1 1A, 100 O
A da;  AA Oq; 'R ' A Oq AA; Oa; A ooy R

System of equations of thin shells of classical theory will be obtained from system of Equations (29)-(31) in

case of a =0 (i.e. system of equations of elastic thin shells of Timoshenko’s type [22]-[25] with some differ-
ence).

4. Construction and Studying of Boundary Layers

We’ll proceed from three-dimensional Equations (1)-(3) of micropolar theory of elasticity. It is assumed that the
surface of the shell edge X, where stress state will be considered, is given with the help of the equation
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a, = oy, . Replacing of free variables is done on the basis of formulas:
a,—a,=RA'E, a,=RAPE, @y =RA7'C, (32)

where quantities R, A4,l, p have the same meaning as in case of internal problem.
Solution of the obtained system of boundary-value problem must satisfy homogeneous boundary conditions
onsurfaces «a, =+h of the shell:

U3n = 01 /'l3n = O (33)
We’ll pass to dimensionless quantities (7), (8) and introduce following notations:
Emn = Pmn’ ﬁmn = an’ \7n = ﬂ’_Il‘Jn’ a)n = ﬂ’_lwn' (34)

As a result three-dimensional equations of micropolar theory in dimensionless form will be obtained from
Equations (1)—63) (with consideration of (7), (8)).

Atlevel O(AP™) of asymptotic accuracy boundary layer divides into 4 independent systems of equations:
Force plane problem:
LR Py o LR Ry o LU Lpp o p
Ao 05 0¢ A, 651 oc A, 0§ E
ou, 1
Py (RarRa)=0 S =gl R vRal ()

10U, upu+a H—a oJ, u+a H—a
T~ =—P;-—PF, =0, ——=—"—"7-PF;——P
A, 08 dua duo o Aua dua

Force non plane problem:

1P, Py _, 1oV, pm+a, p-a, N, pra, @-a,

e =Y =—F,——PF,, =———PF, ————PF;; =0,
Ao 0g  0¢ Ao 06 Aua 4pa o¢  Aua 4jic (36)
(/7"'&)'321_(/7_‘7)}312 =0, (/7"'&)'323_(/7_5)'332 =0.
Momental plane problem:
1 .9Q, 8Q32:O 1 8w2:7+§ y—-& }/+8 7/ g
e e T her e & e e e i (37)
(7+8)Qu—(7-5)Q, =0, (7+8)Qs~(7-F)Q; =0.
Momental non plane problem:
ianl aQs'l_o ianz aQaszo 2WB+7 ) _
Aoos o Agos Tag o AT Qs)
1 om, _ B+7 B 0w, _y+e, 7-%¢ 38
A, 0F 7(354_2}7){(211 (E )(Q22+Q33)]v oc 4w Qy 47 Qu, (38)
ow,  B+7 B 1 0@, _y+& 7-¢
aé, _7(3E+27)I:Q33 (B )(Qll QZZ):I’ Am agl 4% Q13 4_ Q31:
where A, =A |,

The obtained equations of boundary layer in Cartesian coordinates &, (fl Amél) with asymptotic accu-
racy 0(/1"") describe SSS of plain and antiplane force and momental independent problems of micropolar
theory of elasticity, taking place in semiband {0< &' <o0,-1<¢ <1,

Requiring that solutions (35)-(38) of boundary layers have fading character when & — +oo, we’ll obtain that
such solutions have following important properties:
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J'Plﬂ &=0 dg' =0, .[an &=0 dg =0, _[Uz gl:OdCfZO, J-ZD'Z 51:0d§:01

he' 4

JlUl q0dd = —4#(/“_ )_[lg 13]4=0d¢ lel q-008 = WJCQB 5-09¢,

L T_7 1 1 S

JUs ot + G [ 0Pt =00 J 08+ T [ £Qu 00 =0, (39)
tou, 1 &

Lg q=00¢ ﬂ+0!.[P31 5006 =0, j 64’ f-008 - ﬂi%z 5-00¢ =0,

I% a= d¢g - ﬂ(+—27/)IQ33 &=0 dg =0.

From the above introduced relations (special for micropolar theory of elasticity) following important conclu-
sion can be done: when force and moment stresses are balanced in boundary layer, displacements and free rota-
tions will have the same property.

5. Jointing of Asymptotic Expansions of Internal Interactions Process and
Boundary Layer

Considering problem of jointing of internal SSS and boundary layer, following symbolic formula must be intro-
duced for the whole SSS of the shell:

(SSS),,.. =(SSS), +4"- (SSS)Z.L +47. (SSS)ZJ. (40)

whole
r,0 are called indicators of intensity of plane and antiplane boundary layers. r,8 must be chosen so that we
can satisfy three-dimensional boundary conditions on shell edge X.

Now the first variant of three-dimensional boundary conditions of micropolar theory of elasticity will be con-
sidered, when shell edge is loaded with forces and moments (21 =32, = O). Satisfying boundary conditions,
following values will be taken for quantitiesrand €: r=6=1-p-c.

At level O(lp") boundary conditionson & =0 will be as follows:

0+ AT 4 PR — are 0 4 A PQAY) = APy
%+ Aol R0 — popept 0 PR = 1P, (41)
%+ AP0 = 2y W0 ATl 4 10QRY) = 4o,

where p; = uA"P°p.,m’ =Rul'""Cm;

Using corresponding conditions from (39) and on the basis of (41), boundary conditions for system (29)-(31)
of two-dimensional equations will be obtained:

h
T1 =ago I plda37 12|a1 o _[ p;da3, N1 . _[ p3da3,
Th
h
M11|a1:a10 = I pfasdaav Hi, |,11:,110 = I p;a3da3, |-11|0(1:,,,10 = J. m:dag, (42)
h

L |

h
ey Imzda3, L13 . J. mydas, 13|0£1:0!10 :_fhms%day
Let us study the second variant of three-dimensional boundary conditions of micropolar theory of elasticity,
when displacements and rotations are given on the shell edge (22 =X,X = 0). Satisfying boundary conditions,
following values will be taken for quantitiesrand € in(40): r=6=21-2p-c.
At level 0(/1"") boundary conditions on & =0 will be as follows:
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VO 4 A2t +/1-p—cU1n(0) S AN, +A"pwf(o) =P,
Vzo +A—I+2p—c§v21 +/7,_p_CU;(O) — A—P-C\fz" 603 +/1‘pw£'(0) = A—p@g' (43)
VO 27200 = 120 0+ A2t 1 1020 = 10,

where V, = RA2PN* of = 2205

n?'=n n -

With the help of conditions from (39) boundary conditions for two-dimensional model will be obtained:

1. 1t . 17 .
ui o =a :_IuidQS’ o =a :_J-u3da3’ Qn o= :_J-a)nda3’
17¢10 2h “h 17410 2h “h 17410 2h h (44)
1r,. . 1r. .
¥i =g :%[Vi az=h — Vi a3:—h:|’ z =g :%[wi ag=h — o a3:—h:|‘

Mixed three-dimensional boundary conditions are studied, when hinged support takes place.
Following values will be taken for quantitiesrand & in(40): r=1-p-c,0=21-2p+c.
At level O(l”") boundary conditions on & =0 will be as follows:

ﬂv—IJer—cz_lol +l—2|+4p—2cé/z_111 + Pﬁw) _ i—l+2p—c ~;, V101 +ipr£al(0) _ [”rﬁ;,
0 “l+2p—c » 1 “p-cpa(0 pcx* 4.0 0) o
T+ AT, + AP CPlZ( =ar 2 A CV12+Q1}12( ) =m,, (45)

*

VA R U VAN N L VY I O SIS i)

where V; =RAN,, p;=pd'p;, p,=pd PP, m =Rud"PCm;, m,=Rui'm;, m;=Rul""Cm,.
In this case, using conditions from (39), following boundary conditions of hinged-support will be obtained for
two-dimensional model:

1h . no, no,
=g :%.[huadam Ty q=ay .[h pdas, S, q=ay .[h p,das,

Mll

h h h
w=ay — J pasdas, Hy, @=ay — I p,aydas, L q=ay — I m da;, (46)
—h -h

-h

L

h h h
a=ayy _[ mydes, Ly q=ayy Im3da3, TAVEY PR J. myada.
Zh T Zh

6. Asymptotic Model of Micropolar Elastic Thin Shells

Thus two-dimensional theory of micropolar shells is constructed at level of initial approximation of the asymp-
totic method. System of equations (29)-(31) and boundary conditions (42) (or (43) or (46)) introduce the asymp-
totic model of micropolar elastic thin shells with free fields of displacements and rotations.

7. Applied Theory of Micropolar Elastic Thin Shells and Its Justification

Hypotheses method of construction of classical theory of elastic thin shells (i.e. Kirkhov-Love’s or refined hy-
potheses) has an advantage above the asymptotic method from point of view of engineering, because some sim-
plifications were put in the base of theory, which have physical meaning and also visibility and clarity. Main
problem of the construction of applied theory of micropolar elastic thin shells is the following: to formulate such
hypotheses that let us reduce three-dimensional problem of micropolar theory of elasticity to adequate two-
dimensional boundary-value problem. For achievement of this aim the use of qualitative aspects of asymptotic
solution of three-dimensional boundary-value problem (1)-(5) of micropolar theory of elasticity is appropriate in
thin domain of the shell.

In papers [12]-[14] the mentioned idea is developed: on the basis of qualitative aspects of asymptotic solution
adequate hypotheses are formulated and as a result static and dynamic applied theories of micropolar elastic thin
shells and plates are constructed. The accepted hypotheses are the followings:

1) During the deformation initially straight and normal to the shell middle surface fibers rotate freely in space
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at an angle as a whole rigid body, without changing their length and without remaining perpendicular to the de-
formed middle surface.

The formulated hypothesis is mathematically written as follows: tangential displacements and normal rotation
are distributed in a linear law along the shell thickness:

Vi=u (g, ;) + oy (o, ), 0, =y (o, 0, )+ oy, 25, (47)
Normal displacement and tangential rotations do not depend on coordinate ¢, i.e.
Vo=w(ay, ), o =Q (o). (48)

It should be noted that from the point of view of displacements the accepted hypothesis, in essence, is Timo-
shenko’s kinematic hypothesis in the classical theory of elastic shells [22]-[25]. Here hypothesis (47), (48) in
full we shall call Timoshenko’s generalized kinematic hypothesis in the micropolar theory of shells.

2) In the generalized Hook’s law (2) force stress o,, can be neglected in relation to the force stresses o ;
and analogically, moment stresses z,; can be neglected in relation to the moment stresses 4, .

3) During the determination of deformations, bending-torsions, force and moment stresses, first for the force
stresses oy and moment stress s, we’ll take:

O3; =6??i (‘7‘1’0‘2)1 Ha3 =,U§3 (0‘1:0‘2)- (49)

After determination of mentioned quantities, values of o, and g, will be finally defined by the addition
to corresponding values (49) summed up, obtained by integration of the first two and the sixth equilibrium equa-
tions from (1), for which the condition will be required, that quantities, averaged along the shells thickness, are
equal to zero.

4) Quantities % can be neglected in relation to 1.
1

Now we’ll compare main equations of applied static theory of micropolar elastic thin shells from paper [12],
which are constructed on the basis of above formulated hypotheses, with analogical Equations (29)-(31) of the
asymptotic model. It is obvious that equilibrium Equations (29) and geometrical relations (31) are the same.
Physical relations from paper [12] differ from physical relations (30) only with underlined terms in relations for
Ti My, Lis, Ay5. 1t should be noted that underlined terms in relations for T, and M, are the result of the fact,
that in case of asymptotic theory in relations for y, quantity o,, is not neglected in relation to o . But as it
is known such neglect is adopted in theories of thin shells. Analogical explanation has also underlined terms in
relations for L, and A,;. Thus, we can say that the general applied static theory of micropolar elastic thin
shells, constructed in paper [12], is asymptotically correct theory.

Concerning the dynamic theory of micropolar elastic thin shells, it should be noted that the corresponding
asymptotic model is constructed in paper [26], and the applied model, constructed on the basis of the above
formulated hypotheses, is introduced in paper [13]. If we compare these two models, we’ll see that motion equa-
tions and geometrical relations (which have form (31)) are the same. Concerning physical relations we can say
that the difference is underlined terms in relations (30) for T,;,,M,,,L;;,A;;.

As in case a =0 classical model of elastic thin shells of Timoshenko’s type will be obtained from asymp-
totic model (Equations (29)-(31)) and also from applied model of paper [12], we can say that this classical ap-
plied refined model of thin shells is the asymptotically correct model (such conclusion can be also done in case
of dynamic problem).

It should be noted that in papers [17] [18] applied theories of micropolar elastic thin plates and bars, con-
structed in papers [14] [27], are justified on the basis of asymptotic method.

8. Conclusions

In the present paper the question of reduction of three-dimensional boundary-value problem of micropolar and
classical theories of elasticity to general applied theories of thin shells is studied. The asymptotics of singularly
perturbed boundary-value problem of three-dimensional micropolar theory of elasticity is studied in thin domain
of the shell. The internal iteration process and boundary-layers are constructed, jointing of these two iteration
processes is studied and boundary conditions are obtained. As a result two-dimensional asymptotic model with
free fields of displacements and rotations of micropolar shells is constructed. Transverse shear deformations are
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automatically taken into consideration in the constructed model. Particularly, classical asymptotic theory of
elastic thin shells with consideration of transverse shears can be obtained from the above mentioned micropolar
model.

Hypotheses are accepted for the construction of general applied theory of micropolar elastic thin shells. The
hypotheses are adequate to the asymptotic behavior of the solution of three-dimensional problem. Such approach
ensures the asymptotic exactness of the constructed micropolar and classical theories of thin shells with consid-
eration of transverse shears.
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