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Abstract

In this paper, we prove the Hyers-Ulam stability of the following mixed additive-quadratic Jensen

type functional equation: 2 f (XZ yj+ f(X; y)+ f(y;XJ= f(x)+f(y).
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1. Introduction

In 1940, Ulam [1] proposed the stability problem of functional equations concerning the stability of group ho-
momorphisms. Suppose that (G,,-) is a group and that (G,,*) is a metric group with the metric d(--).
Given & >0, doesthereexista & >0 suchthatifamapping h:G, — G, satisfies the inequality

d(h(x-y),h(x)*h(y))<s

forall x,yeG,, then ahomomorphism H:G, —G, existswith d(h(x),H(x))<¢ forall xeG,?

The case of approximately additive functions was solved by Hyers [2] under the assumption that G; and G,
are Banach spaces. In 1978, Rassias [3] proved a generalization of the Hyers theorem for additive mappings.
The result of Rassias has provided a lot of influences during the past more than three decades in the develop-
ment of a generalization of the Hyers-Ulam stability concept. This new concept is known as Hyers-Ulam-Rassias
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stability of functional equation.

The stability problems of several functional equations have been extensively investigated by a number of au-
thors and there are many interesting results concerning this problem. A large list of references can be found in
[4]-[11].

Pinsker [12] characterized orthogonal additive functional equation on an inner product space. The orthogonal
Cauchy functional equation

f(x+y)=f(x)+f(y), xLy

in which L is an orthogonality relation, is first investigated by Gudder and Strawther [13]. In 1985, Rétz [14] in-
troduced a new definition of orthogonality by using more restrictive axioms than Gudder and Strawther. More-
over, he investigated the structure of orthogonally additive mappings. Ratz and Szab¢é [15] investigated the pro-
blem in a rather more general framework.

In [16], Kenary and Cho proved the Hyers-Ulam-Rassias stability of mixed additive-quadratic Jensen type
functional equation in non-Archimedean normed spaces and random normed spaces. In this paper, we prove the
Hyers-Ulam stability of the following mixed additive-quadratic Jensen type functional equation:

2f[xzyj+f(";yj+f(y;x)=f(x)+f(y) (1)

in multi-Banach spaces.

The notion of multi-normed space is introduced by Dales and Polyakov [17]. This concept is somewhat simi-
lar to operator sequence space and has some connections with operator spaces and Banach lattices. Motivations
for the study of multi-normed spaces and many examples are given in [17]. Also, the stability problems in mul-
ti-Banach spaces are studied by Dales and Moslehian [18], Moslehian et al. ([19]-[21]) and Wang et al. [22].

Now, let us recall some concepts concerning multi-Banach space.

Let (E.|{|) be acomplex normed space, and let k € N. We denote by E* the linear space E®@E®---@E
consisting of k-tuples (xlxk) where x,---,%, € E. The linear operations on E* are defined coordinate
wise. The zero element of either E or EX is denoted by 0. We denote by N, the set {1,2,--~,k} and by Q,
the group of permutations on k symbols.

Definition 1.1 ([17]) A multi-norm on {Ek ke N} is a sequence

(He) = (H -k en)

such that [|{|, is a norm on E* for each ke N, x| =|)x| for each x<E, and the following axioms are sa-
tisfied foreach ke N with k>2:

(AL) ”<Xff<l>""’xo<k>)k:”(Xv'“:xk)"k (0eQ %, % €E);
(A2) ||(0‘1X1v-wakxk)||kS(@g}lail)||(xlwka)||k (crensty €C %o, € E)

(A3 05 %0 O =00k )y (o s € E);
(A4) ||(X11'”7kallxk—l)||k:||(X1""7Xk—1)||k71 (%, % €E).

In this case, we say that ((Ek ||||k ) ke N) is a multi-normed space.

Suppose that ((Ek ||||k ) ke N) is a multi-normed space and take k e N. We need two properties of mul-
ti-norms which can be found in [17].

@ [ o9l, =[xl (x<E);

k
0 max|x <[Og ), < Xl < kmax|x] (o,eeex € E).
It follows from (b) that, if (E,[{|) is a Banach space, then (Ek ||||k) is a Banach space for each k e N ; in
this case, ((Ek||||k ) ke N) is a multi-Banach space.
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Now, we state two important examples of multi-norms for an arbitrary normed space E (see, for details, [17]).
Example 1.2 ([17]) The sequence ([, :k e N) on {E*:k e N} defined by
s el = max ]l (%, € E)
is a multi-norm called the minimum multi-norm. The terminology “minimum? is justified by property (b).

Example 1.3 ([17]) Let {(||||k ke N) ‘ae A} be the (non-empty) family of all multi-norms on {Ek ke N}.
For keN, set

|||X1!“"Xk|||k ::igg")(i,...’xk":’ (le...,xk c E)

Then ( || :k e N) isamulti-norm on g—‘E" k e Nt, which is called the maximum multi-norm.

We need t'he following observation which can be ea5|ly deduced from the triangle inequality for the norm
|, and the property (b) of multi-norms. ‘

Lemma 1.4 [17] Suppose that keN and (X, X )€ E". For each je{1,---k}, let {xr{} be a se-
quence in E such that limx) = X; . Then for each (Vo0 ¥ ) € E*, we have e

n—owo

lim (X =Yy, X = Yy ) = (X = Yoo X = Vi)

n—o0

Definition 1.5 [17] Let ((Ek,||-||k):k € N) be a multi-normed space. A sequence {x,} in E is a multi-null

sequence if, for each ¢ >0, there exists n, e N such that

SUp|[Xy.- s Xl <& (n=ng).
keN

Let xeE.We say that the sequence {x,} is multi-convergent to x in E and write

lim X, =X.

if {x,—x} isamulti-null sequence.

There are several orthogonality notations on a real normed space available. But here, we present the ortho-
gonal concept introduced by Ratz [14]. This is given in the following definition.

Definition 1.6 Suppose that X is a vector space (algebraic module) with dim X >2, and L is a binary
relation on X with the following properties:

1) Totality of 1 forzero: x 10, 0L x forall xe X ;

2) Independence: if x,y e X —{0} and x Ly, thenxandy are linearly independent;

3) Homogeneity: if x,ye X and x Ly,then ax Ll gy forall a,fecR;

4) Thalesian properity: if P is a 2-dimensional subspace of X, xe P and AR, , which is the set of non-
negative real numbers, then there exists y, e P suchthat x Ly, and x+y, L Ax—y,.

The pair (X, L) is called an orthogonality space (resp., module). By an orthogonality normed space (normed
module) we mean an orthogonality space (resp., module) having a normed (resp., normed module) structure.

Definition 1.7 Let X be a set. Afunction d: X x X —[0,] is called a generalized metric on X if and only if
d satisfies

(M1) d(x,y)=0 ifandonlyif x=y;

(M2) d(x,y)=d(y,x) forall x,yeX;

(M3) d(x,z)<d(x,y)+d(y,z) forall x,y,zeX.
Theorem 1.8 ([23]) Let (X,d) be a generalized complete metric space. Assume that J: X — X be a stri-
ctly contractive mapping with Lipschitz constant L <1. Then, forall xe X , either

d(J”x,J”*lx):oo

for all nonnegative integers n or there exists a positive integer n, such that
1) d(3"x,3™x) < forall nxny;
2) the sequence {J"x} converges to a fixed point x* of J;

()
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3) X" is the unique fixed point of J in the set X*={yex|d(J”°x,y)<oo};
4) d(y,x*)sﬁd(\]y,y) forall yeX".

2. Hyers-Ulam Stability of Mixed Additive-Quadratic Jensen Type Functional
Equation

Throughout this section, let « >0, E be an orthogonality space and let ((F”,”."n);n e N) be a multi-Banach
space. For convenience, we use the following abbreviation for a given mapping f :E - F/,

of (x ) =2 (X2 ot 2220 112 ) £ (-1 ()

forall x,yeE with xLy.

2.1. Hyers-Ulam Stability of Functional Equation (1): An Odd Case

In this section, using direct method, we prove the Hyers-Ulam stability of the functional Equation (1) in multi-
Banach space.
Definition 2.1 An odd mapping f :E — F is called an orthogonally Jensen additive mapping if

X+Yy X-y y—X
2f + f + f =f(x)+f
(2j[2j(2j() )
forall x,yeE with xLy.

Theorem 2.2 Suppose that o is a nonnegative real number and f,:E — F is an odd mapping satisfying

igg”(Dfa(xl,yl),-n,Dfa(xk,yk))"k <a (2.1)

forall x,---,X.,Y, Y, €E and x Ly, (i=1---,k). Then there exists a unique orthogonally Jensen addi-
tive mapping A:E — F such that

igg"( f,(%)-A(X), fa(xk)—A(xk))"k <a (22)

forall x,---,x €E.
Proof. Replacing vy,,---,y, by 0,---,0 in(2.1), we get

o3} e 2s(5) 100)

for all x,---,x, € E since 0L x (i:l,---,k). Replacing .-+, % by 2"x,---,2"x, in (2.3) and dividing

both sides by 2", we get
[fa(Z”lxl) fa(2”x1) f, (2”’1xk) f, (2” xk)]

2n—l - 2n 1T 2n—1 2n

sup <a (2.3)

keN

k

sup <2« (2.4)

keN

k

for all x,---,x, € E since 0L12"x (i =1,~-,k). By using (2.4) and the principle of mathematical induction,

we can easily get
{fa(Z”*"‘xl) fa(2”x1) f, (2”*’“Xk) f, (Z”Xk)J nem

<ad 2" (2.5)

i=n+1

2n+m 2n ! ! 2n+m 2n

sup
keN

k

forall x,---,x, eE, nnmeN, m>1.
We now fix x e E.We have
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sup

! ! k-1 k-1
KeN 2n+m+ 2I‘I+

2n+m 2n o -

[ fa (2n+m X) fa (2n X) fa (2n+m+k—1x) fa (2n+k—1 X)J

k

2n+m 2n

=su - e
kelg 2n+m 2n 2k—1

L(2"m) f(2'%) 1 {fa(Z”*"‘(Z“x)) fa(zn(z“x))J

2n+m 2n ! ’ 2n+m 2n

S[fa(Z”*mx) L(2x) (27" (2%) fa(2”(2k1x))]

n+m

SaZZ’i.

i=n+1

where we have used the Definition 1.1 and also replaced x,---,X, by X,2X,---,2"x in (2.5). It follows that

{wnx)

2n

} is a Cauchy sequence and so it is convergent in the multi-Banach spaces F. Set

A(x) = lim fa(zn X)

n—o 2n

forall xeE . Hence, foreach ¢ >0, there exists n, such that

{M_A(X)'W’M_A(X)J

sup
keN

2n 2n+k—1

forall n>n,. In particular, by property (b) of multi-norms, we have

fa(2”x)

lim

n—co

=0, (Xe E). (2.6)

We nextput n=0 in(2.5) to get

{M_ fa(xl),...'%_ fa(Xk )}

su
p om

keN

Letting m — o and using Lemma 1.4 and (2.6), we obtain

supl(A(%) - £, (%), A(x )~ (%), =a

Let x,yeE and xLly. Considering Definition 1.6, we have 2"x 12"y. Put x =--=x =2"x,
y,=---=Y, =2"y in(2.1) and divide both sides by 2". Then, using property (a) of multi-norms, we obtain
n Xty n X—Y n ¥Y—X
W(222) W(250) (25 o o
a a a 2"x) (2
712 + 2 + 2 J_ ( )— ( )32‘”0:
2" 2" 2" 2" 2"

forall x,yeE and x Ly.Taking n— o, we get

ZA(X;y]+A(X;yj+A[y;Xj—A(x)—A(y):0
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forall x,yeE and x_Ly. Since fis an odd mapping, according to the definition of A, we know that A is an
odd mapping. By Definition 2.1, the mapping A is an orthogonally additive mapping.
If A’ isanother orthogonally additive mapping satisfying (2.2), then

A0~ A ()| = A2 x)- A (2'x)]

< 2—1H“A(2" X)- 1, (2" x)“+2i f(2%)- A (2

S2—1n-2a.

Taking n— o, we get A= A’. This completes the proof.

2.2. Hyers-Ulam Stability of Functional Equation (1): An Even Case

In this section, we prove the Hyers-Ulam stability of the functional Equation (1) in multi-Banach space with the

fixed point method.
Definition 2.3 An even mapping f :E — F s called an orthogonally Jensen quadratic mapping if

X+Yy X—y y—X
2f f f =f(x)+f
(2)+(2j+(2j 3+ 1)
forall x,yeE with xLy.

Theorem 2.4 Suppose that « is a nonnegative real number and f, :E — F is an even mapping satisfying

s;l:gH(qu(xl,yl),---,qu(xk,yk))”k <a 2.7)

for all x,---, %,y y, €E and x Ly (i=1--k) and f (0)=0. Then there exists a unique orthogo-
nally Jensen quadratic mapping Q:E — F such that

1
iug (fq(xi)_Q(Xl)""’ fq(Xk)_Q(Xk))”k Sga (2.8)
forall x,---,x, €E.
Proof. Letting y, =y, =---=y, =0 in(2.7), we get
X X
sup 4fq[—j—fq(xl),~--,4fq[—)—fq(xk) <a (2.9
keN 2 2 K
forall x,---,x, € E since 0L x (i=1---,k). Replacing %X—ZZX?" by x,---,X, and dividing both sides
by 4, we get
1 1 1
sup (— fo(2%) = f, (%)= f, (2% ) — f, (X )j <a (2.10)
keN 4 4 K 4

Let S= {g X —>Y| g (0) = 0} and introduce the generalized metric d defined on S by

d(g,h)zinf{Ce[0,oo]|sl;(li£"(g(xl)—h(xl),...,g(xk)—h(xk))"k <c, for x,-,% € E

Then it is easy to show that (S,d) is a generalized complete metric space (see [5], Lemma 2.1).
We now define an operator J:E — E by

Jg(x):%g(Zx), vxeE.
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we assert that J is a strictly contractive operator. Given g,he S, let ce[0,0] be an arbitrary constant with
d(g,h)<c.From the definition of d, it follows that

iug"(g(Xl)—h(Xl),---,g(Xk)—h(Xk))"k <¢
forall x,---,x € E . Therefore

<-—cC

I

o0 ()- 9006+ 90 )-an(s ), =B 2s)-2nian) - 2atax)-2nex)

k

for all x,---,x, € E. Hence, it holds that d(Jg,Jh)gic,i.e., d(Jg,Jh)<=d(g,h) forall g,heS. This

1

= Nk

means that J is a strictly contractive operator on S with the Lipschitz constant

By (2.10), we have d (qu, fq)s%a <o . According to Theorem 1.8, we deduce the existence of a fixed

point of J, that is, the existence of a mapping Q: X —Y suchthat Q(2x)=4Q(x) forall xe E.Moreover,
we have d(J"f,,Q)—> 0, which implies

Q(x)=1imJ"f, (x)=lim fq(znx)

n—o n—w 4

1

forall xeE. Also, d(fq,Q>sﬁd(qu,fq) implies the inequality
1 1
d(fq,Q)ﬁl—ld(qu,fq)sga
4
Let x,yeE and xLly. Considering Definition 1.6, we have 2"x 12"y . Set x =---=x,=2"x,
y,=---=Y, =2"y in(2.7) and divide both sides by 4". Then, using property (a) of multi-norms, we obtain
n X+Yy n X-Y n Y—X
o (2550) 4(25Y) (295 o oo
a a a X f (2
2P W= 0T e e .
4" 4" 4" 4" 4" 4"

forall x,yeE and x Ly.Taking n— o, we get

2Q(X+yJ+Q(X_yj+Q(y;Xj—Q(X)—Q(y)zo

2 2

forall x,yeE and x L y. Since f is an even mapping, Q is an even mapping. According to Definition 2.3,
we know that Q is an orthogonally quadratic mapping.

The uniqueness of Q follows from the fact that Q is the unique fixed point of J with the property that there
exists 1 (0,0) such that

(f,(%)=Q(%). £, (x)-Q(x))], <!

sup
keN

forall x,---,x, € E . This completes the proof of the theorem.
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