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Abstract 

In this paper, we introduce the weighted Bloch spaces ( )( ),β p
I m nℜ  on the first type of classical 

bounded symmetric domains ( ),I m nℜ , and prove the equivalence of the norms 1, pf  and 

( )2, + 2p+ m nf . Furthermore, we study the compactness of composition operator φC  from 

( )( ),β p
I m nℜ  to ( )( ),β q

I m nℜ , and obtain a sufficient and necessary condition for  

( )( ) ( )( ): , ,φ β βp q
I IC m n m nℜ → ℜ  to be compact. 
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1. Introduction 
Let Ω  be a bounded homogeneous domain in n . The class of all holomorphic functions on Ω  will be 
denoted by ( )H Ω . For φ  a holomorphic self-map of Ω  and ( )f H∈ Ω , the composition f φ  is 
denoted by C fφ , and Cφ  is called the composition operator with symbol φ . 

The composition operators as well as related operators known as the weighted composition operators between 
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the weighted Bloch spaces were investigated in [1] [2] in the case of the unit disk, and in [3]-[7] for the case of 
the unit ball. The study of the weighted composition operators from the Bloch space to the Hardy space H ∞  
was carried out in [8] [9] for the unit ball. Characterizations of the boundedness and the compactness of the 
composition operators and the weighted ones between the Bloch spaces were given in [10]-[12] for the polydisc 
case, and in [13]-[18] for the case of the bounded symmetric domains. Furthermore, we will give some results 
about the composition operators for the case of the weighted Bloch space on the bounded symmetric domains. 

In 1930s all irreducible bounded symmetric domains were divided into six types by E. Cartan. The first four 
types of irreducible domains are called the classical bounded symmetric domains, the other two types, called 
exceptional domains, consist of one domain each (a 16 and 27 dimensional domain). 

The first three types of classical bounded symmetric domains can be expressed as follows [19]: 

( ) { }T, :  is an  complex matrix, 0I mm n Z Z m n I ZZℜ = × − > , 

where m n≤  and mI  is the m m×  identity matrix, TZ  is the transpose of Z ; 

( ) { }T:  is a  symmetric matrix,  , 0II pp Z Z p p Z Z I ZZℜ = × = − >  

( ) { }T:  is a  antisymmetric matrix,  , 0 .III qq Z Z q q Z Z I ZZℜ = × = − + >  

Let ( )ij m n
A a

×
=  and ( )kl s t

B b
×

= . The Kronecker product A B×  of A  and B  is defined as the ms nt×  

matrix ( )ikjlC c=  such that the element at the ik -th row and jl -th column ikjl ij klc a b=  [19]. Then the Berg- 
man metric of ( ),I m nℜ  is as follows (see [19]): 

( ) ( ) ( ) ( )1 1T T T, ,ZH u u m n u I ZZ I Z Z u
− −

= + − × −                (1.1) 

where ( )11 1 1, , , , , ,n m mnu u u u u=     is a complex vector, Tu  is the conjugate transpose of u , and  
( ) ( ),ij Im n

Z z m n
×

= ∈ℜ . 

Following Timoney’s approach (see [18]), a holomorphic function f  is in the Bloch space ( )( ),I m nβ ℜ , if  

( )
( )

,
sup .

I
f

Z m n
f Q Z

β
∈ℜ

= < ∞  

Now we define a holomorphic function f  to be in the p-Bloch space ( )( ),p
I m nβ ℜ , if  

( )
( ) ( )T

,
det ,supp

I

p

f
Z m n

f I ZZ Q Z
β

∈ℜ
= − < ∞                        (1.2) 

where 

( )
( )
( )

{ }1 2sup : 0 ,
,

mn
f

Z

f Z u
Q Z u

H u u

 ∇ = ∈ − 
  

  

( ) ( ) ( ) ( ) ( )
11 1 1

, , , , , , .
n m mn

f f f ff Z Z Z Z Z
z z z z

 ∂ ∂ ∂ ∂
∇ =  ∂ ∂ ∂ ∂ 

    

We can prove that ( )( ),p
I m nβ ℜ  is a Banach space with norm ( )1, 0 ppf f f

β
= +  which is similar  

with the case on ( ).nBαβ  
Let ( )ij m n

φ φ
×

=  be a holomorphic self-map of ( ),I m nℜ . We are concerned here with the question of when  

( )( ) ( )( ): , ,p q
I IC m n m nφ β βℜ → ℜ  will be a compact operator. 

Let ( )1diag , , nd d  denote a diagonal matrix with diagonal elements 1, , nd d . In this work,we shall de- 
note by C  a positive constant, not necessarily the same on each occurrence. 

In Section 2, we prove the equivalence of the norms defined in this paper and in [20]. 
In Section 3, we state several auxiliary results most of which will be used in the proofs of the main results. 
Finally, in Section 4, we establish the main result of the paper. We give a sufficient and necessary condition 

for the composition operator Cφ from the p-Bloch space ( )( ),p
I m nβ ℜ  to the q-Bloch space ( )( ),q

I m nβ ℜ  
to be compact, where 0p ≥  and 0q ≥ . Specifically,we prove the following result: 
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Theorem 1.1. Let φ  be a holomorphic self-map of ( ),I m nℜ . Then ( )( ) ( )( ): , ,p q
I IC m n m nφ β βℜ → ℜ  

is compact if and only if, for every 0ε > , there exists a 0δ >  such that 

( )
( ) ( )( )

( ) ( ) ( )( )
( )

1 2T

1 2T

,det
,

,det

q

Z
p

Z

H J Z u J Z uI ZZ

H u uI Z Z

φ φ φ
ε

φ φ

−
<

−
                  (1.3) 

for all { }0mnu∈ −  whenever ( )( )dist , IZφ δ∂ℜ < , ( ),IZ m n∈ℜ . 
The compactness of the composition operators for the weighted Bloch space on the bounded symmetric 

domains of ( ) ( ),  II IIIp qℜ ℜ  is similar with the case of ( ),I m nℜ ; we omit the details. 

2. The Equivalence of the Norms 

Denote [20] 
( )

( ) ( ) ( )T
2, 2, 2,

,
sup det  and 0p p

I

p

p
Z m n

f I ZZ f Z f f f
β β

∈ℜ
= − ∇ = + . 

Lemma 2.1. (Bloomfield-Watson) [21] Let ( ) 0ijA a= ≥  be an m m×  Hermitian matrix. Then 

( )Tdet detB AB A≤                                    (2.1) 

where B  is any m n×  matrix and satisfies TBB I= .  
Theorem 2.1. 1, pf  and ( )2, 2p m nf

+ +
 are equivalent. 

Proof. The metric matrix of ( ),I m nℜ  is 

( ) ( )( ) ( )1 1T T, .m nT Z Z m n I ZZ I Z Z
− −

= + − × −  

For any ( ),IZ m n∈ℜ , let ( )( ),Z IAut m nϕ ∈ ℜ  with ( ) 0Z Zϕ = . Then  

( ) ( )( )( ) ( )( )( ) ( ) ( )( )( ) ( )( )T T
, 0,0Z Z Z ZT Z Z J Z T J Z m n J Z J Zϕ ϕ ϕ ϕ= = +  

Denote 1
Z Zϕ ψ− =  then ( )0Z Zψ = , ( ) 1

Z ZJ Jψ ϕ −=  and 

( ) ( )( ) ( )( )( ) ( )( )( )( )
1T T1 11 1,  0 0 .Z Z Z ZT Z Z J Z J Z J J

m n m n
ϕ ϕ ψ ψ

−
− −= =

+ +
 

Thus 

( ) ( ) ( )( ) ( )( )( ) ( )( )( )( ) ( )( ) 2T T1 1 1, 0 0 0 .Z Z Zf Z T Z Z f Z f Z J f Z J f
m n m n

ψ ψ ψ−∇ ∇ = ∇ ∇ = ∇
+ +

  

Hence 

( ) ( ) ( ) ( )( )
( )

{ }

( ) ( )( ) { }{ }

( ) ( ) ( )

T T
1 2
0

T

T 1

0
det 0 det sup : 0 ,  1

,

1                                       det sup 0 : 0 ,  1

                                       det ,

Z

p p Z mn
f

p mn
Z

p

f u
I ZZ Q I ZZ u u

H u u

I ZZ f u u u
m n

I ZZ f Z T Z Z

ψ

ψ

ψ

−

 ∇ − = − ∈ − = 
  

= − ∇ ∈ − =
+

= − ∇ ∇











( )( ){ }1 2T
.f Z

  

Furthermore, 

( )
( ) ( )

( )
( ) ( ) ( ) ( )( ){ }

T

,

1 2TT 1

,

detsup

         det , .sup

p

I

I

p

f
Z m n

p

Z m n

f I ZZ Q Z

I ZZ f Z T Z Z f Z

β
∈ℜ

−

∈ℜ

= −

= − ∇ ∇
 

Since 

( ) ( ) ( )( ) ( ) ( )

( ) ( ) ( )

2T1 1

21 T

, det ,

                                           det .
m n

f Z T Z Z f Z f Z T Z Z

m n f Z I ZZ

− −

+−

∇ ∇ ≤ ∇

= + ∇ −
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Thus 

22,

1 .m nppf f
m nβ β

+
+≤

+
                               (2.2) 

For 

( ) ( ) ( ) ( )
( ){ }

{ }

( ) ( ){ } ( )

( ) ( )

T T
1 2T

1 2T 1

T 2

det det sup : 0 ,   1
,

                                   det det ,

1                                   det ,

p p mn
f

p

m np

f Z u
I ZZ Q Z I ZZ u u

uT Z Z u

I ZZ T Z Z f Z

I ZZ f Z
m n

−

+
+

 ∇ − = − ∈ − = 
  

≥ − ∇

= − ∇
+



 

then we have 

22,

1 .m nppf f
m nβ β

+
+≥

+
                              (2.3) 

Combining (2.2) and (2.3), 

22,

1 .m nppf f
m nβ β

+
+=

+
 

Next, 

( ) ( ) 21, 2, 2,
2

0 0 ;m npp m np pf f f f f f
β β

+
+ +

+
= + ≤ + =  

and 

( ) ( )( )22, 2, 1,
2

0 0m np pm np pf f f m n f f m n f
β β

+
++

+
= + ≤ + + = +  

Therefore, the proof is completed.                                                           □ 

3. Some Lemmas 
Here we state several auxiliary results most of which will be used in the proof of the main result. 

Lemma 3.1. [18] Let N⊂   be a bounded homogeneous domain. Then there exists a constant C , 
depending only on  , such that 

( ) ( ) ( )( ) ( ),  ,zzH J z u J z u CH u uφ φ φ ≤                            (3.1) 

for each z∈  whenever φ holomorphically maps   into itself. Here ( ),zH u u  denotes the Bergman metric  

on  , ( ) ( )
1 ,

l

k l k N

z
J z

z
φ

φ
≤ ≤

∂ 
=  

∂ 
 denotes the Jacobian matrix of φ . 

Lemma 3.2. Let φ  be a holomorphic self-map of ( ),I m nℜ  and K  a compact subset of ( ),I m nℜ .Then 
there exists a constant 0C >  such that 

( )
( ) ( )( )

( ) ( ) ( )( )
( )

1 2T

1 2T

,det

,det

q

Z
p

Z

H J Z u J Z uI ZZ
C

H u uI Z Z

φ φ φ

φ φ

−
≤

−
               (3.2) 

for all { }0mnu∈ −  whenever ( )Z Kφ ∈ . 
Proof. For ( )0,1δ ∈ , let ( ) ( ){ }: , : dist , .W I IE W m n Wδ δ= ∈ℜ ∂ℜ ≥  

For any compact ( ),IK m n⊂ ℜ , there exists a constant ( )0,1δ ∈  such that WK Eδ⊂ . Then there exists  

( )0,1M ∈  such that ( ) ( )( )T
det I Z Z Mφ φ− > , whenever ( )Z Kφ ∈ . 
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Thus 

( )
( ) ( )( )

T

T

det 1 .
det

q

p p

I ZZ

MI Z Zφ φ

−
<

−
                               (3.3) 

Combining Lemma 3.1 with (3.3) shows that (3.2) holds.                                         □ 
Lemma 3.3. (Hadamard) [21] Let ( ) 0ijA a= ≥  be an nn×  Hermitian matrix. Then  

1
det

n

ii
i

A a
=

≤∏                                              (3.4) 

and equality holds if and only if A  is a diagonal matrix. 
Lemma 3.4. Let ( ) ( ),kl Im n

Z z m n
×

= ∈ℜ . Then 

( ) ( )2T

=1
det 1 .

m

m ii
i

I ZZ z− ≤ −∏                                (3.5) 

Proof. For any ( ),IZ m n∈ℜ , we have T

1 1 ,

0.
n

m st sj tj
j s t m

I ZZ z zδ
= ≤ ≤

 
− = − > 

 
∑  

Thus we have 
2

1
0 1 1

n

ij
j

z
=

< − <∑ , 1, 2, , .i m=   

It follows from Lemma 3.3 that ( ) ( )2 2T

11 1
det 1 1 .

m mn

m ij ii
ji i

I ZZ z z
== =

 
− ≤ − ≤ − 

 
∑∏ ∏                      □ 

Lemma 3.5. Let ( ),I m nℜ  be a classical bounded symmetric domain, and ( ),T z z  denote its metric matrix. 
Then a holomorphic function f  on ( ),I m nℜ  is in ( )( ),p

I m nβ ℜ  if and only if 

( )
( ) ( ) ( ) ( ){ }1 2TT 1

,
det , .sup

I

p

Z m n
I ZZ f Z T Z Z f Z−

∈ℜ
− ∇ ∇ < ∞                     (3.6) 

If (3.6) holds, then 

( )
( ) ( ) ( ) ( ){ }1 2TT 1

,
det , .supp

I

p

Z m n
f I ZZ f Z T Z Z f Z

β
−

∈ℜ
≤ − ∇ ∇                  (3.7) 

Proof. We can get the conclusion by the process of the proof on Theorem 2.1.                        □ 
Lemma 3.6. [18] Let  

( )( )1 2diag , , , ,0 ,m IP U Vλ λ λ= ∈ℜ  

T

2 2 2
1 2

1 1 1diag , , , ,
1 1 1 m

Q U U
λ λ λ

 
 =
 − − − 


 

T

2 2 2
1 2

1 1 1diag , , , ,1, ,1 ,
1 1 1 m

R V V
λ λ λ

 
 =
 − − − 

 
 

where m mU ×  and n nV ×  are unitary matrices and 2 10 < 1.mλ λ λ≤ ≤ ≤ ≤  

Denote ( ) ( )( ) 1T 1
P nZ Q P Z I P Z R

− −Φ = − − , ( ),IZ m n∈ℜ . Then 

(1) ( ) ( )( ), ;P IZ Aut m nΦ ∈ ℜ  

(2) ( ) 1 ;P P
−Φ = Φ  

(3) ( ) ( )0     0;P PP and PΦ = Φ = ; 

(4) ( ) ( ) 1 1
0

d d     d dP PZ P Z
Z Q ZR and Z Q ZR− −

= =
Φ = − Φ = −  for ( ),IZ m n∈ℜ ; 
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(5) ( ) ( ) ( )
11 T

P mZ Q I ZP P Z R
−−Φ = − −  for ( ),IZ m n∈ℜ ; 

(6) ( ) ( ) ( )( ) ( )TT T T T
m m P P m mI ZP Q I Z Z Q I PZ I ZZ− −Φ Φ − = −  for ( ),IZ m n∈ℜ . 

Lemma 3.7. ( )( ) ( )( ): , ,p q
I IC m n m nφ β βℜ → ℜ  is compact if and only if 0qkC fφ β

→  as k →∞  for  

any bounded sequence { }kf  in ( )( ),p
I m nβ ℜ  that converges to 0 uniformly on compact subsets of ( ),I m nℜ . 

Proof. The proof is trial by using the normal methods.                                           □ 

4. Proof of Theorem 1.1 
Proof. Let { }kf  be a bounded sequence in ( )( ),p

I m nβ ℜ  with pkf C
β

≤ , and 0kf →  uniformly on 
compact subsets of ( ),I m nℜ . 

Suppose (1.3) holds. Then for any 0ε > , there exists a 0δ > , such that  

( )
( ) ( )( )

( ) ( ) ( )( )
( )

1 2T

1 2T

,det

,det

q

Z
p

Z

H J Z u J Z uI ZZ

CH u uI Z Z

φ φ φ ε

φ φ

−
<

−
                       (4.1) 

for all { }0mnu∈ −  whenever ( ) ( )( )dist , ,IZ m nφ δ∂ℜ <  and ( ),IZ m n∈ℜ . 
By the chain rule, we have ( )( ) ( ) ( )( ) ( )k kf Z f Z J Zφ φ φ∇ = ∇ . 

If { }0mnu∈ −  and ( ) 0J Z uφ = , then we get ( )( ) 0kf Z uφ∇ = . If { }0mnu∈ −  and ( ) 0J Z uφ ≠ , 
then 

( )( )
( )

( ) ( )( ) ( )
( ) ( ) ( )( )

( ) ( ) ( )( )
( )

1 2

1 2 1 21 2

,
.

, ,,
Zkk

Z ZZ

H J Z u J Z uf Z J Z uf Z u
H u u H u uH J Z u J Z u

φ

φ

φ φφ φφ
φ φ

∇∇
=



           (4.2) 

It follows from (4.1) and (4.2) that 

( ) ( ) ( ) ( )( )
( )

{ } ( )T T
1 2det sup det ,  0 ,  0

,k

q q k mn
C f

Z

f Z u
I ZZ Q Z I ZZ u J Z u

H u uφ

φ
φ

 ∇ − = − ∈ − ≠ 
  



  

( )
( ) ( )( )

( ) ( ) ( )( )
( )

{ }
1 2T

1 2T

,det
sup ,  0

,det
p

q

Z mn
k p

Z

H J Z u J Z uI ZZ
f u

H u uI Z Z

φ

β

φ φ

φ φ

 
 − ≤ ∈ − 
 −
  

       (4.3) 

,C
C
ε ε< =                                                              (4.4) 

whenever ( ) ( )( )dist , ,IZ m nφ δ∂ℜ <  and ( ),IZ m n∈ℜ . 
On the other hand, there exists a constant 0m >  such that  

( ) ( )( ){ }1 2inf , : 1,  dist , , .W IH u u u W m n mδ= ∂ℜ ≥ =  

So if ( )( )dist , ,IW m n δ∂ℜ ≥ , then 

( ) ( )
( ) ( ) ( )

( ) ( ) ( )T T T
1 2 1 2det det det .

, ,
p p pk k k

W W

f W u f W f W
I WW I WW I WW

mH u u H u u u u
∇ ∇ ∇

− ≤ − ≤ −  

We assume that { }kf  converges to 0 uniformly on compact subsets of ( ),I m nℜ . By Weierstrass Theorem, 
it is easy to see that { }kf∇  converges to 0 uniformly on compact subsets of ( ),I m nℜ . Thus, for given 0ε > , 
there exists k  large enough such that 

( ) ( )( ) ( ) ( )( ) ( )

( ) ( ) ( )( )

T

1 2

det

,

p

k

Z

I Z Z f Z J Z u

CH J Z u J Z uφ

φ φ φ φ ε
φ φ

− ∇
<                    (4.5) 
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for any { }0mnu∈ − , ( ) 0J Z uφ ≠  whenever ( ) ( )( )dist , ,IZ m nφ δ∂ℜ ≥  and ( ),IZ m n∈ℜ . Then by in- 
equalities (4.3) and (4.5) and Lemma 3.2, it follows that, for k  large enough, 

qkC fφ β
ε<                                       (4.6) 

whenever ( ) ( )( )dist , ,IZ m nφ δ∂ℜ ≥  and ( ),IZ m n∈ℜ . 
Combining (4.4) and (4.6) shows that qkC fφ β

ε<  as k  large enough. So 

( )( ) ( )( ): , ,p q
I IC m n m nφ β βℜ → ℜ  is compact. 

For the converse, arguing by contradiction, suppose ( )( ) ( )( ): , ,p q
I IC m n m nφ β βℜ → ℜ  is compact and  

the condition (1.3) fails. Then there exist an 0 0ε > , a sequence { }jZ  in ( ),I m nℜ  with 

( ) ( ),j
IZ m nφ → ∂ℜ  as j →∞  and a sequence { }ju  in { }0mn − , such that 

( )
( ) ( )

( ) ( ) ( )( )
( )

T 1 2

01 2T

,det

,
det

j

j

q j j j jj j
Z

p j j
j j Z

H J Z u J Z uI Z Z

H u u
I Z Z

φ
φ φ

ε
φ φ

−
≥

 − 
 

               (4.7) 

for all 1, 2,j = 
. 

Now we will construct a sequence of functions { }jf  satisfying the following three conditions : 
(I) { }jf  is a bounded sequence in ( )( ),p

I m nβ ℜ ; 

(II) { }jf  tends to 0 uniformly on any compact subset of ( ),I m nℜ ; 

(III) 0 as .qjC f jφ β
→ ∞  

The existence of this sequence will contradict the compactness of Cφ . 
We will construct the sequence of functions { }jf  according to the following four parts: A - D. 
Part A: Suppose that ( ) 11,   1, 2,j

jZ r E jφ = =   
where klE  is the   m n×  matrix whose element at the kth  row and lth  column is 1 and the other elements 
are 0. Since φ  maps ( ),I m nℜ  into itself, 0 1jr< <  and 1 as .jr j→ →∞  

Denote ( )j jJ Z uφ  by ( )11 1 21 2 1, , , , , , , , ,j j j j j j j
n n m mnw w w w w w w=      Using formula (1.1), we have  

( ) ( ) ( ) ( )( ) ( )( )
( )

( )

T1 12 2

2
2 2 211

1 12 22 2 2 2 ,2

, diag 1 ,1, ,1 diag 1 ,1, ,1

1                       .
11

j
j j j j

j jZ

j n m
j j j
l k kl

l k k m l njj

H w w m n w r r w

w
m n w w w

rr

φ

− −

= = ≤ ≤ ≤ ≤

= + − × −

 
  = + + + +  −  −  
∑ ∑ ∑

 

 

Denote 

( )

2
2 2 211

1 12 22 2 2 2 ,2

1,    ,    ,
11

j n m
j j j

j j l k j kl
l k k m l njj

w
A B w w C w

rr = = ≤ ≤ ≤ ≤

 = = + = −  −
∑ ∑ ∑  

then 

( ) ( ) ( )( ), .j
j j

j j jZ
H w w m n A B C

φ
= + + +                          (4.8) 

We construct the sequence of functions { }jf  according to the following three different cases. 
Case 1. If for some j , 

( )max ,j j jB C A≤                                    (4.9) 

then set 

( )
( ) ( )( )1

11
11

1 1 1 ,
1 1 e j

j p p
a r

f Z
p z z− −

 
 

= − 
− − 

 

                     (4.10) 
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where a  is any positive number. 
Case 2. If for some j , 

( )max ,j j jA C B≤                                    (4.11) 

then set 

( )
( ) ( )( )

1 1
1 1 1 2 1 2

12 2 11
11

1 1e e
1 1 e

j j
l k

j

n m
i i

j l k p p
a rl k

f Z z z
z z

θ θ− −
+ +

− −= =

 
  = + −  

  − − 
 

∑ ∑             (4.12) 

where argj j
kl klwθ = , if for some l , 0j

klw ≠  or for some k , 0j
klw = , replace the corresponding term e

j
kli

klzθ−  
by 0 (the same below). 

Case 3. If for some j , 
( )max ,j j jA B C≤                                   (4.13) 

then set 

( )
( ) ( )( )12 ,2 11

11

1 1e .
1 1 e

j
kl

j

i
j kl p p

a rk m l n
f Z z

z z

θ−

− −≤ ≤ ≤ ≤

 
  

= −  
−   − 

 

∑                (4.14) 

Next, we will prove that the sequences of functions ( ){ }jf Z  defined by (4.10), (4.12) and (4.14) all satisfy 
the conditions (I), (II) and (III). 

To begin with, we will prove the sequence of functions ( ){ }jf Z  defined by (4.10) satisfies the three con- 
ditions. We can get that 

( ) ( ) ( ) ( ){ }

( ) ( )
( )

( )

( )( )
( ) ( ) ( )

( )
( )

1 2TT 1

1 2 1
2 21 2 T

1 1 1 1
11 1 11

11

2 21 2
11 11 1

11

1 22

det ,

1 e  det 1 1
1 1 e

2  1 1
1

  2 .

j

j

p

j j

a rn mp

l k p p
a rl k

p

p

p

I ZZ f Z T Z Z f Z

m n I ZZ z z
z z

m n z z
z

m n

−

− −
−

+ +
− −= =

−

+

−+

− ∇ ∇

   = + − − − −   
   −  −

≤ + − −
−

≤ +

∑ ∑
 

It follows from Lemma 3.5 that ( ) 1 222p
p

jf C m n
β

−+≤ + . 

This proves that the sequence of functions ( ){ }jf Z  defined by (4.10) satisfies condition (I). 

Let E  be any compact subset of ( ),I m nℜ . Then there exists a ( )0,1ρ ∈  such that  
11z ρ≤                                            (4.15) 

for any ( )kl m n
Z z E

×
= ∈ . By (4.10), we have  

( )
( )( )

( )

( )

( )1 1
11 11

1 11 11
11

1 e 1 e1 1 1 11 1 .
1 111 e

j j

j

p p
a r a r

j p p
a r

z zf Z
p z p zz ρ

− − − −

− −

    − −    = − ≤ −    − −−    −  

 

Since 
( )

( ) ( )( )
1

1 111 11

11 11

1 e 11 1 e 1 e .
1 1 1

j
j j

a r
a r a rz z

z z ρ

− −
− − − −−

− = − ≤ −
− − −

 



J. B. Su et al. 
 

 
657 

But ( )11 e 0ja r− −
− →  as j →∞ . Thus, 

( )1
11

11

1 e
1

1

j
p

a r z
z

− − −  −
 − 

 converges to 0 uniformly on E . Therefore,  

{ }jf  converges to 0 uniformly on E  as j →∞ . Thus, the sequence of functions ( ){ }jf Z  defined by (4.10) 
satisfies the condition (II). 

Now (4.8) and (4.9) mean that 

( ) ( ) ( )( ) ( ), , 3 , .j
j j

j j j jZ
H w w m n A B C m n A

φ
= + + ≤                   (4.16) 

Combining (4.7) and (4.16), we have 

( ) ( ) ( )( ) ( )
( )

( ) ( )( )
( )

( )
( )

( )

( )

( )
( ) ( )

( )( )

T

11

1 2

2 11 11
11 0 112

0 1 2 2
11

1 1

0
1

1

det
,

1
               1

, 13

1 e
               1 .

3 1 e

q

j

j

j

j

j j j
q jj j

j j j
Z

j jpj j
p j j j

j j j j
jr E

p a r
j

p
a r

j

f Z J Z u
C f I Z Z

H u u

f
r E wf r E w r z

r
H w w w rm n

r

m n r

φ β

φ φ

ε
ε

ε
+ − −

+
− −

∇
≥ −

∂
∇ − ∂

≥ − ≥
−+

 
 −

≥ − 
 + − 
 

 

Since 

( ) ( )

( )( )
1 1 1

1
1

1 e 11 1 0.lim 11 e

j

j

p a r p
j

pj a r
j

r

ar

+ − − +

+
→∞ − −

 
 −  − = − ≠   +  −  

 

This proves that 0qjC fφ β
  as j →∞ , which means that the sequence of functions ( ){ }jf Z  defined 

by (4.10) satisfies condition (III). 
We can prove that the sequence of functions ( ){ }jf Z  defined by (4.12) or (4.14) satisfies the conditions (I) 

- (III) by using the analogous method as above. 
Part B: Now we assume that 

( ) ( ) ( )1 2
11 22 ,     1, 2,j

j jZ r E r E jφ = + =   

It is clear that ( ) ( )1 21 0j jr r> ≥ ≥  and for ( ) ( ),j
IZ m nφ → ∂ℜ  we can assume that ( )1 1jr →  and ( )2

0jr λ→  
as j →∞ , where 0 1λ ≤ . 

If 0 1λ = , we can use the same methods as in Part A to construct a sequence of functions ( ){ }jf Z  satisfy- 
ing conditions (I)-(III). 

Using formula (1.1), we have 

( ) ( ) ( ) ( )( ) ( )( ) ( )( ) ( )( )

( )
( )( ) ( )( ) ( )( ) ( )( ) ( )( )

2 2 2 2

2 2 22 2

1 1 1 1 T1 2 1 2

2 2 2 2
2 211 12 21 22

1 12 21 2 11 2 3 3

, diag 1 , 1 ,1, ,1 diag 1 , 1 ,1, ,1

1                         
1 1 11 1

j
j j j j

j j j jZ

j j j j n m
j j
l k

l k
j j jj j

H w w m n w r r r r w

w w w w
m n w w

r r rr r

φ

− − − −

= =

   
= + − − × − −   

   


+  = + + + + + 
 − − −− −



∑ ∑

 

( )( )2

2 2 2

2 2
2 3 3 3 ,3

1                                          .
1

n m
j j j
l k kl

l k k m l n
j

w w w
r = = ≤ ≤ ≤ ≤







 + + +  

 − 


∑ ∑ ∑

 

Denote 
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( )( ) ( )( ) ( )( ) ( )( )
( )( ) ( )( )

2 22 2

2 2

2 2 2 2

11 12 21 22

2 21 21 2

2 2 2 2 2

1 1 2 2
1 23 3 3 3 3 ,3

,     ,     ,
1 11 1

1 1,     , .
1 1

j j j j

j j j

j jj j

n m n m
j j j j j

j l k j l k j kl
l k l k k m l n

j j

w w w w
A B C

r rr r

D w w E w w F w
r r= = = = ≤ ≤ ≤ ≤

+
= = =

− −− −

   = + = + =   
   − −
∑ ∑ ∑ ∑ ∑

 

Then, 

( ) ( ) ( )( ),j
j j

j j j j j jZ
H w w m n A B C D E F

φ
= + + + + + +                 (4.17) 

We construct the sequence of functions { }jf  according to the following six different cases. 
Case 1. If for some j , 

( )max , , , ,j j j j j jB C D E F A≤  

then set 

( )
( ) ( )1111

11

1 1 1
1

1 e j

j p p
a r

f Z
p z

z
 − − 
 

 
 
 

= − 
−   

−      

                       (4.18) 

Case 2. If for some j , 
( )max , , , , ,j j j j j jA C D E F B≤  

then set  

( ) ( )
( )( ) ( ) ( )

12 21

1 2
12 21 1 2 1 2

1 111 22
11 22

1 1e e .
1 1

1 e 1 e

j j

j j

i i
j p p

a r a r

f Z z z
z z

z z

θ θ− −
+ +

   − − − −   
   

 
 
 
 = + −
 − −       − −           

   (4.19) 

Case 3. If for some j , 
( )max , , , ,j j j j j jA B D E F C≤  

then set 

( )
( ) ( )2122

22

1 1 1 .
1

1 e j

j p p
a r

f Z
p z

z
 − − 
 

 
 
 

= − 
−   

−      

                     (4.20) 

Case 4. If for some j , 
( )max , , , ,j j j j j jA B C E F D≤  

then set 

( )
( ) ( )

1 1

1
1 1 1 2 1 2

=3 =3 111
11

1 1e e .
1

1 e

j j
l k

j

n m
i i

j l k p p
l k a r

f Z z z
z

z

θ θ− −
+ +

 − − 
 

 
 
  = + −  

  −   
−      

∑ ∑        (4.21) 

Case 5. If for some j , 
( )max , , , , ,j j j j j jA B C D F E≤  

then set 
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( )
( ) ( )

2 2

2
2 2 1 2 1 2

=3 =3 122
22

1 1e e .
1

1 e

j j
l k

j

n m
i i

j l k p p
l k a r

f Z z z
z

z

θ θ− −
+ +

 − − 
 

 
 
  = + −  

  −   
−      

∑ ∑         (4.22) 

Case 6. If for some j , 
( )max , , , ,j j j j j jA B C D E F≤  

then set 

( )
( ) ( )13 ,3 111

11

1 1e .
1

1 e

j
kl

j

i
j kl p p

k m l n a r

f Z z
z

z

θ−

 ≤ ≤ ≤ ≤ − − 
 

 
 
  

= −  
−    

−      

∑                   (4.23) 

By using the same methods as in Part A, we can prove the sequences of functions ( ){ }jf Z  defined by 
(4.18)-(4.23) satisfying conditions (I) - (III). 

Now, as an example,we will prove that the sequence of functions ( ){ }jf Z  defined by (4.19) satisfying the 
conditions (I) - (III). 

For any ( ),IZ m n∈ℜ , we have 
2 22 2

12 211 ,      1 ,     1, 2.ii iiz z z z i< − < − =                    (4.24) 
Thus 

( ) ( )

( )
( ) ( )

( )

( ) ( )

1

12 21

1 2

1 22

1 ,1

1

12 21 3 1 3 1
2 2 2 21 111 22

11 22

1 1 e  e e  
2 1 1

1 e 1 e

1      
2

j
j j

j j

j
j

k m l n kl

a r
i i

p p p p
a r a r

f
f Z Z

z

p z z
z z

z z

p

θ θ

≤ ≤ ≤ ≤

 − − 
 

− −

+ + + +
   − − − −   
   

 ∂ ∇ =  
∂  

 
 
 

   ≤ + + −     − −     − −       
    

 + +


∑

( )
( ) ( )

( )

( ) ( )

( ) ( ) ( )

2

12 21

1 2

1

1

12 21 1 3 1 3
2 2 2 21 111 22

11 22

1 2
1 111 22

11

1 ee e  
1 1

1 e 1 e

1 1      2 
1 1

1 e 1 e

j
j j

j j

j

a r
i i

p p p p
a r a r

p
a r a

z z
z z

z z

z z
z

θ θ

 − − 
 

− −

+ + + +
   − − − −   
   

+
 − − − − 
 

 
 
 
 + −   − −     − −       

    

+ −
− −     − −  

 

( )

( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2
1 2

22

12 21 3 1 1 3 1 1
2 2 2 2 2 2

11 22 11 22 11 22

1 11 1
2 2

11 22 11 22

1 2 2 4  <
2 1 1 1 1 1 1

1 1 1  4 2
2 1 1 1 1

j

p
r

p p p p p p

p p p p

z

p z z
z z z z z z

p
z z z z

+
  
 

+ + + + + +

+ + + +

 
 
 
 
   
         

 
  + + + +      − − − − − − 

 
  ≤ + + +    − − − −  ( ) ( )

1 1
2 2

11 22

4 .
1 1

p p
z z

+ +
− −
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By Lemma 2.1 , we have 

( ) ( ) ( ) ( ){ }
( ) ( ) ( ){ }

( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

1 2TT 1

1 2T 1

2 22 2
11 22

1 1 1 11 1
2 2 2 2

11 22 11 22 11 22

2 2

det ,  

det det ,

1  1 1

1 14 2 4 2
42 2       

1 1 1 1 1 1

2  2 2

p

j j

p

j

m n m np p

p p p p p p

p m n

I ZZ f Z T Z Z f Z

I ZZ f Z T Z Z

z z
m n

p p

z z z z z z

p
m n

−

−

+ +
+ +

+ + + + + +

+ + +

− ∇ ∇

≤ − ∇

≤ − −
+

    + +        × + +
 − − − − − − 
 

≤
+

1 1 .
2

  + +  
  

       (4.25) 

It follows from Lemma 3.5 and (4.25) that pjf C
β

≤ . This proves that the sequence of functions ( ){ }jf Z  
defined by (4.19) satisfy the condition (I). 

Let E  be any compact subset of ( ),I m nℜ . Since there exists a ( )0,1ρ ∈  such that 1 1 0iiz ρ− ≥ − > , 
1, 2i =  Thus 

( )
( )

( ) ( )

( )( )

1 2
1 2

1 1

11 22

2 1
11 22

1 e 1 e
2 1 .

1 11

j j

p
a r a r

j p

z z
f Z

z zρ

+
   − − − −   
   

+

     − −          ≤ −  − −−   
     

 

Since 
( )

( ) ( )1
1 11 e 11 1 e 1 e ,     1, 2.

1 1 1

i
j i i

j j

a r
a r a r

ii ii

ii ii

z z
i

z z ρ

 − −       − − − −   
   

 −
− = − ≤ − =  − − −  

 

So 
( )1

1 e 0
i

ja r − − 
 − →  as j →∞ . Thus, 

( ) ( )

( ) ( )

1 2
1 2

1 1

11 22

11 22

1 e 1 e
1

1 1

j j

p
a r a r

z z

z z

+
   − − − −   
   

   
− −         − − − 

  

 converges to 0 uni-  

formly on E. Therefore,the sequence of { }jf  converges to 0 uniformly on E  as j →∞ . Thus, the sequence 
of functions ( ){ }jf Z  defined by (4.19) satisfies the condition (II). 

For case 2, 

( ) ( ) ( ), 6 .j
j j

jZ
H w w m n B

φ
≤ +                            (4.26) 

Combining (4.7) and (4.26), we have  

( ) ( ) ( )( ) ( )
( )

( )( ) ( )( ) ( ) ( ) ( )( )
( ) ( ) ( )

( )

( )( ) ( )( )
( )

( )
( )

( )

2 2T

1 2
11 22

1 2

1 2
11 221 2

01 2 1 2

1 2

0

1 11 2

det 1 1
, ,

1 1
               1

6 1 e 1 e

q

j
j j

j j

jj j j
p pq j j jjj j

j j jj j j j
Z r E r E

p

j j

a r a r

j j

f r E r E wf Z J Z u
C f I Z Z r r

H u u H w w

r r

m n r r

φ β

φ φ
ε

ε

+

+

   − − − −   
   

∇ +∇
≥ − ≥ − −

 
 − − ≥ −    +  − −        

1 2

.

 
 
 
 
 
 
  

 

Since 
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( )( ) ( )( )
( )

( )
( )

( )
1 2

1 2

1 2 2 1

1 11 2

1 1 11 1 0.lim 1
1 e 1 ej j

p

p
j j

j a r a r

j j

r r

a
r r

+

+

   →∞ − − − −   
   

  
  − −    − = − ≠     +      − −           

 

This proves that 0qjC fφ β
  as j →∞ , which means that the sequence of functions ( ){ }jf Z  defined 

by (4.19) satisfies condition (III). 
If 0 1λ < , then by Lemma 3.6, there exist ( ) ( )1 2

11 22j jr E r E+
Φ  and ( )1

11jr E
Φ  in ( ),I m nℜ  such that  

( ) ( )
( ) ( )( ) ( )

( )( ) ( )1 2 1
11 22 11

1 2 1
11 22 110   and   0     1, 2, .

j j j
j j jr E r E r E

r E r E r E j
+

Φ + = Φ = =   

If we denote ( ) ( ) ( ) ( ) ( )1 1 2
11 22

1

11
j j j

j

r r E r E
Z E

−

+

 Ψ = Φ Φ 
 

 , then ( ) ( )( ),j
IAut m nΨ ∈ ℜ  and  

( ) ( )( ) ( ) ( ) ( )( ) ( )1 2 1
11 22 11 11

j jj
j j j jZ r E r E r E r EφΨ = Ψ + = = , where ( )1

j jr r= . 

Denote ( )j
j jg f= Ψ , where the sequence of functions { }jf  is the sequence obtained in Part A. We have  

( ) ( ) ( ) ( )
( ) ( )( ) ( ) ( )( )( ) ( )11

, , , ,jj j j

j jj j j j j j j j
r EZ Z

H w w H J Z w J Z w H v v
φ φ

φ φ
Ψ

= Ψ Ψ =


      (4.27) 

where ( )j j jw J Z uφ=  and ( ) ( )( )jj j jv J Z wφ= Ψ . Now (4.27) implies that 

( ) ( )( )
( ) ( )

( )( )
( )11

11

1 2 1 2, ,j j

j j j
j j j

j j j j
r EZ

g Z w f r E v

H w w H v v
φ

φ∇ ∇
=  

and  

( )
( ) ( )( ) ( )

( )

( ) ( )
( ) ( )( )

( ) ( )

( )( ) ( )( ) ( )( )
( )

2 2

11

T
1 2

T

0 1 2

112 1
0 1 2

det
,

              det
,

              1 1 .
,

q

j

j

j

j j j
jq

j j j
Z

j jp
jj j

j j
Z

jp p j j
j j j j

r E

g Z J Z u
C g I ZZ

H u u

g Z w
I Z Z

H w w

f r E v
r r

H v v

φ β

φ

φ φ

φ
ε φ φ

ε

∇
≥ −

∇ ≥ − 
 

∇
= − −

 

It is clear that ( )( )22 2
01 1 0lim j

j
r λ

→∞
− = − ≠ , and combining the discussion in Part A,we can get that  

0qjC gφ β
  as j →∞ ; that means the sequence of functions { }jg  satisfies condition (III). 

We prove that the sequence of functions { }jg  is a bounded sequence in ( )( ),p
I m nβ ℜ . 

Since ( ) ( )( ),j
IZ Aut m nΨ ∈ ℜ , 

( ) ( ) ( ) ( ) ( )( )T Tdet det .
j j

p p j
g fI ZZ Q Z I ZZ Q Z− = − Ψ  

So p pj jg f
β β

=  is bounded. 

Next we prove that { }jg  converges to 0 uniformly on any compact subset E  of ( ),I m nℜ . Let  
( ) ( ) ( ) ( )( )

1 ,1
,j j

lk l m k n
Z Z

≤ ≤ ≤ ≤
Ψ = Ψ  then by the definition of ( )jΨ  and Lemma 3.6, we can get a calculation directly 

that  
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( ) ( ) ( )
( )

2 12 21
11 11 2

22

.
1

j
j

j

z zZ z r
r z

Ψ = +
−

 

It is clear that ( ) ( )11
j ZΨ  converges uniformly to ( ) 12 21

11 11 0
0 221

z zZ z
z

λ
λ

Ψ = +
−

 in ( ),I m nℜ . 

Since 0 1λ <  and ( )0 11 0 22 ,IE E m nλ λ+ ∈ℜ , there similarly exist ( )ZΨ  in ( )( ),IAut m nℜ  such that  
( )0 11 0 22 0 11E E Eλ λ λΨ + = , and the first component of ( )ZΨ  is ( )11 ZΨ . It is clear that ( )11 ZΨ  is holo-  

morphic on ( ),I m nℜ . Let ( ) ( )1 11 11 0sup
Z E

M Z Z
∈

= Ψ = Ψ  for 0Z E∈ . For ( ) ( )( ),IZ Aut m nΨ ∈ ℜ , we know  

( )1 11 0 1M Z= Ψ < . We may choose 0 0M >  such that 1 0 1M M< < . Thus, for j  large enough,  
( ) ( )11 0 0

j Z MΨ <  and from this it follows that  

( ) ( )11 01 1 0j Z M− Ψ > − >  

by the definition of ( ){ }jf Z , ( ) ( ) ( )j
j jg Z f Z= Ψ  converges to 0 uniformly on E . 

Hence ( ){ }jg Z  satisfies conditions (I)--(III), and this contradicts the compactness of Cφ . 
Part C: Assume that 

( ) ( )

1
,     1, 2,

m
kj

j kk
k

Z r E jφ
=

= =∑   

where ( ) ( ) ( )1 21 0m
j j jr r r> ≥ ≥ ≥ ≥ . For ( ) ( ),j

IZ m nφ → ∂ℜ  we may assume that ( )1 1jr → , ( )2
2jr λ→ , 

( )m
j mr λ→  as j →∞ , where 1kλ ≤ , 2,3, ,k m=  . 
Just as in Part B, we can use the same methods to prove the conclusion. And for 1kλ = , 2,3, ,k m=  , we 

may only show the sequence of functions ( ){ }jf Z  which satisfy the conditions (I) - (III) here. 
Using formula (1.1), we have  

( ) ( ) ( ) ( )( ) ( )( ) ( )( )
( )( ) ( )( ) ( )( )

( )
( )( )

2 2 2

2 2 2

2

1 1 1
1 2

1 1 1 T1 2

2 2

2
1 1

, diag 1 , 1 , , 1

                                     diag 1 , 1 , , 1 ,1, ,1

                       
1

j
mj j j

j j jZ

m j
j j j

j jm kk kl lk

kk k l m
j

H w w m n w r r r

r r r w

w w w
m n

r

φ

− − −

− − −

= ≤ < ≤

 
= + − − − 

 
 

× − − − 
 

+
= + +

−
∑ ∑



 

( )( ) ( )( ) ( )22 2

2
2

1

1
.

11 1

n
j

j klm
l m

kk l k
jj j

w

rr r
= +

=

 
 
 +
 −− −
  

∑
∑

 

Denote 

( )

( )( )
( )

( )( ) ( )( )

( )
( )

2 22

2

2 2 2

2

2

1

,    1, , ,      ,     1 ,
1 11

,    1, , .
1

j j j
kk kl lkk kl

j j
k lk

j jj

n
j

kl
k l m

j k
j

w w w
A k m B k l m

r rr

w
C k m

r
= +

+
= = = ≤ < ≤

− −−

= =
−

∑





 

then, 

( ) ( ) ( ) ( ) ( ) ( )

1 1 1
, .j

m m
k kl kj j

j j jZ
k k l m k

H w w m n A B C
φ

= ≤ < ≤ =

 = + + + 
 
∑ ∑ ∑                 (4.28) 

We construct the sequence of functions { }jf  according to the following three different cases. 
Case 1. If for some j , 

( ) ( ) ( )( ) ( )max , , ,     , 1, , ,    1 ,i st i k
j j j jA B C A i k m s t m≤ = ≤ < ≤  
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then set 

( ) ( )
( ) ( )1

1 1 1 ,     1, , .
1

1 e
k

j

k
j p p

a rkk
kk

f Z k m
p z

z
 − − 
 

 
 
 

= − = 
−   

−      

                  (4.29) 

Case 2. If for some j , 
( ) ( ) ( )( ) ( )max , , ,     1, , ,    1 ,    1 ,i st i kl
j j j jA B C B i m s t m k l m≤ = ≤ < ≤ ≤ < ≤  

then set  

( ) ( ) ( )
( )( ) ( ) ( )

1 2 1 2
1 1

1 1e e ,
1 1

1 e 1 e

                                                                     

j j
kl lk

k l
j j

i ikl
j kl lk p p

a r a rkk ll
kk ll

f Z z z
z z

z z

θ θ− −
+ +

   − − − −   
   

 
 
 
 = + −
    − −     − −           

                                                           1 .k l m≤ < ≤

   (4.30) 

Case 3. If for some j , 

( ) ( ) ( )( ) ( )max , , ,     ,  1, , ,   1 ,i st i k
j j j jA B C C i k m s t m≤ = ≤ < ≤  

then set  

( ) ( )
( ) ( )1 2 1 2

1 1

1 1e ,     1, , .
1

1 e

j
kl

k
j

n
ik

j kl p p
l m a rkk

kk

f Z z k m
z

z

θ−
+ +

 = + − − 
 

 
 
  = − =  

  −   
−      

∑           (4.31) 

Using the same methods as in Part A and Part B, we can prove the sequences of functions ( ){ }jf Z  defined 
by (4.29)-(4.31) satisfying conditions (I) - (III). 

Part D: In the general situation. For ( ) ( ),j
IZ m nφ ∈ℜ , there exist an m m×  unitary matrix jP  and an 

n n×  unitary matrix jQ  such that 

( )( ) ( )

1
.

m
kj

j j j kk
k

P Z Q r Eφ
=

= ∑  

We may assume that jP P→  and jQ Q→  as j →∞ . Let ( )= kl
j jP p  and ( )klP p= ; jP P→  means  

that kl kl
jp p→  as j →∞  for any 1 k≤ , l m≤ . Let ( )j

j jZ P ZQΨ =  and ( )Z PZQΨ =  for  

( ),IZ m n∈ℜ . Of course, P is an m m×  unitary matrix, Q  is an n n×  unitary matrix, and ( ) ( ){ }j ZΨ  con-  

verges uniformly to ( )ZΨ  on ( ),I m nℜ . 
Let ( ) ( )( )j

j jg Z f Z= Ψ , 1, 2,j = 
 where the sequence of { }jf  are the functions obtained in Part C.  

From the same discussion as that in Part B, we know that ( ){ }jg Z  satisfies conditions (I) and (III). For the 
compact subset ( ),IE m n⊂ ℜ , ( )EΨ  is also a compact subset of ( ),I m nℜ , so we can choose an open sub-  
set 1D  of ( ),I m nℜ  such that ( ) ( )1 1 ,IE D D m nΨ ⊂ ⊂ ⊂ℜ . Since ( ) ( ){ }j ZΨ  converges uniformly to  

( )ZΨ  on ( ),I m nℜ , it follows that ( ) 1
j E DΨ ⊂  as j →∞ . Since ( ){ }jf Z  tends to 0 uniformly on 1D , 

we know ( ){ }jg Z  tends to 0 uniformly on E . Thus, { }jg  satisfies condition (II).                □ 
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