Advances in Pure Mathematics, 2013, 3, 1-8
Published Online December 2013 (http://www.scirp.org/journal/apm)
http://dx.doi.org/10.4236/apm.2013.39A1001

o5 Scientific
(> )
+* Research

Classification of Single Traveling Wave Solutions to the
Generalized Kadomtsev-Petviashvili Equation without
Dissipation Termsinp =2
Xinghua Du, Hua Xin
Department of Mathematics, Northeast Petroleum University, Daqing, China
Email: xinghuadu@126.com
Received August 13, 2013; revised September 13, 2013; accepted September 21, 2013
Copyright © 2013 Xinghua Du, Hua Xin. This is an open access article distributed under the Creative Commons Attribution License,

which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. In accor-
dance of the Creative Commons Attribution License all Copyrights © 2013 are reserved for SCIRP and the owner of the intellectual

property Xinghua Du, Hua Xin. All Copyright © 2013 are guarded by law and by SCIRP as a guardian

ABSTRACT

By using the complete discrimination system for the polynomial method, the classification of single traveling wave so-
lutions to the generalized Kadomtsev-Petviashvili equation without dissipation termsin p =2 is obtained.
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1. Introduction

In mathematics and physics, the Kadomtsev-Petviashvili
(KP) equation is a partial differential equation to describe
nonlinear wave motion. It can be used to model water
waves of long wavelength with weakly nonlinear restoring
forces and frequency dispersion [1]. A number of modified
forms of the KP equation have been studied [2-6]. In
[1,7], the generalized Kadomtsev-Petviashvili equation
without dissipation terms was given by

%(ut +du’u, +bu®fu, +§um)+3k2uyy =0, (1)
where d,b,6 are constants, 60, p>0. Some of
modified form of the KP equation can be written in the
form of Equation (1).

Many reliable methods are used in the literature to
examine the completely integrable nonlinear evolution
equations. The Hirota bilinear method, the Bé&cklund
transformation method, the inverse scattering method,
the Painlevé analysis, the simplified Hirotas method
established by Hereman et al. [8], and others were
effectively used in [1-13]. Liu proposed a complete
discrimination system for polynomial method [10-13].
That is, by using of elementary integral method and com-
plete discrimination system for polynomial, the single
wave solutions can be classified for some nonlinear
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differential equations which can be directly reduced to
integral forms.

In this paper, we consider the following generalized
Kadomtsev-Petviashvili equation without dissipation
termsin p=2:

%(ut +du’u, +bu‘u, +5um)+3k2uyy =0, )
where d,b,§ are constants, 6 =0. By using Liu’s
complete discrimination system for polynomial method,

the classification of single traveling wave solutions to
Equation (2) is obtained.

2. Classification of Solutions to Equation (2)
Take wave transformation
u(x,y,t)=u(&) and &=Ix+my—at

into Equation (1), the following nonlinear ordinary
difference equation is given:

| (oo’ + dlu?u’ +blu*u’ + |35u"')' +3k*mfu"=0, (3)

Integrating Equation (3) once with respect to &, and
setting the integral constant to zero yields:

| (—ou'+dlu’u’+blu’u'+1°5u" )+ 3°m’u’ = 0. (4)

Integrating Equation (4) twice yields
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where a,,a, are arbitrary constants.
Case 2.1. a =a, =0, we substitute the transforma-
tion

(v =~
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d 3k’m* -
(_ 61°5 151°52
and A is the discriminant of the polynomial F(v).

According to the classification of the roots of F(v),
there are three cases to be discussed.

a)l)

j2—4b(

Case 2.1.1. A=0, when %<0,

u(é) =V (‘)’Z) from Equation (6), we have
into Equation (5) yields 54
V= sdJT( B} ®
6 2bY 15125 e
V\/F_ é: Cfo () b{l e b J
where Case 2.1.2. A>0,when
_ b 5, d _3k2m2—a)l b
PO =% e T s () 50
Let from Equation (6), we have
5. . 1 NEEA-EA ]
2\ 155 (E )= By n v ’ ®)
b 1 WNOEs-me-n]
+2 /—15|25(§—§o)—mln v : (10)
[ (V=B +(=A)(v=7)
+2 e 5(5 &)= Harcsm Vi~ (11)
When
—>0,
from Equation (6), we have
1 N8 -B)(v-7) ]
2, —=—=({-4%)= In , (12)
15' NPy v
Y R NN A7) )
a5 6% a7 v |
1 )V B)+B(V-7)
&—¢,)=——arcsin _ (14)
A VA1
where
5d +301°63/A 5d —30125v/A
ey ot
Case 2.1.3. A <0.From Equation (6), we have
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3% \/3k _\/_ b . d , 3m-ol
/ 3k2m? — 151’6 6l°%s I‘s
6k*m? — 20l T 5
F—F——(£-&)=In , 15
5 (%) - (15)
where 2m2 _ 2
d 15(3k m a)l) 15125a
F(w)=w’+—w" + wW— ¢ (17
K'm’ -l _ (w) o e @
I*s it
Case 2.2. a =0,a, = 0. Substituting the transforma-
tion b
—>0,
1
— w2
u(&)=w (<) we take

into Equation (5) yields

b
dw e=1;if —<0,
+2 —, (16 5
+ /15|25(§ &)=] T

we take ¢ =-1. The complete discrimination system for
where the third order polynomial F(w) is given as follows:

48601°5a,b° —3d1” + 4d”1’ - ( 243001°b5a, + 7200° ) (3k’m” — )
- 12b%17

2,72 212 2

Dl:180bK m ;)Elgba)l_d | ’ (18) F(w)=(w-a) (w-2),
4

According to the classification of the roots of F(w),  Where ./ are real constants, a=f, and f>0. If

there are four cases to be discussed. e=1, when a>p and w>p, or when a <0 and

Case2.2.1. A=0,D,<0.Then w < 0, from Equation (16), we have

a(W=pF)-yw(a-p i
+2 /—%a(a—ﬂ)(f—s%):ln [\/ ( |\)N_\(/Z|( )J ; (19)

when a> fg,and w<0,0or a<w< 3, we have

[Ja(w—a)~Jw(5-a)| |

b
g (@A g) =i w—al (0)
when S>a >0, we have
B B N e a(w-pB)+w(a-p)
+2 15I25a(ﬂ a)(&E-& ) =arcsin |ﬂ(w—a)| . (21)
If e=-1,when o>/ and w> g ,orwhen <0 and w<O0,from Equation (16), we have
b [\/a W+ f) \/w J
12 _15|250!(ﬂ )(éﬁ fo _I |W ﬁ| J (22)

when > fg,and w<0,or a<0,and w< g, we have
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b (p-a)(e-&)=In

[Ja(w+p)~w(a—p) |

151%5 w- 4] *3)
when S>a >0, we have
b ~ e _a(-w+pB)+w(p-a)
+2, | 15|26a(0{ B)(&-& ) =arcsin |,B(W—a)| . (24)

Case2.2.2. A=0,D,=0.Then
F(w)=(w-a)’,

where o isareal constant. If ¢e=1, when w>«a , and
w>0,0or w<a,and w<0, we have

15al°5
= 5 St
—ba? (&-&,) -151%8

(25)

Case 2.2.3. A>0,D, <0.Then
F(w)=(w-a)(w-F)(w-7).

where «,f,y are different real constants. If e=1,
when w>0,0r w<y, wehave

—man[ mbzdﬁ(a—ﬂ)(é—éo)v“]

If e=-1, when w>«a, and w<0, or w<a, and W= - 27)
woometws o[ Pla=r) (- -
W= a +a, (26)
ba® (£-&) -151%5
2 b
=)o [ s plap)(E-&)n - pta=1)
W= - (28)
—ysnz{ 5% (a—7)(§—§o),nJ—(a—7)
where and y >0.we have
2=7(a_ﬂ). 2bym,«
Bla-r) =5
acn ﬁ(f—fo),ml +b,
If e=-1,when 0>w>a,and y<w< g, we have mm,
) b W= (31)
—Basn ( mﬂ( —ﬂ)((f—(fo) n}-i-aﬁ i2b7/m205
(29) cen 175I25(§—§)),m1 +d
—asn £/15l5 a ;/ § e§0 n}_ﬂ m,m,
(30)  Where

(l a}"ffonj_

where

Case2.24. A<,
F(w)=(w-a)| (w=5)+7*],

where «,f,y are all real constants, and «>0,5>0,
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a:%a(c—d),bl :%a(d —C),C:a—ﬂ—L,

m2
d=-p-ym,
A ACRY)
ra
m, = E+VE*+1,m’ = L

1+m’

Case 2.3. a #0,a, =0. The Equation (5) becomes
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du

i(f—ego)ﬂ.—, (32)
—LUF(U)
1515
where F(u)=u®+qu®+ru+s,and
15(3k’m’ -l 2
g4 M el) s,
2b bl? b

The complete discrimination system for the fifth order
polynomial F(u) is given as follows:

D, =-q, D, = 40rq-12¢°,
D, =12q"r —88r?qg® +125gs* +160r°,

D, = 2000gs°r? —900rs*g® +16q“r®
+108g°s* —128r*q” + 256r° + 3125s*,

E, =160r?g® — 48rq° + 625s°q°,
F, =-8rq. (33)

According to the classification of the roots of F(u),
there are seven cases to be discussed.
Case2.3.1. D,=0,D,=0,D,>0,E, %0, then

F(u)=(u-a) (u=-4) (u-7),
a,p, and y are real numbers, a# =y +#0. From
Equation (32), we have

) ats )|

NP — MURCRS -l
15175 4@ 7)
b
B 1 arcsin 15126 U(A=7) 1525 PU=7) 34)
\/—bﬂ(ﬁ— ) ‘—bV(U—ﬁ)‘ |
15125 4 151%
b [ )
(a=p)(¢-4&) = |n(\/_15|25U( D ssies y)j
0 b _
“155 17 " (35)
\/_ &b u(ﬁ—y)—\/— &b /)’(u_y) 2
B 1 n 151%5 15125
- - ,
1517577 oo
b
———u(a-y)-—5=a(u-y
Ha-p)(¢-&) 1 arcsin —L91°9 ( ) 151°5 (“=7)
D (ay) a7 (=)
151%5 151%5
2 (36)
&b SN &b 3
) 1 In(\/ 15121 1F77) \/ 1517674 7)J
\/ 15?5ﬂ(ﬂ 7) v
b
————U(a-y)-—5-a(u-y
ta-p)(E-&)= ! arcsin —191°9 ( ) 151%6 =7
151254 (477) 151257 (47 %) an
b b
. 1 e 15178 ") 15 A7)
b b ’
Vs B(5-7) - r(u-p)
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Veedaz F(u)=(u-a)' (4
ase 2.3.2.
a and g are real numbers, a = . From Equation
D, =0,D,=0,D,=0,D, #0,F, #0, (32), we have
b b b
- u ———u(f-a)-—5-p(u-a)
i(a—ﬁ)(§—§ ): 2 15'25 _ 1 arcsin 15|25 15'25 , (38)
0 b g U-a b b a(u—ﬂ)
151%5 "15|25ﬁ(ﬂ"7) 151%5
2
b _ &b _ _\/_ &b _
2 “ 15175 Y 1 (\/ 15|25u(ﬂ @) 15|25ﬂ(u @)
ta-p)(E-4)= - In 9
b
a' U@ —L,B(,b’—a) u-4]
151%5 15125
55, (2)=(ua)'(2-0)
o a,p are real numbers, « # g = 0. From Equation (32),
D5=0,D4=0,D3=0,D2¢0,F2:O, we have
b
1o (4 A)
_ b B .\ 181%8
Faize (¢ TP 4= U—a
2
b 1 &b B _\/_ &b B (40)
15|25(“—2ﬂj (\/ gsizs )~ agpes U ﬁ)]
+ . In |u—a| ,
EC
b
—1gzsU(U=A)
_ b B oy N 18%5
g @A) u-a
b ( 1 b b (41)
) slap) P atup)
2
N 15Ig arcsin _151°8 151°8 ,
\/ 15175 (@~ F) ‘_15|25ﬂ( )‘
where g, =+1. 2 2
Cace 234 F(u)=((u-8+7*) (u-a), s>0.
D,=0,D,=0,D, <0,E, #0, Respectively, from Equation (32), we have
- 0,
+(E-&)= ’312 arctan—— + arctan 7 (U=-h)+%,
T A (T R e )
151°5 42)
+ /82 |n (U ﬂ) +7/

2ap” (yl(u—ﬂ)+5lsz+(7z (u-p)+5,)
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where
2 2
, :\]bz (72 (2,3—0!) +(ﬂ(,3—0!)—7’2)) 4 :+\/p_2_b(ﬁ(ﬂ—a)—72)
225157 TN 2 301%5 ’
Py b(,b’(ﬂ—a)—}/z) _b7ﬁ2+bﬁl[ﬂ_72/) _b%gz_bﬂl(ﬂ_}z/j
Bo=E 7+ 2 = 2 2 72 = 2 2 ! (43)
2 301°6 158%p°6 158%p°6
op(p-a)p-b(p=% )i op(p-a)p b 5= |
0, = TS 16y = 252 '
151°6p 151°6p
where the signs of g, and S, must satisfy Case2.35. D,=0,D,>0,
e b [,6’ a} F(u)=(u—a)2(u—al)(u—az)(u—as),al>a>a3.
CREATIER 2] Respectively, from Equation (32), we have
29, o, a—-ac
+(E-&)=—2—|cF(p k) +—2—T1| v, Kl 44
(£-%) (a—ac);fl{ W) g ("’ b,—ad 1H (44)
where we renew to queue the orders of «,,,,a,, and (other cases can be written similarly, they are omitted),
a,,denote o >a, > a; >, When the meaning of every parameter in Equation (44) are
b given as follows:
—=>0uzq or u<e,
1)
a=a,(a,-a,).b=-a(a,-,),c=a,—,, d :az -a,,6, =(o —az)(al—a4)(a2 -a,),
o : o (4@ —a )= (45)
! _ 22
7 \/‘g(%_aa)(az _a4) (al a3)(a2 a4 1- |( sin? (p
do
o,nk
. )= '[ (1+nsm (p)qll—kf sin® ¢
Case 2.3.6. b
D, =0,D, =0,D, >0, §>O,u2al,or u<a,
E,=0,F(u)=(u —a)g(u—ﬁ)(u -p). (other cases can be written similarly, they are omitted),
h
where we renew to queue the orders of «, S, 0, and 0, Wwe have
and denote ¢, > a, > a; > ;. When
HE-&) =1 y[(c+k d)F (p.k)-cE(p,k) ] =@ (46)
1
i(e-g)=2 [(c+d) (9k,) ~dE (p.k, ) ~d coth ( g1=K7sin” g )} @7)
Y
The signs are the same as the ones in Equation (45), Case 2.3.7.
furthermore, D, =0,D, =0,D, <0,

= ["\1-KZsin?pdy.  (48) E, =0.F (u)=(u-a) ((u-8)+7*)
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Now we renew to queue the orders of « and 0, and
denote ¢, > ar,, we have

+(£-4&)
cd ¢t . _ (49)
=—/| F(¢p,k, )+—arcsin(k Slngo},a =a.
7|: ( 1) k17 (1 ) !
s(e-g)=—Y VLK sin® g+ 1k sing
- ’ }/\/1— k? cos @ (50)
cd
—7F(¢,k1),0:2:a.
where
C=a,—f-L m =Ex+JE’ +1,
1 (50)

*+(a -~ B) (2, - B)
7(0’1_0‘2)

where the positive sign and negative sign for m, must
satisfy

Y
d=oy-p-ym,E=

b_m1<0,
o

other signs are the same with the former.

From the description above, using elementary integral
method and complete discrimination system for polyno-
mial, we have obtained the solutions of Equations (6),
(16) and (32) that can be expressed by elementary func-
tions and elliptic functions. What’s more, some solutions
are explicit, but some solutions are implicit functions. So
we can write concretely the exact traveling wave solu-
tions of Equation (5) in some special cases. They are
omitted for simplicity.

3. Conclusion

Using the complete discrimination system for polynomial
method, we have obtained the classification of single
traveling wave solutions to the generalized Kadomtsev-

Petviashvili equation without dissipation termsin p=2.

With the same method, some of other evolution equa-
tions can be dealt with.
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