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ABSTRACT

In this paper, Let R is a ring, G be a finite group of ring automorphisms of R. R*G denote the skew group ring of R un-

der G. We investigate the right p.q.-Baer property of skew group rings under finite group action, Assume that R is a
semiprime ring with a finite group G of X-outer ring automorphisms of R, then 1) R*G is p.g.-Baer if and only if R is

G-p.q.-Baer; 2) if R is p.q.-Baer, then R*G is p.q.-Baer.
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1. Introduction

Throughout this paper all rings are associative with iden-
tity unless otherwise stated. Let R is a ring, for a non-
empty subset X of a ring R, ry(X) (resp., I(X))
denote a right (resp.,left) annihilator of X inR. Aring R
is called right principally quasi-Baer (simply, right p.q.-
Baer) if the right annihilator of every principal right ideal
of R is generated, as a right ideal by an idempotent of R
in [1]. A left principally quasi-Baer (simply, left p.q.-
Baer) ring is defined similarly. Right p.q.-Baer rings
have been initially studied in [1]. For more details on
(right) p.g.-Baer rings, see [1-6]. A ring R is called
quasi-Baer if the right annihilator of every right ideal is
generated, as a right ideal by an idempotent of R in [7]
(see also [8]. A ring R is called biregular, if for each
xeR, RxR=eR for some central idempotent ecR.
We note that the class of right p.q.-Baer rings is a gener-
alization of classes of quasi-Baer rings and biregular
rings. Q(R) denote a fixed maximal right ring of quo-
tients of R. Recall from [9] an idempotent e of a ring R is
called left (resp., right) semicentral if ae=-eae (resp.,
ea=eae) for all a<R . Equivalently, an idempotent e
is left (resp., right) semicentral if and only if eR (resp.,
Re) is a two-sided ideal of R. S;(R) (resp., S,(R))
denote the set of all left (resp., right) semicentral idem-
potents. An idempotent e of a ring R is called semicentral
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reduced if S, (eRe)={0,e}. According to [2] aring R is
called semicentral reduced if S, (R)={0,1},ie,lisa
semicentral reduced idempotent of R.

If R is a semiprime ring and | is a two-sided ideal of R,
then r (1)=Ig(1). For a right R-module M and a sub-
module N of M, we use N, <** M, and N, <*" M,
to denote that Ny is essential in Mg and N is dense in Mg,
respectively.

LetRisaring, Aut(R) denote a group of ring auto-
morphisms of R, G be a subgroup of Aut(R).

The skew group ring R*G is defined to be

R+G=®) , .Rg

with addition given component wise and multiplication
given as follows: if a,beR and g,heG, then

(ab)(bh)=ab® gheRgh.
We begin with the following example.
2. Preliminary

Example 2.1 There exist a ring R and a finite group G of
ring automorphisms of R such that R is right p.q.-Baer
but R*G is not right p.q.-Baer.

F F
Let RZ{O F} with a field F of characteristic 2,

then R is right p.q.-Baer. Define g e Aut(R) by
a b]) 1 1]'[a b][1 1
9o ¢|)7|o 1| [0 cllo 1]
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Since characteristic of F is 2, Then g° =1.

Now we show that R*G is not right p.q.-Baer. Con-
sider the right ideal (1+g)(R*G) of R*G generated by
1+ g . By computation, we have

e ((1+9)(R%G))

R

Suppose that
e (1+9)(R*G))=e(R*G)

for some e=e’ € R*G. Note that the idempotents of
R*G are 0, 1.

o oo o]t Lo 2o o

with a,beF . Since eeryq((1+9)(R*G)), the only

possible choice for e is 0. Thus if R*G is right p.q.-Baer,
then it follows that ry, ((1+9)(R*G))=0. This is a

contradiction. Therefore R*G is not right p.q.-Baer. Also
we see that R=G is not left p.q.-Baer.

Definition 2.2 Let R be a semiprime ring. For
g € Aut(R), let

é, :{erm(R)|xrg =rx foreach re R},

where Q_ (R) is the Martindale right ring of quotients
of R (see [10] for more on Q_ (R)). We say that g is
X-outer if ¢, =0. A subgroup G of Aut(R) is called
X-outer on R if every 1= geG is X-outer. Assume
that R is a semiprime ring, then for g € Aut(R), let

D, ={X€Q(R)|Xl’g =rx foreach re R}.

For geAut(R), we claim that @ = ¢, . Obviously
¢, =@, . Conversely, if xe®d, then xR=Rx. There
exists I, <" R, such that xI c R. Therefore RI <R,

(RI), <* Ry, and xRl =RxI cR. Thus xeQ, (R),

hence x e g, . Therefore @ =g, . So if G is X-outer on
R, then G can be considered as a group of ring automor-
phismms of Q(R) and G is X-outer on Q(R). For
more details for X-outer ring automorphisms of a ring,
etc., see [10, p. 396] and [11].

We say that a ring R has no nonzero n -torsion (n isa
positive integer) if na=0 with aeR implies a=0.

Lemma 2.3 Let R be a semiprime ring and G a group
of ring automorphisms of R.

1) [11,12] If G is X-outer, then every nonzero two-
sided ideal of R*G intersects R nontrivially. Hence R*G
is semiprime.

2) [11] If G is finite and R has no nonzero |G| -torsion,
Then R*G is semiprime.
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Foraring R, we use Cen(R) to denote the center of
R.

Lemma 2.4 For a semiprime ring R, let G be a group
of X-outer ring automorphisms of R.

Then Cen(R*G)=Cen(R°®).

Proof.

Let o =al+a,g, +---+a,0, €Cen(R) with a eR,
1 the identity of G, and g, €G.

The

(al+a,g,+--+a,09,)b=b(al+a,g,++a,g,)
for all beR. So ab=ba,a,b® =ba,, --,a,b% =ba,
for all beR. Since G is X-outer, it follows that
a,=--=a,=0. Hence a=3l=a R . Also since
ab=ba for all beR, we have that a eCen(R).
Note that for all geG, ag=ga =a° g implies
a,=a’ .So a=a eCen(R)°. Thus

Cen(R*G)c Cen(R)°.

Conversely, Cen(R)G < Cen(R=*G) isclear.

Therefore Cen(R+*G)=Cen(R®).

Lemma 2.5 [13,14] Let R be a ring and G a finite
group of ring automorphisms of R. Then Q(R)*G is
the maximal right ring of quatients of R.

Assume that a group G of ring automorphisms of a

ring R is finite. Then for acR, let tr(a):zgeeag ,

which is called the trace of a. Also for a right ideal | of R,
the right ideal tr(1)={" ca’lael} of R®is called

the trace of I. Say G ={g,,--,g,}. weput t=g, +---+g,
eR+*G. For reR and a=ag9,+a,0,+-+a,9,
eR*G with a eR, define r-a=r%% +---+r%a % .
Then R is a right R*G-module. Moreover, we see that
Re. isan (R®,R*G)-bimodule.

Lemma 2.6 Assume that R is a semiprime ring and
eeB(Q(R)). Let I be a two-sided ideal of R such that
lp < eR, and ry(1)=fR with feB(R). Then
e=1-f.

Proof. Since R is semiprime,

Iy <= g (re (1)), =(1- )R-
Thus
Iy < (1- £)Q(R),.

As 1 < eR,, I, <* eQ(R),. We note that e and

1-f arein B(Q(R)).Sowe havethat e=1-f .

Proposition 2.7 [1] Let R be a semiprime ring. Then
the following are equivalent.

1) Riis right p.q.-Baer.

2) Every principal two-sided ideal of R is right essen-
tial in a ring direct summand of R.
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3) Every finitely generated two-sided ideal of R is
right essential in a ring direct summand of R.

4) Every principal two-sided ideal of R that is closed
as a right ideal is a direct summand of R.

5) For every principal two-sided ideal I of R, rR(I)
is right essential in a direct summand of R.

6) R is left p.q.-Baer.

For a ring R with a group G of ring automorphisms of
R, we say that a right ideal I of R is G-invariant if
1°c 1 for every geG, where 19={a’lael|. As-
sume that R is a semiprime ring with a group G of ring
automorphisms of R. We say that R is G-p.q.-Baer if the
right annihilator of every finitely generated G-invariant
two-sided ideal is generated by an idempotent, as a right
ideal. By Proposition 2.7, if a ring R is semiprime p.q.-
Baer with a group G of ring automorphisms of R, then R
is G-p.q.-Baer.

A ring R is called right Rickart if the right annihilator
of each element is generated by an idempotent of R. A
left Rickart ring is defined similarly. A ring R is called
Rickart if R is both right and left Rickart. A ring R is said
to be reduced if R has no nonzero nilpotent element. We
note that reduced Rickart rings are p.q.-Baer rings.

We put

B, (Q(R))
={eeB(Q(R))|there exists x € R with RxR, <* eRR}

Let équ (R) be the subring of Q(R) generated by
Rand B,(Q(R)).

Lemma 2.8 [15] Assume that R is a semiprime ring.
Then: A

1) The ring Q. (R) is the smallest right ring of
quotients of R which is p.q.-Baer.

2)Ris p.q.-Baer ifand only if B,(Q(R))<R.

With these preparations, in spite of Example 2.1, we
have the following result for p.q.-Baer property of R*G
on a semiprime ring R for the case when G is finite and
X-outer.

3. Main Results

Theorem 3.1 Let R be a semiprime ring with a finite
group G of X-outer ring automorphisms of R. Then R*G
is p.g.-Baer if and only if R is G-p.q.-Baer.
Proof. Assume that R*G is p.q.-Baer. Say
| =RaR+---+Ra,R

is a finitely generated G-invariant two-sided ideal of R
with & €R. Then 1*G is a two-sided ideal of R*G.
Moreover,

%G =(R*G)a, (R*G)+---+(R*G)a, (R*G),
Note that R+G is semiprime by Lemma2.3, So Propo-
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sition 2.7 yields that there exists ee S, (R*G) such
that

(1 >1<G)R*G <5 e(R*G)R*G.

Since R*G is semiprime, ee B(R*G) by [9]. Hence

by Lemma2.4, e<Cen (R)G . First, we see that
I <** eR;. For this, let 0=ereeR with reR. As

(1%G),,; <™ e(R*G),,,, there exists e R*G such

that O=erfel «G.
Say f=bg,+:-+b,g, with b,eR and g, G for
i=1---,n. Then

erp=(erb)g,+---+(erb,)g, e 1%G.
Hence O=erb, el for some j,so I, <™ eRy. As
e=e?cCen(R)°, | ceRe,andso |, < eRe,,.
Now we show that ry(1)=(1-€)R. If e=0, then

r; (1)=R. So we may assume that e =0 . Note that eRe
is semiprime and I, <** eRe,,, and so rg (1)=0.

R+G’

eRe — eRe ?

Hence
eRNr (1)=eReNr (1)=0.
As | ceR, (1-e)Rcry(1). From the modular law,
o (1)=(1-e)R@(eRNr, (1)).

But since eRNry(1)=0, ry(1)=(1-€)R. There-
fore R is G-p.q.-Baer.
Conversely, let R be G-p.q.-Baer. Take

eeB,(Q(R)*G).
Then

ec [Cen(Q(R))JG

by Lemma 2.4 since G is also X-outer on Q(R) as was
noted. Also there exists « € R*G such that

(R+G)a(RxG), , <= e(R*G), ,
because Q(R)*G is the maximal right ring of quotients
of R*G (Lemma 25) and eeB,(Q(R)*G). Say
a=a0,+a,0,+-+a,9, with a eR and g; G for
i=12,---,n. Then o ce(R*G)(eR)*G and so a eeR

for each i=12,---,n. Consider K = Zn: Ra’R . Then
i=1,geG
K is a finitely generated G-invariant twg-sided ideal of
R. Further, K ceR because e e[Cen(Q(R))]G . By
the preceding argument, we see that K, <** eR,. From
the assumption, there exists f €S, (R)=B(R) such that
r:(K)=fR.Thus e=1-f eR by Lemma 2.6. There-
fore eeRcR*G, so B,(Q(R)*G)cR*G. From
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Lemma2.8, R*G is p.q.-Baer.

Corollary 3.2 Let R be a semiprime ring with a finite
group G of X-outer ring automorphisms of R. If R is
p.q.-Baer, then R*G is p.q.-Baer.

Proof. The proof follows immediately by Theorem
3.1.

4. Conclusion

In [16] researched quasi-Baer property of skew group
rings under finite group actions on a semiprime ring and
their applications to C -algebras (see also [17,18]). In
this paper, we investigate the right p.g.-Baer property of
skew group rings under finite group action. Assume
that R is a semiprime ring with a finite group G of
X-outer ring automorphisms of R, then 1) R*G is
p.q.-Baer if and only if R is G-p.q. -Baer; 2) ifR is
p.q.-Baer, then R=G is p.q.-Baer.
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