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Abstract

Extension of classical Mandelbrojt’s criterion for normality to several complex variables is given. Some inequalities for
holomorphic functions which omit values 0 and 1 are obtained.
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1. Introduction

In 1929, Mandelbrojt [1] has asserted his criterion for
normality of a family of holomorphic zero-free functions
of one complex variables.

In [2], the author has proved a generalization of Man-
delbrojt’s criterion to several complex variables. In order
to state this criterion precisely, we introduce some nota-
tions.

Let F be a family of zero-free holomorphic func-
tions in a domain Q< C" and D be a subdomain in
Q suchthat D c Q. So that the quantities

if | f ()| # 1 for all we D;

o0, if|f (W)|:1 for some w e D,

L(f,D)=min[ m(f,D),m'(f,D)],
are well defined for each function f e F.

Theorem 1. (See [2].) Let F be a family of holo-
morphic functions in a domain Q with values in
(C\{O,l} Then F is normal in Q if and only if for
each point z,€Q there exists a ball B(z,,r,)c=Q
such that the the set of quantities L(f,B(ZO,rO)) ,
f e F, isbounded.

It is well known that a family F of functions holo-
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morphic on a domain Q all of which omits the values 0
and 1 is normal, so by the Theorem
L(f.B(z,.r,)) for some r, and all fe But

for this case we may obtain a more plain inequalities:

Proposition 2. Let K, be the Kobayashi distance on
a connected complex space X. Let F be the family
of all holomorphic functions on X with values in
C\{0,1}. Then, forall x,ye X andall feF,

eXp(_KX(X’y))<Zi||E§||: |||| (1)
<exp(Ky (x.Y)),
where
i
c=—22_ 43768796

47

Furthermore, if there exists continuous log f on X
then

c +|10g f (X)|
c-+[log f (y) )

Ky (%,)).

In the proof of this proposition, we combine the result
of Lai [3] with the definition of the Kobayashi metric and
obtain a very elementary proof of Proposition 3 in [4].

exp(—KX (X,y)) <

< exp(

2. The Proof of Mandelbrojt’s Criterion

Proof of Theorem 1. = Fix a point z, in Q and con-
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sider a ball B(z,,r)cQ. Suppose that F is normal
in Q but the set L(f,B(ZO,rO)), f e F, for some

r, <r, is unbounded. Then there exists a sequence
{ f j} c F suchthat

L(f.B(z,.r,))> j foralljeN. (3)

By hypothesis F is normal, and therefore, the fol-
lowing two cases exhaust all the possibilities for se-
quence {f J.}:

1) The sequence {fj} has a subsequence {fjk}
which converges uniformly on B(Z,,r,) to a holomor-
phic function f;

2) The sequence {f} has a subsequence {f}

which converges uniforr;lly on B(z,,r,) to Since a
is a family of zero-free holomorphic functions in a do-
main Q by Hurwit’s theorem f is either nowhere
zero or identically equal to zero.

Therefore the following three cases exhaust all the
possibilities for sequence { f j} :

a) The sequence {fj} has a subsequence {fjk}
which converges uniformly on B(z,,r,) to the holo-
morphic function f =0;

b) The sequence {fj} has_a subsequence {fjk}
which converges uniformly on B(Z,,r,) to a holomor-

phic function f which is zero-free on B(z,,1,);

c¢) The sequence { f j} has a subsequence { fi }
which converges uniformly on B(z,,1,) tooo.
Since it follows readily from (3) that

L(f.B(z,.r,))> j forall jeN 4)

In case a) (respectively in case ¢)) we have
| fi (Z)| <1/2 (respectively | fi (Z)| >2 forall

2eB(z,,r,) and all keN sufficiently large. Hence

1n|fjk (Z)| is a negative (respectively positive) pluri-
harmonic function in B(Zz,,r) Pluriharmonic functions
form a subclass of the class of harmonic functions in
B(z,.r) (obviously proper for n>1). So by Harnack’s
inequality there exists some constant

C :C(B(zo,ro),B(zo,r)), C (L),
that

<C forallz and w e B(z,,1, ),

and hence m(f;, B(zo,ro)) <C for all keN suffi-
ciently large.

In case b), we have l}g{lo fjk(z)|:f(z) for all

zeB(z,,r). It follows
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|fik (Z)| |]c (Z)|

im = uniformly for z and w e B(Z Y )
kaw| f, (W)| |f (W)| 0:To

The function f(z)/f(w) is holomorphic on
B(2y.%)%B(2.1,), it follows that m'(f,B(z,.1,)) is

bounded.
Since L(f,,B(2,1)) is the minimum of

m( f,-k,B(zO,ro)) and m’( ka ’B(Zo’ro))

the set of quantities L( f,.B (Zy.1, )), k e N, is bounded,
which is a contradiction to (4).

«Fix a point z, in Q and define the families J
and H by

j={fe]—",|f(zo)|s1},
H={feF|f(z)>1}

It will be shown that J is normal in O(Q) and
that H is normalin C(€Q,C).

To prove that the family J = {f € .7-',| f(z, )| < 1} is

normal, it is sufficient to show that each sequence
{ f j} c J contains a subsequence converging locally
uniformly in B(Z,,r,) to a holomorphic function or to
o0 . The following two cases exhaust all the possibilities:

a) There exists a subsequence { f } such that for any
ke N the function In|f Jﬁ does not vanish in B(z,,r,);

b) For each jeN there exists z; € B(z,,r,) such
that ln‘fj (Zj =0.

In case a), we have that |fjk | <1 in B(z,,r,) forall
elements of the sequence. Such a subsequence is normal
in B(z,,r,) by Montel’s theorem and hence we are
done in casea).

In case b), we have m( fj,B(ZO,rO)) =+ for all

j € N. Therefore, according to the hypothesis,

m'(fj,B(ZO,rO))<C for all jeN and some constant

C>0. It follows that |fj|<C in B(z,.r,) for all

jeN, which means that{f j{ is a normal family in

B(z,.t,) and hence finishes the proof in caseb).

If feH, then 1I/f is holomorphic on Q because
f never vanishes. Alsol/f never vanishes and
1/|f (z, )|<1. Hence reasoning similar to that in the
above proof shows that H={l/f:feH} is also
normal in O(B(z,.1,)). So if {fj} is a sequence in
‘H there is a subsequence {f jk} and an analytic func-
tion h on B(z,r,) such that{l/fjk} converges in
O(B(z,,,)) to h. By the generalized Hurwitz’s
Theorem, either h=0 or h never vanishes. If h=0

it is easy to see that f, —oo uniformly on compact
subsets of B(z,,r,). If h never vanishes then 1/h is
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analytic and it follows that f
on compact subsets of B(

It follows that J and H are normal at z, so that
the union F is normal in B(z,,r,) Since normality is
a local property, F 1is a normal family in Q This
completes the proof of the theorem. OO

Remark 1. It should be pointed out that the above
theorem is not true if the condition “for each point
z,€Q there exists a ball B(z,,r,) < Q. such that the

the set of quantities L( f,B (2.1, )), f eF, is bounded”
is replaced by the condition “the corresponding family of
functions given by f z, W = | f( |/| f

bounded on QxQ (cf. [5, Theorem 2.2.8]).

uniformly

—>1/h

| is locally

To see this, consider the family F:={z'}" = of holo-

morphic functions. If we take A:={zeC:1/2<|z| <1},

then F|A is a set of bounded (by 1) zero-free holo-
morphic funct1ons in A so Montel’s theorem guaran-
tees that F is normal. It is plain by inspection that the

family {|Z|j / |W|j}i1 is not locally bounded on Ax A,

while {ln|z|j / 1n|W|j }Oc is a locally bounded family on
j=1

Ax A. Hence Theorem 2.2.8 in [5] is not true.

3. Estimates for Holomorphic Functions
Which Omit the Values 0 and 1

Proof of Proposition 2. The classical theorem of Landau
may be stated in the form that if the function f(z) is
holomorphic in the unit disk A:{Z e(C:|Z| <1} and
does not take the values 0 and 1, then |f'(0)| has a
0)|. In fact |f'(0
bound depending only on | f (0)|

bound depending only on | f( )| has a

|£1(0)|<2| £ (0)]|(c+[tog|f (0)]) )
where
Fflj
c= ‘i=4.3768796~--
47

(see, for example, [4]).

Let p denote the Poincaré distance on A, i.e., the
distance function defined by the Poincaré metric
4dzdz
ds® =
(1-FF)
For zeA define y,(w)=(w+z)/(1+zw) . Since

f oy, does not take the values 0 and 1, from (5) we
derive the following inequality
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(1) £ (v 0)) = £ w2 (0)
v (0))

Let x,y be a pair of points in X . Since K, 1is an
inner pseudometric (see [6]), for each & >0 there exist
an integer |>1, ¢,---,¢ eHol(A,X), and a,-,

< (0,1) satisfying ¢, (0)=y, ¢ (aj):(ajH(O), for

(6)
<2

fow,(0 (C+|log

j=L--,1-1 and ¢ (a)=x, and
!
Zp(o,aj)< Ky (X, y)+é&/2.
j=1
Set g; = f op,;. From inequality (6), we obtain

O
0, (0} (e foelo, () 1-
Since for te [0, aj}

9,_(3 _ %pog 9; (t)|

- forte [O, a. J @)

Sl 1]

from (7), we obtain

£ Jog (e +1ogg, (1)) < ®)

-t

If we integrate both sides from t=0 to a;, the re-

sult becomes

log c+‘log‘g H )
c+‘log|g H
Then
C+|log|f || xy)+e.
C+|log|f ||

Letting & — 0, we finally get

C+|log|f |||_exp(

X (X’y))

c+|log|f

so the second inequality in (1) is proved. Since x and
y play symmetric roles, it is evident that the first ine-
quality in (1) also holds.

For obtaining inequalities (2), let us notice that there
exists continuous log(log g j) on te [O, aj] . Since

Zglogpog 9, (t)|

%loglog 9;(t)

we have
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g'(t)

0 0
:‘gloggj (t)‘ > L Jog g, (1)

0
= E(C + |10g 9, (t)|)
From this inequality and inequality (8), we obtain

2
1-t?

Integrating both sides of this inequality as above we
obtain the inequality (2).

The proof of the theorem is now complete. O

Remark 2. Proposition 2 holds also for holomorphic
functions defined on an infinite dimensional complex
Banach manifold with values in (C\{O,l} , the same
proof works. So we give here more simple proof of
Proposition 3 in [4].

%10g(c+|loggj(t)|)£ forte[O,a.].
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