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ABSTRACT 

In this paper, we determine the second Hochschild cohomology group for a class of self-injective algebras of tame rep- 
resentation type namely, which are standard one-parametric but not weakly symmetric. These were classified up to de- 
rived equivalence by Bocian, Holm and Skowroński in [1]. We connect this to the deformation of these algebras. 
 
Keywords: Hochschild Cohomology; Self-Injective Algebras; Socle Deformation 

1. Introduction 

This paper determines the second Hochschild cohomol- 
ogy group for all standard one-parametric but not weakly 
symmetric self-injective algebras of tame representation 
type. Bocian, Holm and Skowroński give, in [1], a classi- 
fication of these algebras by quiver and relations up to 
derived equivalence. The algebras in [1] are divided into 
two types, namely the algebra  , , , ,p q k s   

0,q  2,k 
 2, 1s k 

 
where  are integers such that p,   

   and 
, , ,p q s k

1 1,s k  gcd   , 1,s k  gcd   
 and the algebra  where . Thus 

the second Hochschild cohomology group will be known 
for all the classes of the algebras given in [1]. We remark 
that an algebra of the type 

\ 0K   * n  1n 

 , ,k s, ,p q 


 is never iso- 
morphic to an algebra of the type  as their stable 
Auslander-Reiten quivers are not isomorphic. We refer 
the reader to [1] which gives precise conditions for two 
algebras of the same type 

 * n

 ,s, , ,p q k   or  * n  to 
be isomorphic. 

We start, in Section 2, by introducing the algebras  , 
for both types, by quiver and relations. Section 3 of this 
paper describes the projective resolution of [2] which we 
use to find . In the third section, we determine 

 for the algebra 
 2HH 

 2HH   , , , ,p q k s   
s k

, consid- 
ering separately the cases 1 2    and 1s k 

1 1

. 
The main result in this section is Theorem 4.9, which 
shows that  has dimension 1 for  2HH  s k   . 

This group measures the infinitesimal deformations of 
the algebra  ; that is, if  then  2 0HH     has no 
non-trivial deformations, which is not the case here. We 
include, in Section 4, Theorem 4.10 where we find a 
non-trivial deformation   of  associated to our non- 
zero element   in  2HH  . This illustrates the connec- 
tion between the second Hochschild cohomology group 
and deformation theory. In the final section, we deter- 
mine  2HH   for . The main result in Sec- 
tion 5 is Theorem 5.4 which shows that 

 * n 
 dim 22HH   . 

The results we found in this paper are in contrast to the 
majority of self-injective algebras of finite representation 
type (see [3]). Since Hochschild cohomology is invariant 
under derived equivalence, the second Hochschild co- 
homology group is now known for the standard one-pa- 
rametric but not weakly symmetric self-injective algebras 
of tame representation type which are derived equivalent 
to the algebra of the type  , , , ,p q k s   or  n* . 

2. The One-Parametric Self-Injective  
Algebras 

In this chapter we describe the algebras of [1]. We start 
with the algebra  , , , ,p q k s    . Let K be an alge- 
braically closed field and let  be integers such 
that p,  

, , ,p q s k
1 1,s k0, kq   2,    gcd    ,s k 1,

 gcd 2,s k 1   and . From [1, Section 5],  \ 0K
 ,, , ,p q k s   has quiver :  , , ,p q k s
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where, for any ,  denotes 
the path 

 1, 2, ,i k  ~~~~~~ 1i  i

i s

           
     

,0 ,1 ,2

, 1 ,

,1 , 2

, 1,

i i i

i q i q

i i i r

i q i

  

 

  

  


 

and  denotes the path 1i     

0 1 2

1

1 21

.

i i i

p pi ip

i i i

i i s

  

 

   

  


 

Then    , , , , , , ,K p q k s I p q k s     where 

 , , , ,I p q k s   is the ideal generated by the relations 

 
 01pi s i

 
 

, for 1,2, , , i k 

    , 1,0i q i   , for 1,2, , , i k 

            0 1, , 1 , ,0 ,1 , ,pi t i t i q s i s i s i ti i i
              

t q   i k 
  

for 0,1, , , 1, 2, , , 

 0 1         1 ,0 ,1 ,j j p s i s i s i qi i i s i s i
            

    

 
,js i




 for , , 0,1, ,j p  1,2, ,i k 

          0 1 0 1,0 ,1 , 1 1pi i i q i i i i i
       

 
    

      1,0 1,1 1,1
,p s i s i s i qi

        
  for , and 2, ,i k 

       0 1 0 11,0 1,1 1, 1 1 1 2 2pq           

     2,0 2,1 2,2
,p s s s

 
 
Then    K n I n    where  I n  is the ideal 

generated by the relations: 

1)  2

1 2 1 2 1 2 ,n         

2) 1 10, 0,n n      

2 1 2 10, 0,      

2 1 2 10, 0,      

3) for all  2, , ,j n   

1 1 1 1 0.j j n n j j             

Note that we write our paths from left to right. 
In order to compute , the next section gives 

the necessary background required to find the first terms 
of the projective resolution of  as a -bimodule. 
Section 4 and Section 5 uses this part of a minimal pro- 
jective bimodule resolution for our algebras to determine 
the second Hochschild cohomology group and provides 
the main results of this paper. 

 2HH 

 , 

3. Projective Resolutions 

To find the second Hochschild cohomology group 
 2HH  , we could use the bar resolution given in [4]. 

This bar resolution is not a minimal projective resolution 
of   as ,  -bimodule. In practice, it is easier to 
compute the Hochschild cohomology group if we use a 
minimal projective resolution. So here we use the projec- 
tive resolution of [2]. More generally, let K I    be 
a finite dimensional algebra, where K is an algebraically 
closed field,  is a quiver, and I is an admissible ideal 
of 


K . Fix a minimal set 2f  of generators for the 

ideal I. Let 2x f . Then 11 j

r

j j kj s jj
x c a a a

   , 
that is, x is a linear combination of paths 1 jj kj s j  
for 

a a a 
1, ,j r   and jc K  and there are unique verti- 

ces v and w such that each path 1 j kj s jj
a a a 

  vx
 starts at 

v and ends at w for all j. We write o  and 
  .wx t  Similarly  ao  is the origin of the arrow a 

and  at  is the end of a. 

q       where .  \ 0K 

Next we describe the algebra  For , 
 is given in [1, Section 6] by the quiver 

 * n   1n 
 * n  n : In [2, Theorem 2.9], it is shown that there is a minimal 
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projective resolution of  as a -bimodule which 
begins: 

 , 

3 2 1
3 2 1 0 0,

A A A g

Q Q Q Q      

where the projective -bimodules  are 
given by 

,  0 1 2, ,Q Q Q

0

,vertex

,
v

Q v   v  

    and,
arrow,

1   aaQ
a

to  

    ,
2

2  


xxQ
fx

to  

and the maps 1,g A , 2A  and 3A  are -bimodule 
homomorphisms, defined as follows. The map  

 is the multiplication map so is given by 
. The map 

, 

0:g Q 
v v v  1 0

1 :A Q  Q  is given by  

         aaaaaaaa ttooto       

for each arrow . With the notation for a 2x f  given 
above, the map 2: 1

2A Q Q  is given by  

        jjsjkjkj
j

kjj
aaaacxx  1111=1=   to

sr
,  

where          kjkjj aaaaaa to 111
3Q

jsjkjkj

In order to describe the projective bimodule  and 
the map 3

. 

A  in the -bimodule resolution of ,    in 
[2], we need to introduce some notation from [5]. Recall 
that an element y K

y vy 
  is uniform if there are vertices 

 such that  We write ,v w .yw  y vo  and 
. In [5], Green, Solberg and Zacharia show that 

there are sets 
 yt w

nf  in K
n

, for , consisting of uni- 
form elements 

3n 
y f  such that  

1 2n nx zx f z f
y xr  
   zs   

for unique elements  such that z,x zr s K  s I . These 
sets have special properties related to a minimal projec- 
tive -resolution of  r , where  is the Jacobson 
radical of  . Specifically the n-th projective in the 
minimal projective -resolution of 

r

 r  is  
   ynfy

.t  
In particular, to determine the set 3f , we follow ex- 

plicitly the construction given in [5, §1]. Let 1f  denote 
the set of arrows of . Consider the intersection  

  2
ii

f K f I 
3*

1
jj


. Set this intersection equal to  

some ll
. We then discard all elements of the 

form 
 f K 

3*f  that are in 2
ii

f I ; the remaining ones form 
precisely the set 3f . 

Thus, for 3y f  we have that  

 2 ii
y f K f  

2 2

1
jj
I

r

. So we may write  

i i i i i  with , such that 
 are in the ideal generated by the arrows of 

y f p q f  
,i ip q

, ,i i ip q r K 
K , 

and  unique. Then [2] gives that  ip
   3

3Q yy f
y      and, for 3y f

 
 in the 

notation above, the component of   yy tA o3  in the 
summand     22

ii ff to  of  is  2Q
  p .iii rqy o  
Applying  ,Hom    to this part of a minimal pro- 

jective bimodule resolution of  gives us the complex 

   

   

1 2
0 1

3
2 3

0 Hom , Hom ,

Hom , Hom ,

d d

d

Q Q

Q Q

   

  


 

where  is the map induced from id iA  for 1,2,3i  . 
Then  2

3 2Ker Im .HH d d   
Throughout, all tensor products are tensor products 

over K , and we write   for K . When considering 
an element of the projective -bimodule  , 

    aaQ
a

to
arrow,

1   it is important to keep track 
of the individual summands of . So to avoid confu- 
sion we usually denote an element in the summand 

1Q

    ato a  by a   using the subscript “a” to 
remind us in which summand this element lies. Similarly, 
an element 2

if
   lies in the summand  

    2f2f ii to 2Q  a of nd an element 3
if

   lies 
in the summand     3f3f ii to  of . We keep this 
notation for the rest of the paper. 

3Q

4.  2HH   for    , , , ,  p q k s λ
We have given  , , , ,p q k s     by quiver and rela- 
tions in Section 2. However, these relations are not 
minimal. So next we will find a minimal set of relations 

2f  for this algebra. 
Let 

      0 1

0 1

1,0 1,1 1, 1 1 1

( 2,0) ( 2,1) ( 2, )2 2 2
,

p

p

q
2

1,1

s s s

f      

       

 

 



2
1,i

 
q



     

          

 

0 1

0 1

,0 ,1 ,

1,0 1,1 1,1 1 1

for 2, , ,

p

p

i i i q i i i

s i s i s ii i i

f

i k

     

            




 

 





q  

   01
for 1, , ,pi s i

2
2,if i k 

 
    

     , 1,0 for 1, , ,i q i
2

3,if i k      

   

       

  

1

0 1

,0 ,1

,  

where 1, , 1  and 1, , ,

j j p

j

s i s ii i i

s i q s i s i s i

f

j p i

    

   
  

   



  

 



 

2
4, ,i j

2
5, ,i t

 

k

k

     

     

  

0 1, , 1 ,

,0 ,1 ,

where 1, , 1  and 1, , .

p

i t i t i q i i

s i s i s i ti

f

t q i
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let  1Hom ,f Q 
1 2s k

 so that 2 . We consider 
the cases 

2d f fA
    and 1s k   separately. 

The remaining relations given in Section 2 are all 
linear combinations of the above relations. For example, 
the relation 

i        0 1 0,0 ,1 ,p s i s i s i qi i s i
         

   can 
be written as   

Let 1 2s k    and 

     1 001
1,1 1

,
i

i ii i
f e e c 

  

   
 

 
         

   

0 1

1 0

1,0 1,1 1, 1 1

2 2
2, 1 1, 11

.p

i i i q i i

i ii s i
f f

    

 

    

  


 
 

       

 

1
1

2, 1,1 1

for 1, , 1 ,

1j j jji
i ji i

f e e c

j p

 


 

   
 

 

i  
So this relation is in I and is not in 2f . 

 , , ,p q k Proposition 4.1 For ,s     and with 
the above notation, the minimal set of relations is 

     1
1 2, 1,1 1

,p ppi
s i i pi i

f e e c 


   

   
 

 

 2 2 2 2 2 2
1, 2, 3, 4, , 5, ,, , , ,i i i i j i tf f f f f f  .  

      ,0 3,,1 ,0 ,
ii ii if e e c    

In contrast to the majority of self-injective algebras of 
finite representation type, we will show that the algebra 
 , , , ,p q k s         

 

      

,

,

4, ,, , 1

1 4, ,, ,

for 1, , 1 and

,

i t

i q

i ti t i t i t

i i qi q i q

f e e c

t q

f e e c









 

 

 has non-zero second Hochschild coho-
mology group (see [3, Theorem 6.5]). Recall that 

2 Ker

,  



 

 

 

  
3 2ImHH   d d


, where  

  2 3
3 : Hom , Hom ,d Q Q     

where all coefficients  for  

2, 1,

1, 2, 1,,i i jc c   1, , 1 ,j p 
3, 4, ,, ,i p i i tc c c   for   1, , 1 ,t q    Now we 

find . 
4, , .i qc K

is induced by 3 2
3 :A Q Q

Imd
. 

First we will find . Since  2

  1 2
2 : Hom , Hom ,d Q Q   ,  

2

First we have, 
fA

 

 
                     

              
       

2
1,1

0 1 0 11,0 1,1

0 1 1 101, 1

0 1 2 211

2 1 1

1 1,1 1,1 1, 1,0 1,1 1,2 1,2 1,1 1 1 1 1 1

(1,0) (1,1) 1, 1 1, 1,0 1,1 1,1 1 1 1 1 1

1,0 1,1 1, 1 1 1 1 1

  

  

p p

p pq

p

sf

q q

k kq q q

q

fA e e

f e e f e e

f e e f e e

f e e

 

 



          

          

     







   

    

  

   

    

         
               

            

0 1 1
1

1 1 0 1 2 20 12 2

0 1 1 0 1 2,02

11,0 1,1 1, 1 1 1 1

1 2,0 2,1 2, 2,0 2,1 2,2 2 2 2 2 2 2 2

2 22,0 2,1 2, 2,12 2 2 2 2 2 2

  

  

p p p

p p

p p pp s

sq

s s s q s s s q

s ss s s q s

f e e

f e e f e e

f e e f e e



 

 

     

           

        



 



     

    

 

   

    

  

   

       

            

          
       

0 1 2,1

0 1 2,

0

2,1 2,

2,0 2,1 2,2 2,2 2,2 2 2

12,0 2,1 2, 1 2,2 2 2

3,1 4,1,1 4,1, 1, 2,1,1 2,1, 1,0 1,1 1, 1

11 1

1,1

  

  

   

  

p s

p s q

s s q

s s s s s q

ss s s q s q

q k p q

p

f e e

f e e

c c c c c c

c c





 

     

     

   

 







 

    

    

  

  

       

 



  

 

  



 
     


      

0 1

0 1

2,2,1 2,2, 3, 2 4, 2,1 4, 2, 2 2 2

2,0 2,1 2,

3,1 4,1,1 4,1, 1, 2,1,1 2,1, 1,1 2,2,1

2,2, 3, 2 4, 2,1 4, 2, 1,0 1,1 1, 1 1 1

   

  .

p

p

p s s s q

s s s q

q k p

p s s s q q

c c c c

c c c c c c c c

c c c c

  

  

     

  

  

  

     

          

    

  



  

  

 

Similarly for ,  2, ,i k 
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2
1,

2 3, 4, ,1 4, , 1, 1 2, ,1 2, , 1, 2, 1,1 2, 1,

3, 1 4, 1,1 4, 1, 0 1,0 ,1 ,                             .

i
i s i i i i q i i i p i if

s i s i s i q pi i i q i i i

fA e e c c c c c c c c c

c c c      

  

     

            

   

 

  

i p



k

 

 
For the remaining terms,  where 

 for all ,  
    02  xxfA x to

 1, ,i k 
 1, , 1t q 

 2 2 2 2
2, 3, 4, , 5, ,, , ,i i i j i tx f f f f 

 1, , 1j p   and . 
Let  

3, 4, ,1 4, , 1, 1 2, ,1

2, , 1, 2, 1,1 2, 1,

3, 1 4, 1,1 4, 1,

i i i i q i i

i p i i i p

s i s i s i q

c c c c c c

c c c c

c c c

 

 

     

      

    

   

 



 

for  and  1, ,i  

      0 1,0 ,1 , pi i i i q i i i
           

for  1, , .i k 
Thus for  and 1 , fA2 is given 

by 
1, ,i k  2

i

s k  

 2
1,

2 ,
i

i s i if
fA e e c    

  2
2,

2 11
0,p

ii f s i
fA e e

 
   

    2
3,

2 , 1,1 0,
i

i q if
fA e e    

    2 1
4, ,

2 0 where 1, , 1 andj j
i ji f s i

fA e e j p
     

     2
5, ,

2 , , 1 0 where 1, , 1 ,
i t

i t s i tf
fA e e t q


  

     
 



k



K

 

where  with . So  1 , , kc c  
1.d k 

1 0i ic  
2dimIm

1
 

For s k  , we let 

     1 00 1 11
1, ,

i ii
i if e e c 

 

   
 

 

       

 
1

1 2, 1,1 1

for 1, , 1 ,

ji

     1
2, 1,1 1

,
pi

p i i pi i
f e e c 


 

   
  p  

      ,0 3,,1 ,0 ,
ii ii if e e c    

        

 
, 4, ,, , 1

for 1, , 1 and

i t i ti t i t i tf e e c

t q

 
  ,   

 
 

        , 1 4, , 1, 0 1, , , ,
i q i i q ii q i q i q i i i

f e e c d p         

where for all  1, ,i  k  the coefficients  
for 

1, 2, 1,,i i jc c 

  2, 1,1 , i pj p c  1, ,  3, 4,  for  ,,i i tc c 

  4, ,, ,i qc 1,id1, , 1t q    are in .K  

1j j i ji i
f e e c

j p

 


  

   
 

 

ji  

Then we can find 2fA  for  in the same 
way as the previous case to see that it is given by 

  k1,i ,

 2
1,

2 1 where , as above ,
i

i i i i i if
fA e e c c     

 2 1
2,

2 0,p
ii f i

fA e e   

        2 0 1
3,

2 1,, 1,1 , ,p
i

ii q i i q if i i
fA e e d         1,0i

 

    2 1
4, ,

2 1
0 where 1, , 1  andj j

i ji f i
fA e e j p

     

     2
5, ,

2 , 1, 1 0 where 1, , 1 ,
i t

i t i tf
fA e e t q


  

     
 



k



K

 

where 1 1,1 1,  with 1i i . Note 
that there is no dependency between the  So 

, , , , ,k kc c d d   

2 1.d k

0c  
1,d .i

2dimIm  
1

 
Proposition 4.2 If 2s k   , we have 2dimImd   
1.k   If 1s k  , we have  2

Next we find 
dimIm 2d  1.k 

 2 ,Q Hom  and again consider the 
two cases separately. Let 1 2s k    and  

 2Hom ,h Q  . Then  is defined by h
 

           
,0else

,,1,2,for10,,1,0
2

1,
2

1,



 kidff piiiqiiiiii  to
 

where . i

Therefore  Hence, 
d K

di  2mHom , .Q   k 3dimKer .d k  
For 1s k  1,2, ,i  and ,  is given by k h

               

       

,0else

,

,

1,0,
2

3,
2

3,

,,1,0,,1,0
2

1,
2

1,

10

10















iiiqiiii

qiiiiiiiqiiiiii

pi

p

dff

ddff





to

to
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where  are in K for  Thus 

 
, ,i i id d d 

 2m , 


dimHo 3 .Q k
1, , .i 

2

k

Proposition 4.3 If , we have  1 s k  

 2dimHom , .Q k   If 1s k  ,  

 dimHom , 3 .Q k 2  

Corollary 4.4 If 1 2s k   , we have 3dimKerd k . 
If 1s k  , 3dimKer 3 .d k  

In order to find Kerd3 and hence determine  2HH   we  

start by giving a non-zero element in  for all s.   2HH
2Proposition 4.5 Define  by  1 Hom ,h Q 

 
         

0.else

,11111,1,11,011
2

1,1
2

1,1 10



    pqseeff to
 

 
Then  is in . 1

Proof. We note that 
h 3Kerd

1 0 
3d

 so 1  is a non-zero map. 
To show that  we show that 

h

1 Kerh  1 3 0h A  . First, 
observe that 

 1 2s 0 0 


 and 1  1,0 0.s     Hence 
01 r . Similarly we have 0.1 r  

Recall that  where     


yyQ
fy

to 3

2 2

3

u u u u uu u
 and  are in the ideal 

generated by the arrows. For 
y f p q f   r ,u up q

3y f  the component of 

    yyA   to3  in  2f uu 2f to  is 

  




  .22 u

uf
uu

uf
rqpyo  

Then 
    

      .2
2

2
121

31

 












 





 



uu
uf

uuu
uf

u rffhqpyh

yyAh

too

to

 

Thus 

 









 

.otherwise0

=if
=

2
1,1

2
1

21

ffp
pyh uu

u
uf


o  

As u  is in the arrow ideal of p K , 0.11  r up  
So we have  Similarly     0.1  upyh o

 21 = 0
u

u uf
h q r  as 0.11  uuu rrq  r

3

 Therefore  

    031  yyAh to   for all y f  so 1 3 0h A  . Thus 
 as required. 1 3Kerh d

Theorem 4.6 For  , , ,p q k ,s  
2k  1 1
  where  

are positive integers, , 
,p q

s k    with  
  gcd 2, 1 gcd , s k s  
 2 0HH  

k  and , we have 
. 

 \ 0K 

Imh dProof. Consider the element  of 1 2  2HH    

where  is given as in Proposition 4.5 by 1h

   
0.else

,= 111
2

1,1
2

1,1


  seeff to

 

Suppose for contradiction that 2  Then 1 Im .h d
   1 1 1 2 1 1s sh e e fA e e    . So 1 1 1c   and so  

1 1c  . Also   i i s ifA  e1 2i s  where  h e e  e
 ,2,i .k 0 ,i ic Then   where  But 

this contradicts having 
2, , .i  k

1 0k
i ic   . Therefore 1 2Imh d , 

that is, 1 2 2Im 0 Imh d d   1 Imh . So  is a non- 
zero element in 

2d
 2 .HH  □ 

Note that we can also define maps  by 2 :h Qi

         

.0else

,10,,1,0
2

1,
2

1,



 iiiiqiiiii pff   to
 

for 2, ,i k  . However, 1 2  all represent the 
same element 

, , , kh h h
1 2h Imd  of .  2HH 

As we have found a non-zero element in  2HH   
we know that  2dim 1HH  

2
. In the case  

1 s k    we have the following result, the proof of 
which is immediate from Proposition 4.2, Corollary 4.4 
and Theorem 4.6. 

Proposition 4.7 For  , , , ,p q k s     where 
1 s k 2   , we have  and  3Kerd kdim

 2dimHH 1.   
For the case 1s k  , we need more details to find 

3 . Following [5] we may choose the set Kerd 3f  to 
consist of the following elements: 

 3 3 3 3
1, 2, 3, , 4, ,, , ,i i i t i jf f f f , 

where 
 

                       0 1
3 2 2 2

1, 1, 3, 5, ,11,0 1,1 ,0 ,1 , 1 1,1 ,0 1,21 1 1
where 2, , ,pi i i i ii i i i i q i i ii i i

f f f f e K e               
       i k  

               0 1
3 2 2 2

1,1 1,1 3,1 5,1,1 1,0 ,1 1,0 1,1 1, 1 ,1 1,0 ,22 2 2
,pk k q k kf f f f e K e                

           0 1 0 1 1 0 21
3 2 2 2

2, 1, 2, 4, 1,1,0 ,1 , 1
where 2, , ,pi i i i ii i i qi i i i i iii

f f f f e K e          
        i k  

       0 1 0 1 1 0 211

3 2 2 2
2,1 1,1 2,1 4,2,1 11,0 1,1 1,1 1 1 1 1 2 1

,pqf f f               f e K e  

           3 2 2
3, , 5, , 5, , 11, 1 , , 1, 2 where 1, ,  and 1, , 2 ,i t i t i ti t i t i t i tf f f e K e i k t q                  
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0 1

3 2 2 2
3, , 1 5, , 1 3, 1,1 21, , 1 1,1 1, 2, 1 2, , 11 1 1

where 1,3, , ,

pi q i q i ii q i q i i q q q i qi i i
f f f f e

i k

                 
    



 



K e
 

             0 1
3 2 2 2

3,2, 1 5,2, 1 3,2 1,11, 2, 1 1,1 1, 2, 1 2, 2, 11 1 1
,pq q kq q q q q qf f f f e                  K e  

                       

     
0 1 0 1

3 2 2 2
3, , 3, 1, 1 3, 11,1 1, 2,0 , 2,0 , 1,0 1,1 1, 11 1 1

, 2,1 where 1,3, , ,

p pi q i i ii i q i i q i i q i i i qi i ii i i

i q i

f f f f

e K e i k

                        



  

 

   


 

                     0 1 0 1
3 2 2 2

3,2, 3,2 1,1 3,11,1 1, ,0 2, ,0 2, 1,0 1,1 1, 1 2, ,11 1 1 2 2 2
,p pq q k q k q q qf f f f e K e                      k  

         2
3 2 2

4, , 4, , 4, , 11 11
where 1, , and 1, , 2 ,j j ji j i j i jj i i ii

f f f e K e i k j p   
        

               11 1 1
3 2 2 2

4, , 1 4, , 1 2, 1, 1 21,0 1,1 1,1
where 1,3, , ,p p pp p pi p i p i i ii i i qi i ii i i i

f f f f e K e i               
       k

12 p

 

           11 1
3 2 2 2

4,2, 1 4,2, 1 2,2 1,11,0 1,1 1,1 2 2 22 2
,p p pp pp p kqf f f f e               K e  

                      

   
1 0 0 0 1 1

1

3 2 2 2
4, , 2, 1, 1 2, 11,0 1,1 1, 1,0 1,1 1,1 1 1 1 1

1
where 1,3, , ,

p p p p

p

i p i i ii i i q i i i qi i i ii i i i i

i i

f f f

e K e i k

                f          



  

 

   


 

                 1 0 0 0 1 1
3 2 2 2

4,2, 2, 1, 1 2,11,0 1,1 1, 1,0 1,1 1,2 1 11 1 1
.p p p pp i ii i i q qi i ii i

f f f f e K e                   
       12 1p  

Thus the projective bimodule  is 3Q      yy
fy

to3  

        

           
     

3 3 2 3
1, 2, 3, ,

3 3 3 2
3, , 1 3, , 4, ,

3 3 11
4, , 1 4, ,

2

1,2 , 1, 21 1

2
2, 1 , 2,1 1 1

2 1
.

i i i t

j j
i q i q i j

pp
i p i p

k q
i ii i ti tf f i f

p
ii q i q i jf f i f i

if i f ii

e e e e e e

e e e e e e

e e e e










   


   

 

              

          

        

 



i t 

 

Now we determine 3  in the case 1Kerd  s k  . Le 3t Kerh d , so  2Hom ,h Q   and 0 . Recall that 
, k , h  is given

3d h 
for by 



1,i    

         

       

,0else

,

1,0,
2

3,
2

3,

),(,1)(,0)(,,1,0
2

1,
2

1,

10

10















iiiiqiiii

qiiiiiiiqiiiiii

p

p

dff

ddff





to

to

 

where  are in , ,i i id d d  K . 

Then for , we have  1, ,i  k   3
1,

3 1,2
i

i if
hA e e 

                             
                   

         

2 0 1 2
1, 3, 5, ,1

0 1

0 1

1 1,0 1,1 ,0 ,1 , 1 , 1,1 ,0 ,1 1,21 1 1

,0 ,1 , 1,0 1,1 ,0 ,1 , 1,0 1,1

,0 ,11 1 1
   

p
i i i

p

p

i i i i i i i q i q i i i if f fi i i

i ii i i q i i i i i q i ii i i

i i ii i i

h e e h e h e e

d d

d

         

            

     

       

   

   

     

 



 

  

     0 1, 1,0

0

pi q ii i i
    





2

k

 

In a similar way we can show that .   3
1,1

3 1 ,2 0kf
hA e e 

For , we have  2, ,i   3 2
2,

3
i

i f i
hA e e
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2 0 1 0 1 2 1 1 0 1 21
1, 2, 4, 1,1

0 1 0 1 0 1

0 1

1 ,0 ,1 , 1 1

,0 ,1 , ,0 ,1 ,

,0 ,1 , .

pp
i i i

p

i i i i i q 2f i i i i i f i i f ii ii

i ii i i q i i i qi i i i i i i

i i i i q i i

h e e h e e h e e

d d

d

         

            

    




  





     

 



 

  



 

 
As  we have 3Kerh d 0id    for .  2, ,i k   1, ,i k   and  1, , .t  q  Finally, putting  
Similarly it can be shown that      03

,4,
3

,4,3 3
,,4






  jifji ffhA

ji
to          3 2 0 1

2,1
3 1 1 1,0 1,1 1,1 1qf

hA e e d
1

         
does not give any new information for  1, ,i k  , 

 1, ,j p  . 
so that . 1 0d  

We also have  for      03
,3,

3
,3,3 3

,,3






  


tifti ffhA

ti
to Thus h is given by 

 
           
         

,0else

,,1,2,for

,,1,2,for

1,0,
2

3,
2

3,

,,1,0
2

1,
2

1,

10

10







kidff

kidff

iiiiqiiii

iiiqiiiiii

p

p





 



to

to

 

 
where  for ,i id d   1, ,i  k  are in K. It is clear that 
there is no dependency between , and therefore 

. 
,i id d 

  1 1 1    0 11 1,0 1,1 1, pq        
t

. We introduce a new 
parameter  and define the algebra   to be the 
algebra K I  where I  is the ideal generated by the 
following elements: 

3

Proposition 4.8 For 
dimK d ker 2

 , , , ,p q k s     and 1s k  , 
we have  1) 2

1,1 1 1,, 2
jf t f  where   2, , ,j k 3

Using Propositions 4.2, 4.7, 4.8 and Theorem 4.6 we 
get the main result of this section. 

dimKer 2 .d k
 1, ,i k 2 2 2, ,f f f 2

2, 3, 4, , 5, ,,i i i j i tf2) for all ,  ,  where 
 1 ,1, ,j p    1 ,t q 1, ,  

   aot Theorem 4.9 For  , , , ,p q k s   
0,q  2k 

 where p, q, s, k 
are integers such that p,    

 
, 1 s k  

 for all arrows a with 
1,

 gcd , 1,s k   gcd 2, 1s k   and  \ 0K
1.

 , we 
have    2dimHH

3) 1a , 1
   . for all arrows a with 

We conclude this section by giving a deformation of 
 which arises from the non-zero element  1 Imh d2  

in .  2HH 
Let 1 Imh 2d   . Recall that  

4) 1a 1ot
dim dim 

a  
We now need to show that  to verify 

that 
 

  is indeed a deformation of . First of all, it is 
clear that 


dim dimj je e 

1je e
  for all t and for all vertices 

ei with  . Now we consider 1  and 1e  e   with 
1t  , and 1e   with 1t  . These projective modules 

are described as follows: 
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In each case we see that  

1 1dim dim 2 2 4e e p q        

for all t. Hence . Moreover, when dim dim   1t   
the algebras  and    are not isomorphic since, in 
this case,   is not self-injective. Thus we have found 
a non-trivial deformation of  . 

Theorem 4.10 With , ,  and   as defined above, 
then   is a non-trivial deformation of . Moreover, 
the algebras  and 


   are socle equivalent. 

5.  for   2HH  *( ) n 
  We have given the algebra  by quiver and 

relations in Section 2. Note that these relations are not 
minimal. So we will find a minimal set of relations 

 * n

2f  
for this algebra. 

Let 

 22 2
1,1 1 2 1 2 1,2 1 2 1 2, nf f              

2 2
2,1 1 2,2 1, ,n nf f      

2 2
2,3 2 1 2,4 2 1, ,f f      

2 2
2,5 2 1 2,6 2 1, ,f f      

 

2
3, 1 1 1 1 ,

for 2, , 1 .

j j j n n j jf

j n

        

 

  


2n

 

The remaining relation 1 2n  can be writ- 
ten as 

    
22

2,1 2 1,2nf f  . So this relation is in I and is not in 
2f . 
Proposition 5.1  For  and with the above 

notation, the minimal set of relations is  
 * n  




2 2 2 2 2 2 2 2 2 2
1,1 1,2 2,1 2,2 2,3 2,4 2,5 2,6 3,, , , , , , , ,

for 2, , 1 .

jf f f f f f f f f f

j n



 
 

Recall that the projective      yyQ
fy

to3
3 . 

Thus we have  

    
   
   

 

3
1 2 1 3 1 1

1 2 1 1

2 1 1 1

2
2=2

.

n

n n

n n

n
m mm

Q e e e e e e

e e e e

e e e e

e e



 

 




           

       

       

   



,

 

(We note that the projective  is also described in 
[4] although Happel gives no description of the maps in 
the -projective resolution of .) Following [2], 
and with the notation introduced in Section 3, we may 
choose the set 3  to consist of the following elements: 

3Q

3

,  

f
3 3 3 3 3 3 3

1,1 1,2 1,3 1,4 1 2 1, , , , , , ,n n n mf f f f f f f f    

with  where  2, , 2m n 

3 22 2
1,1 1,1 1 1 2,3 1 2,4 1 2 ,f f f K      f e  e

3 2 2 2
1,2 1,2 1 2 1 2,3 2 1 3,2 1 3,f f f f e K          e

3 2 2
1,3 1,2 1 1 2,5 1 2 1 1 2,1

1 1,
n n

n

2f f f

e K e

       



  



 


 
f

23 2 2 2
1,4 1,2 1 1,1 1 1 2,6 1 2 1 1 2,2

1 2 ,
n n

n

f f f f f

e K e

        



   



 


 

3 2 2 2
1 2,5 2 2,3 2 1 2 1,2 1 1,n n n nf f f f e K             e

23 2 2 2
2 2,4 2 1 2,6 2 2 1,1 2 1,2

2 1,
n n n

n

f f f f

e K e

      



  



 


 
f

3 2 2 2
1 3, 1 1 2,1 2 1 1,2 1 1,n n n n n n nf f f f e              K e

 

3 2 2
3, 1 3, 1 2

for 2, , 2 .

m m m m m m mf f f e K

m n

  e    

 


 

 2HWe know that 3 2Ker ImH d d  . First we will 
find 2Imd . Let  1Hom ,f Q   and so write 

  1 21 1 1 1 1 1 2, ,n nf e c f e  e e c 2     

   1 21 2 3 1 2 1 4, ,n nf e e c f e e c  2       

 
 

1 1 ,

for 1, , ,

kk k k k k k n kf e e d d

k n

 1 k        



 


 

where  1 2 3 4, , , , , for 1, , .k kc c c c d d K k n     
 we find Now 2 2fA d f . We have  

    
  

 

2 1 21,1

1 2

2 1 1 1 1 2 1 1 1

1 2 2 1 2

1 1 2 2 1 2 3 1 2 4 1 2

1 2 3 4 1 2.

n nf

n n


1

fA e e f e e f e e

f e e f e e

c c c c

c c c c

 

 

 

 

       

 

 

 

    

   

   

   

 

Also  

    
 

2 1 21,2

1

2 1 1 1 1 2 1 1 1

1 2 2

n nf

n

fA e e f e e f e e

f e e

 



 

 

    

  
 



 
   

    
 

1

1 1 1 1 1 1

1 2 2 1 1 1

1 1 2 2 1 2 1 1 1 1

1 1 1 1 1 1

2

1 2 1 2 1 1

1 2 1 1 2

2 2

2 2 .

n

n

n n n n

n n n n

n n n

n n n n n n n

n n

n

f e e

1nf e e f e e

c c d d

d d

c c d d

c c d d



 

      

      

        
          

   

 





   

  

    
  

    

    

    

   

   
     

 



 



We can show by direct calculation that  
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    22
2  2 2 2

1,1 1,,j0jj fffA to  for all 2f f f . 
Thus 2fA  is given by 

   2
1,1

2 1 1 1 2 3 4 1 2 1 2 ,
f

fA e e c c c c c          

   2
1,2

2 1 1 1 2 1 1 2

1 2

2 2

.

nf
fA e e c c d d

c

 

 

     




 

So 
 

2dimIm 2d  . 
position 5.2 FPro or  * n   ,

Kerd . Let 

 we have  

mine , so 
2mIm 2.d   di

Now we deter 3 3Kerh d h  
ven 2om ,Q   and 3d h  hen h  is gi  H

by 
0 . T 2: Q 

 2
1,1

1 1 1 1 2 1 2 3 1 2 ,nf
h e e c e c c          

 2
1,2

1 1 4 1 5 1 2 6 1 2 ,nf
h e e c e c c          

     ,,41,for0,2
2,

2
2, 2

,2






  lffh lfl

l
to  

 2
2,5

1 1 7 ,n nf
h e e c e    1n

for some  for 

As  we have 

 2
2,6

2 2 8 2 andn n nf
h e e c e     

   
 1,2,for

,11
2

3,
2

3, 2
,3








  

nj

ddffh jnjjjjjjfj
j



 to
 

1 8, , , ,j jc c d d K   2, , 1 .j n   
Then 

 
   

 
 

3
1,1

2 2
1,1 2,3

2
2,4

3 1 2

1 1 1 1 1 2

1 2 2

1 1 2 1 2 3 1 2 1

1 1 3 1 2 1

0 0

.

f

nf f

n f

n

n

hA e e

h e e h e e

h e e

c e c c

c c

 



     
    







   

 

    

 




 

3Kerh d 1 0c   and 

2

3 0.c   

 
   

 
 

 
   

3
1,2

2 2
1,2 2,3

2
3,2

3 1 3

1 1 1 2 1 1 2

1 2 3

4 1 5 1 2 6 1 2 1 2

1 2 2 2 2 1 2

4 2 1 2 6 2 1 2 1 2

0

.

f

nf f

f

n

n

n

hA e e

h e e h e e

h e e

c e c c

d d

c d c d

   



      

     

    





   

 

   

 

   







 

3Kerh d  we have  and  4 2 0c d  6 2 0c d   . 

 

As 
So 2 4d c   and 2 6d c .    

Next,  

 
   

 
 
 

3
1,3

2 2
1,2 2,5

2
2,1

3 1 1

1 1 1 1 1 1

1 2 1 1 1

4 1 5 1 2 6 1 2 1 7 1

4

0

nf

n nf f

n n n nf

n

hA e e

h e e h e e

h e e

c e c c c

c c

 

    

      



 

 



   

 

7 1.

   

 

 



 



ve So we ha 4 7 0c c   and hence 7 4= .c c  

 
     

 
 
 

3
1,4

2 2
1,2 1,1 2,6

2
2,2

3 1 2

1 1 1 1 1 1 1 2

1 2 1 1 2

4 1 5 1 2 6 1 2 1

1 1 2 1 2 3 1 2 1 8 1

1

0

.

nf

n nf f f

n n n nf

n

n

hA e e

h e e h e e h e e

h e e

c e c c

c e c c c

  

    

     

      





 

 



     

 

  

    



 





 

 4 1 8c c c 

2 2

Therefore 8 4c c  as 1 0.c   

 
   

 
 

 

3
1

2 2
2,5 2,3

2
1,2

3 1 1

1 1 2 1 2 2

1 2 1 1

7 2 2 4 1 5 1 2 6 1 2

7 4 2

0

.

n
n f

n n nf f

n n f

n

hA e e

h e e h e e

h e e

c c e c c

c c

 

   

     






  



   

 

    

 







 



Thus again we have 7c c4 .  

 
 
   
 

 

 

3
2

2
2,4

2 2
2,6 1,1

2
1,2

3 2 1

2 2 2 1

2 2 2 2 1 1

2 1 1

8 2 2 1 1 2 1 2 3 1 2

2 4 1 5 1 2 6 1 2

8 1 4 2

0

.

n
n f

n n nf

n nf f

f

n

n

hA e e

h e e

h e e h e e

h e e

c c e c c

c

c c c

   

 



c e c 
     

    








 



 

   

 

    



   

 





 



As 

 

1 0c   above, we have  as we already 
know. 

Also  

8 4c c
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3
1

2 2
3, 1 2,1

2
1,2

3 1 1

1 1

1 1 1

1 1 1 1 1 1

1 4 1 5 1 2 6 1 2

1 1 1 1 1 1

4 1 6 1 1 2

1 4 1

n

n

n f

n n n n n nf f

n n f

n n n n n n n

n n n

n n n n n n n n

n n n n n

n n n

hA e e

h e e h e e

h e e

d d

c e c c

d d

c c

d c

1 2  

 

     

      
      
      

 







 



    



    

 

 



   

 

 

  

 

 

 







 1 .n nd 

 



ave  and 
Finally, for , 

2
mf

Therefore we have 

1 6 1 1n n nc       

So we h 1 4nd c  
m n 

1 6 .nd c    
we have     2 2

 
   

 
 

 
 

3

2
3, 3, 1

3 2

1 1 1 2

1 1 1

1 1 1 1 2 1 1

1 1

1 1 1 1.

fm

m

m m

m m m m m mf

m m m m m n m m

m m m m m m n m

m m m m

m m m m n m m

hA e e

h e e h e e

d d

d d

d d

d d

 

      

      

 

     





   

 

     

 

  



   

 

 

 

  

 

 

 

 

1m md d   and 1m md d   . Hence 
 and 4md c  6d c   for m  2, , 1m n 

2 1 .nd d c   
 as we 

e 6have abov
Thus h

2 1nd d 

given by
4c    and 

 
 

 is 

 2
1,1

1 1f
h e e  2 1 2 ,c    

 2
1,2

1 1 4 1 5 1 2 6 1 2 ,nf
h e e c e c c          

     ,,41,for0,2
2,

2
2, 2

,2






  lffh lfl

l
to  

 2
2,5

1 1 4 ,n nf
h e e c e    1n

for some 
Prop

 2
2,6

2 2 4 2 andn n nf
h e e c e     

   2
3,

2

 ffh j



o

 
64 j

1,2,for

,11

3, 2
,3











nj

cc jnjj

fj
j




t

 

 we have  

and a basis is given by the maps  and 2  w e 

2 4 5 6, , , .c c c c K  
osition 5.3 For  * n , 

3dimKer 4.d   
Therefore  

 2
3 2dim dimKer dimIm 4 2 2HH d d       

1 her 1  
is given by 

     
0,else

,1,2,for,

,

,

,

2
3,

2
3,

222

111

111

2
,3

2
6,2

2
5,2

2
2,1























njff

eee

eee

eee

jjfj

nnfn

nnfn

f

j
to

 

2  is given by 

    11
2

3,
2

3, 2
,3



 
.0else

,1,2,for     

,

,2111 2
2.1
















nj

ee

jjj

nf

ff njfj
j





to
 

From Proposition 5.2 and Proposition 5.3 we get the 

 5.4 For with we have 
main result of this section. 

Theorem  * n    1n  
 2dim 2.HH    

To connect this with deformations we use a similar 
discussion as Section 4. We introduce the parameter 
and define the algebra 

t  

2
  to be the algebra 

2
K I

where 
 

2
I  is the ideal generated by the followin  

elem

1) 

g
ents: 

2
1,1,f  

2) 2
1,2 1 2f t ,n    

3) ,2 2 2 2 2 2
2,1 2,2 2,3 2,4 2,5 2,6, , , , ,f f f f f f  

4) .   

We can show that 

 2 2 2 2 2 2
2,1 2,2 2,3 2,4 2,5 2,6, , , , , , for 2, , 1f f f f f f j n 

2
dim dim  

ial deformation. 
. Hence this alge- 

bra has no non-triv
From Theorem 4.9 and Theorem 5.4 we have now 

found  HH 2   for all standard one-parametric but not 
weakly symmetric self-injective algebras of tame repre- 
sentation type. 

6.
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