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ABSTRACT

The oscillatory behavior of solutions of a class of second order nonlinear differential equations with damping is studied
and some new sufficient conditions are obtained by using the refined integral averaging technique. Some well known
results in the literature are extended. Moreover, two examples are given to illustrate the theoretical analysis.
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1. Introduction

In this paper, we are concerned with the oscillatory be-
havior of solutions of the second-order nonlinear differ-
ential equations with damping

(r@¥ (O @)) +pOK(X ()
q(t) f(x(t))g(x'(t))=0,t=t, >0,
)

. p(t),a(t)eC([t,,»),R) and W,k f,ge

+

where r(t
C(RR). |

In what follows with respect to Equation (1.1), we
shall assume that there are positive constants c,c,,c,,7,
and y, satisfying

(A1) r(t)>0 and xf(x)>0 forall x=0;

(A2) 0<cs‘1’(x(t2)sel forall x;

(A3) 7,>0 and k*(y)<yyk(y) forall yeR;

(A4) q(t)=0 and O<c,<g(x(t));

f
@as) s o forall x#0.
X

We shall consider only nontrivial solutions of Equa-
tion (1.1) which are defined for all large t. A solution of
Equation (1.1) is said to be oscillatory if it has arbitrarily
large zeros, otherwise it is said to be nonoscillatory.
Equation (1.1) is called oscillatory if all its solutions are
oscillatory.

The oscillation problem for various particular cases of
Equation (1.1) such as the nonlinear differential equation

[rOx O] +a t(x(m)=0. @2

the nonlinear damped differential equation

[FOOO] +pO)XO)+a) T (x(1)=0 (13)
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and
(YO O) +pOKK D) g 4
+q(1) f (x(1) =0

have been studied extensively in recent years, see e.g.
[1-21] and the references quoted therein. Moreover, in
2011, Wang [22] established some oscillation criteria for
Equation (1.1) firstly, some new sharper results are ob-
tained in the present paper.

An important method in the study of oscillatory be-
haviour for Equations (1.1)-(1.4) is the averaging tech-
nique which comes from the classical results of Wintner
[19] and Hartman [18]. Using the generalized Riccati
technique and the refined integral averaging technique
introduced by Rogovchenko and Tuncay [20,21], several
new oscillation criteria for Equation (1.1) are established
in Section 2, we also show some examples to explain the
application of our oscillation theorems in Section 2. Our
results strengthen and improve the recent results of [1]
and [21,22].

2. The Main Results

Following Philos [10], let us introduce now the class of
functions ® which will be extensively used in the se-
quel. Let

D, ={(t.;s):t>s>t)} and D={(t,;s):t=s>t}.

The function H eC(D;R) is said to belong to the
class © if

1) H(t,t)=0 for t>t;; H(t,s)>0 on Dy;

2) H has a continuous and nonpositive partial deriva-
tiveon D, with respect to the second variable;
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3) There exists a function h(t,s)e C(D,R) such that

—W= h(t,s)H (5s).
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such that (rR)e C*(t,,»,R) and

H(t,s)

O<isgt£ {Iirtrliwnf m (t,to)}gm (2.1)
In this sectior_1, several oscillation criteria for Equation )
(.0 e bl e e ssmptiors (A1 (25 Ty I
Theorem 2.1. Let assumption (Al)-(A5) be fulfilled
and H e 0. If there exists functions R,¢eC([t0,oo),R) andforany T >t,,5>1,
¢(T)s|iriiupﬁj:[H(t,s)Q(s)—%p(s)r(s)hz(t,s)}ds. (2.3)
where
Q(t)=p(t)- (2.4)
C - r ,—i +ir 2\ l_l pz(t)
et LR 0] -2 ptm)s L re-2{ -1 O] y
o 2[5 22
and ¢, (s)=max{g(s),0}, then Equation (1.1) is oscil- ~using Equation (1.1), we obtain
latory.
roof. Let x e a nonoscillatory solution o 1 _L(t)v _p(t)p(t)k(x’(t))
Eantio]r: (IE.I). 'I('L)en btherej exists zlal tTOito lut(_:h thaI (t)_ p(t) (t) x(t)
R R Cole P03 (0) (1)
lar argument holds also for the case when x(t) is even- X(t) (2.7)
tually nega’give. As in [1], define a generalized Riccati p(t)r(t)‘I’(x(t) k(x’(t))x’(t)
transformation by - 2 (t)
()=o) O g o -
for all t>T,, then differentiating Equation (2.6) and In view of (A1)-(A5), we get
v'(t)ﬁf;((f)) v(t>—”(t)pxt<)tk>(%(t) —nczpmq(t)—p(t)r(t)i(xxz((tt)))kz(X’(t))“J“)[R“)r“”
_ , (), 4y, 22 0P ) p() [ [r) YOKEO), o) (7|
=POLROr)] ‘W’(‘)q“)*f)(t)V(‘)*frg)w(x(t))“P/()xm){ Ao 2 rM
) ' (), ¢y, 220 PO (0 ¥WK(XW), pl) [ |
<p(O[ROI(1)] —}/zczp(t)q(t)+';(t)v(t)+7p4cr(t) _,OC1 ( D), o r?t)}
) T e PO, 220 (0 pO)] [FOYOKEW®), p0) [ |
_p(t)[R(t) (t):l £ Zp(t)q(t) p(t) (t) 4CI’(t) c, " X(t) 2 I’(t):|
_ ' (), iy, 220 P20 _pO)] [FO( v p(t) [7 |
=P OLROO] e O30+ v 250, [0} %)]
_ o[ AW RO PO T e oy L e
Q00 2 O O 20 O
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forall t>T, with Q(t) defined as above. Then we ob-
tain
1

—sz (). (2.8)

Q(t)<—v'(t)

[[H(ts)Q(s)ds<—[ H(t,5)v'(s)ds—[ H (ts)
=—H (ts)v(s) + [ v(s)dH (t.s)- [ H (t.s)

=H(t,T)v(T)-[ {v(s)h(t,s) H(t,s)+H (t,s)vz—(s

Then, forany g>1

[[H(ts)Q(s)ds<H (t,T)v(T)_j;[

On multiplying Equation (2.8) (with t replaced by s)
by H(t,s), integrating with respect to s from T to t for
t>T >T,, using integration by parts and property 3), we
get

_t v s)ds
clylp(s)r(s)V (s)d
1

crp(s)r(s V(s

L)(S)V(S)-F%ﬂﬂylclp(s) r(s)h(t, S)] ds

,B71C1p(s) r

L () s)as (AL D e )0

and, forall t>T >T,,

J'TI[H (t,s)Q(s)—%p(s)r(s)hz(t,s)}ds

Brep(s)r(s)

IR L ppHws) Y
t ,S t — S)
gH(t,T)v(T)—L[ Wv(sﬁ?/ﬂ;@qp(s)r(s)h(t,s)} ds—jTWv (s)ds
Furthermore,
1 t 2 1 t(f-DH(t,s) ,
WL[H (t9)Q(5)- 225 p(s)r(s)h (t,s)}dsgv(T)— ol gﬁp)(s)(r(?)v (s)ds.
Now, it follows that
. 1 t pey. 2
limsup—— [H t,8)Q(s)-=22L p(s)r(s t,s }ds
500 5y | (09)Q(0) - Fp(S)r (91 (19 .
e 1« (B-DH(ts) , '
<v(T) Ilrtrllwnf H(t,T)-[T ﬂqup(s)r(s)v (s)ds.
From (2.3) and (2.10), we have Now, we can claim that
. 1 «(B-DH(ts) , = V2(s)
V(T)=4(T)+liminf v (t,T)IT ,By/lclp(s)r(s)v (s)ds J'TO p(S)r(S)dS<OO , (2.13)
forall T>T, and S >1.Obviously, Otherwise, 2
V(T)2¢(T) forall T>T, (2.11) '[T“ E/s)(rszs)dsz (2.14)
°p
d
" By (2.1), there exists a positive constant 7 such that
iminf L[ S e gy H(Ls)
©e H(6T,) o p(s)r(s) (2.12) inf {mlxliwnf H(t‘t )}>77>0,
< PIE(y(1,)- 4(T,)) < o0 -

(-1
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H(tT,)/H(tt)=n forall t>T,.

On the other hand, by (2.14) for any & >0, there ex-
istsa T, >T, such that
2
j[ V—(S)dszé forall t>T,.
Pp(s)r(s)  m
Using integration by parts, we obtain
1 J-t H (t, S)

H(t,T,)™ p(s)r(s)

vZ(s)ds

This implies that

. 1
limsup—

n
t—o0 t

where Q(t)and p(t) are defined as in Theorem 2.1,

then Equation (1.1) is oscillatory.

1 J~t H (t, S)
H(tTo) ™ p(s)r(s)
Since ¢ is an arbitrary positive constant, we get

vi(s)ds>¢ forall t=T,.

! J't H(ts) vZ(s)ds =+,

" p(s)r(s)
which contradicts (2.12), so (2.13) holds, and from (2.11)

J‘°C ¢f (S) dS < J‘OO VZ (S)
Pp(s)r(s)  Top(s)r(s)
which contradicts (2.2), then Equation (1.1) is oscilla-
tory.
Now, we define H (t,s)=(t—s)"",(t,se D), here
n>2.Evidently, He® and

h(t,s)=(n-1)(t-s)"**,(t,seD).

Thus, by Theorem 2.1, we obtain the following result.
Corollary 2.1. Let assumption (A1)-(A5) be fulfilled.
Suppose that (2.2) holds. If there exist functions
R, eC([t,,»),R) suchthat (rR)eC([t;,),R),

liminf
)

ds < +o0,

- ﬁ[(t—s)”IQ(S)—MP(S)WS)(FS)” ds>4(T),

Example 2.1. Consider the nonlinear damped differ-
ential equation

{tz [l+ e ] x(1) ] +2t 1+X;€2tzt) +(2+2t" + 6t —6t* sin” t) x(t) (1+x° (1)) (1+ x? (1)) =0.

22 )1+x?(t)

where X e(—w,+0) and t>1, c:%, ¢ =¢,=1,

f(x) =1+ X (t)21l=yp,=p.
X

The assumptions (Al1)-(A5) hold. If we take =2,

n=3 and R(t)=t,then p(t)=1,and

liminf

where Q(t), p(t) and ¢, (t) are the same as in Theo-

rem 2.1, then Equation (1.1) is oscillatory.

Theorem 2.2. Let assumption (A1)-(A5) be fulfilled.

For some g >1, if there exist functions

t—o0

Copyright © 2013 SciRes.

Q(t)=2+3t* —6t*sin’t.
A direct computation yields that the conditions of Co-
rallary 2.1 are satisfied, Equation (1.1) is oscillatory.
As a direct consequence of Theorem 2.1, we get the

following result.
Corollary 2.2. In Theorem 2.1, if condition (2.3) is re-

placed by

PN i h [ H 9000922 p(5)r (5 1) 6 20(7).

4

R,¢C([ty,),R) such that
(rR)eC*([ty.).R)

and

Iimsupmﬁ{H (t,5)Q(s)—H(t,s)

hpz(s)p(s)_ﬂcﬁ’lp(s)r(s)hz(t,s)}dS:oo,

2cr(s) 2
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where Q(t) is the same as in Theorem 2.1, H €®
p<t>=eXp[-i 'R

and
s)ds
Clyl ( ) j

Then Equation (1.1) is oscillatory.
Proof. Let x(t) be a nonoscillatory solution of Equa-

(2.16)
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tion (1.1). Then there existsa T, >t, such that
x(t)=0 for all t>T,. Without loss of generality, we
may assume that x(t)>0 on interval [T,,). A simi-
lar argument holds also for the case when x(t) is even-
tually negative.

Define the function v(t)as in (2.6). Using (A1)-(A5)
and (2.7), we have

t) .
-7,C,0(t)q(t) — +p(t)| R(t)r(t
p(t) X(t) 2%2 ( ) ( ) 71X2(t) ( )|: ( ) ( ):I
A(t), 2R(1) p(t)j 1 ’
<-Q(t)+ + - v(t)— ve(t (2.17)
O S i st O
Pt 1
=-Q(t v ve(t
®)- ar(t) ®)- cp(t)r(t) ©
where Q(t) is the same as in Theorem 2.1. On the we get from (2.17) that
other hand, since the inequality 0 (t) B p’ (t)p(t) ) —v'(t) ) V2 (t)
alonz<™ N 2c,r (t) 2cp(t)r(t)’ (2.18)
2n 2 t>T,.
holds forall n>0 and m,leR. Let On multiplying (2.18) (with t replaced by s) by
H (t,s), integrating with respect to s from T to t for
_ p(t) n= 1 t>T =T, and g =1, using integration by parts and

N T O

7P (8)P(8) | 4
i)

H(t,s)

fints)] -

ﬁH(t,T)v(T)—J:[
ﬂ7101J‘ h (t s)d J‘T (

This implies that

2prer (s)p(s)

property 3), we get

1 2
Wv(5)+E 2,371C1F(S)p(s)h(t,s)] ds

DH(LS) F(5)ds,

(t,T)v(T)—jT
s)

2cr(s)

¢ (B-1)H(Ls)

It[”(t,s>Q(s>—H(t,s>”p2(s)(p(s)‘ﬁ?qf<s)p(s>h2(t,S>JdS
H

v?(s)ds

1 2
—f{ mv(5)+§ Zﬂhclr(s)/o(s)h(t'S)J ds

Using the properties of H (t,s), we have

Therefore,

Copyright © 2013 SciRes.
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R e SO E LR

2¢,r (s

: L{“(t,sm(s)—w et

t

P(s) Bra r(s)p(s)h? (t,s)]ds

s) 2

To
<H(u,)| [7]Q(s)lds+v(T)
forall t>T,, and so

limsup

<I |Q |ds+|v |<+oo
which contradicts with the assumption (2.15). This com-
pletes the proof of Theorem 2.2.

Let H(t,s)=(t-s ) .(t,se D), from Theorem 2.2,
we obtain the next result.

Ilmsup

2c,r

+ {H(t,s)Q(s)—H(t,s)}/lpz(s p(s)—ﬂylclr(s)p(s)hz(t,s)]ds

s) 2

t—o0 m.’:[H (t’S)Q(S)— H (t,S)

1P’ (s)p(s) Bre r(s)p(s)h?(t, s)JdS

2c,r(s) 2

Corollary 2.3. Let assumption (A1)-(A5) be fulfilled.
If there exist functions R,4eC ([to,oo), R) such that

(rR)eC'([ty, ). R),

and

t—o0

holds for some integer n>2 and £>1, where Q(t)
and p(t) are defined as in Theorem 2.2, then Equation
(1.1) is oscillatory.

Example 2.2. Consider the nonlinear damped differ-
ential equation

((1+t )i” (1 X'St)(t)J N il

2(t) 1+ x? 1+x%(t) 2.19)

(2+ zt j (t)(Hﬁ(t)J(“ X2 (t)) =0.

oot 2202

2¢,r(s)

AU p(s)r(s)(t_s)”]ds =

2
Evidently, for all xe(—o0,+x), A>1 and t>1,
we have
c=c,=1<y(x)t<2=c,
and
f(x) 1
=1 >1l=y, =
X +2+x2(t) 2= h

Let R(t)=0,n=3, then

p(t)=1 and Q(t):2+%t2.

t—oo

|msup f [

t—o0

Therefore, Equation (2.19) is oscillatory by Corallary
2.3.
Theorem 2.3. Let assumption (Al)-(A5) be fulfilled

#(T)<limsup

t—o0

where Q(t) and p(t) are the same as in Theorem 2.2
and ¢+(s)=max{¢(s),0}. If (2.2) is satisfied, then
Equation (1.1) is oscillatory.

Copyright © 2013 SciRes.

i R - H e HE ) e

e A e GG

—s) =4 (L+s) |ds = on,

and H €©. If there exist functions R,¢ < C([t;,»),R)
such that (2.1) holds and (rR)eC*([t,,),R), and
forall t>t,,any T >t,, and forsome fS>1,

p(s)r(s)hz(t,s)}ds, (2.20)

2¢,r(s) 2

Proof. The proof of this theorem is similar to that of
Theorem 2.1 and hence is omitted.
Theorem 2.4. Let all assumptions of Theorem 2.3 be
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fulfilled except the condition (2.20) be replaced by

§(T)<liminf H(i,T)ﬁ H (t,5)Q(s)—H (t.5)

then Equation (1.1) is oscillatory.

Remark 2.1. If we take f (x)=x, then the condition
q(t)>0 is not necessary.

Remark 2.2. If we take g(x’(t))zl, k(x)=x", then
Theorem 2.3 and 2.4 reduce to Theorem 9 and 10 of [21]
with y, =1, respectively.

Remark 2.3. If replace (A5) and (2.6) by f'(x) ex-
ists, f'(x)>y,>0 for x=0 and define

o) p(0r() T e

respectively, we can obtain similar oscillation results that
are derived in the present paper.
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