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ABSTRACT

For the (2 + 1)-dimensional Broer-Kaup system, we study the corresponding Lie symmetry groups, and obtain the sym-
metry group theorem and the Backlund transformation formula of solutions finding. At the same time, we find some
new exact solutions of the (2 + 1)-dimensional Broer-Kaup system and extend the results in the papers [1-4].
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1. Introduction

Many non-linear phenomena, such as the non-linear waves
in fluid mechanics, the laser phenomenon in non-linear
optics and the non-linear behaviors in the field of plasma,
can be described by the non-linear partial differential
equations (systems). Therefore quite naturally, solving
these non-linear partial differential equations (systems)
and articulating the characteristics of the solutions be-
come an important topic of investigation for a large
number of mathematicians and physicists. In paper [5],
by use of symmetry constraint in the reduction of the
Kadomtsev-Petviashvili equation we obtain the following
(2 + 1)-dimensional Broer-Kaup (BK) system:

Hy +2G, +2(HH,) —H, =0
G, +2(GH), +G, =0

Thence studies by a number of scholars appeared, in-
vestigating this system. Paper [6] discusses the system’s
Painleve characteristic and that it possesses infinite sym-
metrical problems of arbitrary time variable t and space
variable y, and reaffirms that system (1) is an integrable
system. Paper [1] uses the extended homogeneous bal-
ance method and separation of variables to discuss the
localized coherent structure of system (1). Paper [2] by
using the Lie-group optimized system classifies the solu-
tions of system (1) and furthermore finds some new ex-
plicit solutions. Through the application of the extended
homogeneous balance method, papers [3,4] obtain some
exact solutions to system (1) and explore the system’s
induced phenomenon. Paper [3,7] in particular discusses
the application of advanced BK equations in extensive
fields of studies such as non-linear optical fiber commu-

6]
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nication and fluid mechanics.

Lie-group method is a powerful tool in the investiga-
tion of non-linear partial differential equations (systems)
[8]. Using classical or non-classical Lie-symmetry method
we are able to obtain a large number of solutions to the
non-linear evolution equations (systems) (see papers [9-
12]). Especially put forward are the direct reduction
method in paper [9] and the more recent direct method in
papers [11,12], which provide a simple and direct method
to investigate the non-Lie symmetry groups of non-linear
evolution equations. In this paper, we are going to use
the direct reduction method to discuss the Lie point
symmetry group and non-Lie symmetry group of the (2 +
1)-dimensional integrable BK system (1). In doing that
we obtain the system’s corresponding symmetry group
theorem and the Backlund transformation formula of
solutions finding, through which we are able to obtain
some new exact solutions to the BK system. We there-
fore extend the results in paper [1-4].

2. Lie Point Symmetry Group

In order to simplify the calculation, we make the trans-
formation G=H, , substituting it into system (1) we
obtain:

y?

Hy+2HH +2HH, +H, =0 2

As a result, we transform the discussion of BK system
(1) into the investigation of Equation (2). Suppose Equa-
tion (2) has the following form of solution:

H(x y.t)=a(xy.t)+B(xyt)U(&n1) (3)

in which &=¢&(x,y,t), n=n(xy.t), r=7(xy1t)
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are undetermined functions. Also, function U (&,7,7)
of its independent variables is required to satisfy similar
Equation (2), that is, to satisfy the following equation:

U, =-Y, -20U -2UU, 4)

Now the prime task is to determine the undetermined
functions in Equation (3). Substitute Equations (3) and (4)
into Equation (2), and in the meanwhile let the coeffi-
cients of the partial derivatives in U (&,77,7) be zero.
We are able to obtain the following system:

¢, =0,17,=017,=07,=0p8=01=0,
E =1, f=¢,E+2Ba=0, f +2pa, =0,

Solve the above over-determined equations we obtain
the following results:

r=2(t),n=n(y). £ =ox" +Fy (1), ()
1
1 Oxr"+2F "7
=077, :_—0, 6
p=ort a 457" ©

where %=1 and (t), n(y), F,(t) are arbitrary
smooth functions.

From above we can sum up and arrive at the main
conclusion of this paper, that is:

Theorem: if U =U (&,77,7) is a solution to Equation
(4), then

_oxr"+ 2F0'z"%
457’

is also a solution to Equation (1), in which 5> =1 and
z(t), n(y), F(t) arearbitrary smooth functions de-
termined by Equations (5) and (6).

From the derived theorem we know that the symmetry
group of Equation (2) is constituted by two parts; one is
the Lie point symmetry group R when &=1; the
other the Lie point symmetry group R reflection Lie
group of X when & =-1, which is obtained by the Lie
point symmetry transformation {x,U}—{-x,-U}. In
order to analyze and compare the obtained Lie point
symmetry group of Equation (2) and the result obtained
from standard symmetry group method, we derive the
following from Equations (5) and (6):

T(t)=t+€f (t),iy(y):ezg(y), Fo(t)ng(t),5:1

here & an infinitesimal, f(t), g(y), F(t) are ar-
bitrary functions. Therefore from Equation (7) we can
obtain:

H = +5z"%U(§,77,r),G=Hy (7

H=U+so(U),
l " ’ 1
o(U) ==X (1)=2F () +5 U

+(§ fr(t)+ F(t)jUX +g(y)u, + f(t)u,,
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in which o (U) is the symmetry of Equation (2), its cor-
responding group generator (vector field) is:

firoge g (o)
S0 L-tro S ®
=V (f(t)+V2(9(y))+Vs (F(1))
where
e (Grod )
vy =F (t) 2 ZF (1)
v, = g(y)%,

From calculation we know that the generator (8) of the
Lie point symmetry group is the same as the result ob-
tained from standard Lie group method, here we are not
going to discuss in details. However, what needs to be
pointed out is that the corresponding transformation group
determined by Equation (7) has become non-Lie point
symmetry group.

3. Exact Solutions to the Broer-Kaup System

We can see from the established symmetry group theo-
rem that we have already obtained the Backlund trans-
formation formula of finding solutions (7) for system (1).
By taking some known solutions from the Broer-Kau-
pequation as seed solutions, we are able to find numerous
new exact solutions to the BK system by use of Equation
(7). The form of such solutions is as following:

Sxt(t)-2f"(t)F'(t)
- 45f'(t)

H(xyt)=

+3 2 (U (&m,7) ©9)
G(x y,t)=H,,

here &=oxf'(t)+F(t), n=9g(y), r="f(t), 6°=1.
U (5,77,1) is the equation’s solution of arbitrary form.
Next we are going to demonstrate the application of the
formula. Take the solution of the following form from

paper [4]:
vy exp(akx —alt-2Pa,t+b, )

H(x,y,t)=P(y)+*—
Vo + DV, exp(a,x—ait—2Pa,t)
k=1

G(xy.t)=H,
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where v, =v, (y), a =a.(y), b =b (y). Whenn=1,
v, =V, =const, P =const, we are enabled to obtain the
soliton solution of the BK equation:

H(x,y,t)=P(y)+2'a,
+2‘1a1tanh(2‘1(a1x—aft—2P(y)alt+bl))
G(x,y,t)=
(10)

Substitute U (£,77,7) in (9) with Equation (10) as a
seed solution, in which &=6xf'(t)+F(t), 7=g(y),
r=1f(t), 62=1. Then we are able to obtain a new
solution to Equation (9) as following:

) -~ 2R D o g(y)
+2%a +2a, tanh(2‘1(a15xf "(t)+F(t)
—a’f (t)-2P(y)a f (t)+bl))
G(x,y,t)=

(11)

Figure 1 is shown for us to observe more accurately
the evolution characteristic of solution (11). When P =0,
a, =2, b=2y*, t=3, f(t)=3° F(t)=0, 5=1,
we respectively obtain solutions H and G which have
shapes (a) and (b) determined by Equation (10) and shapes
(c) and (d) by Equation (11).

Figure 2 shows that when P = 0, a, =2y, b =2y?,
t=3, f(t)=3t°, F(t)=0. The solutions H and G
have shapes (a) and (b) that are determined by Equation
(10) and shapes (c) and (d) by Equation (11). Compared
to (10), Equation (11) contains some arbitrary functions;
in addition, the velocity and amplitude of the soliton
change according to the changes of the independent
variables in such functions, thus the structure of the new
soliton solution, that is, Equation (11) has more remark-
able regional changing characteristic.

If we take other solutions in papers [3-6] as seed solu-
tions, by the same token we will be able to obtain corre-
sponding new exact solutions to BK system (1) by the
use of Equation (7); in this paper we are not going to list
them out. As a conclusion, regarding the exact solutions
to equation system (1), we extend the results of paper
[3-6].

4. Conclusion

This paper through application of the simple direct re-
duction method discusses the Lie point symmetry group
and non-Lie symmetry group of the (2 + 1)-dimensional
Broer-Kaup system (1) and obtains the Backlund trans-
formation formula of solutions finding. Helped by the
main theorem at which we arrived, we are enabled to

Copyright © 2013 SciRes.
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Figure2. P=1,a, =2y, b, = 2", t =3, f) =3¢, F(t) =0, 6 =
1.

generate a large number of new exact solutions to the BK
system. From the figures given we can see that although
there is no substantial change in the overall structure of
the solutions, the regional changing characteristic in the
new solutions is obviously more remarkable.
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