Scientific
ISSN: 2160-0368 Volume 7, Number 12, December 2017 Research
Publishing

Advances in
Pure Mathematics

NN "."' /7

.E‘._ 7_ 7
N0

¢

ISSN:2160-0368
12

L
H??Z ‘o 00

‘ www.scirp.org/journglapm
1601036

7



Journal Editorial Board

ISSN 2160-0368 (Print) ISSN 2160-0384 (Online)

Editor-in-Chief
Prof. Dexing Kong

Editorial Board

Dr. Taher S. H. Abdelmonem
Dr.Adel Ahmed Attiya

Prof. Jozef Banas

Prof. Constantin Buse

Dr. Claudio Cuevas

Prof. Leo Depuydt

Prof. Dragan S. Djordjevic
Dr. Ozgur EGE

Prof. Ahmed M. A. El-Sayed
Prof. Marisa Fernandez
Prof. Cristescu Gabriela
Prof. Hongya Gao

Prof. Aleksander Grytczuk
Prof. Yuxia Guo

Dr. Sevdzhan Hakkaev

Dr. Chengchun Hao

Prof. Tianxiao He

Prof. Wei He

Prof. Tingzhu Huang

Prof. Toshitake Kohno

Prof. Vichian Laohakosol
Dr. Jingjing Ma

Prof. Elimhan N. Mahmudov
Dr. Lucia Marino

Prof. Ming Mei

Dr. M. T. Mustafa

Dr. Marek Niezgoda

Prof. Jyotindra C. Prajapati
Dr. Marius Radulescu

Prof. Jingli Ren

Prof. Bayram Sahin
Prof. Samir H. Saker

Dr. Bessem Samet

Dr. Yongli Song

Prof. Hari M. Srivastava
Prof. Yeong-Jeu Sun

Dr. Néstor Thome

Prof. Aydin Tiryaki
Prof. Gabor Toth

Prof. Amitabha Tripathi
Prof. Nodari Vakhania
Prof. Qingwen Wang

Dr. Yanjin Wang

Dr. Jasang Yoon

Prof. Mohamed F. Yousif
Dr. Shijun Zheng

Prof. Changjiang Zhu

http://www.scirp.org/journal/apm

Zhejiang University, China

Mansoura University, Egypt

Mansoura University, Egypt

Bronislaw Markiewicz State School of Higher Vocational Education in Jaroslaw, Poland

West University of Timisoara, Romania

Federal University of Pernambuco, Brazil

Brown University, USA

University of Nis, Serbia

Celal Bayar University, Turkey

Alexandria University, Egypt

Universidad del Pais Vasco, Spain

Aurel Vlaicu University of Arad, Romania

Hebei University, China

University of Zielona Goéra and Jan Pawel II Western, Poland

Tsinghua University, China

University of Kansas, USA

Chinese Academy of Sciences, China

[linois Wesleyan University, USA

Nanjing Normal University, China

University of Electronic Science & Technology of China, China

The University of Tokyo, Japan

Kasetsart University, Thailand

University of Houston-Clear Lake, USA

Istanbul Technical University, Turkey

Catania University, Italy

McGill University, Canada

Qatar University, Qatar

University of Life Sciences in Lublin, Poland

Charotar University of Science and Technology, India

Institute of Mathematical Statistics and Applied Mathematics “Gheorghe
Mihoc-Caius lacob” of the Romanian Academy, Romania

Zhengzhou University, China

Inonu University, Turkey

Mansoura University, Egypt

Tunis College of Sciences and Techniques, Tunisia

Tongji Universtiy, China

University of Victoria, Canada

[-Shou University, Chinese Taipei

Universitat Politécnica de Valencia, Spain

Izmir University, Turkey

Rutgers University, USA

Indian Institute of Technology, India

Georgian Academy of Sciences, Mexico

Shanghai University, China

Institute of Applied Physics and Computational Mathematics, China

University of Texas Rio Grande Valley, USA

The Ohio State University, USA

Georgia Southern University, USA

South China University of Technology, China



‘0‘ . . Advances in Pure Mathematics, 2017, 7, 649-757

“” ﬁg's‘?at:_gﬁ http://www.scirp.org/journal/apm

94¢% Publishing ISSN Online: 2160-0384

* ISSN Print: 2160-0368
Table of Contents

Volume 7 Number 12 December 2017

An Algebraic Proof of the Associative Law of Elliptic Curves
Ko Fujil, Ho OfKe. ..o 649

Successive Approximation of p-Class Towers

Study on the Existence of Sign-Changing Solutions of Case Theory
Based a Class of Differential Equations Boundary-Value Problems

The Analyticity for the Product of Analytic Functions on Octonions and Its Applications
Jo Q. Liao, J. Xo WA .o 692

Squeezed Coherent States in Non-Unitary Approach and
Relation to Sub- and Super-Poissonian Statistics

A WHINSCRE. . e et e e 706


http://www.scirp.org/journal/apm
http://www.scirp.org

Advances in Pure Mathematics (APM)

Journal Information

SUBSCRIPTIONS

The Advances in Pure Mathematics (Online at Scientific Research Publishing, www.SciRP.org) is published monthly by Scientific
Research Publishing, Inc., USA.

Subscription rates:
Print: $79 per issue.
To subscribe, please contact Journals Subscriptions Department, E-mail: sub@scirp.org

SERVICES

Advertisements
Advertisement Sales Department, E-mail: service@scirp.org

Reprints (minimum quantity 100 copies)
Reprints Co-ordinator, Scientific Research Publishing, Inc., USA.
E-mail: sub@scirp.org

COPYRIGHT

Copyright and reuse rights for the front matter of the journal:
Copyright © 2017 by Scientific Research Publishing Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY).

http://creativecommons.org/licenses/by/4.0/

Copyright for individual papers of the journal:
Copyright © 2017 by author(s) and Scientific Research Publishing Inc.

Reuse rights for individual papers:
Note: At SCIRP authors can choose between CC BY and CC BY-NC. Please consult each paper for its reuse rights.

Disclaimer of liability

Statements and opinions expressed in the articles and communications are those of the individual contributors and not the
statements and opinion of Scientific Research Publishing, Inc. We assume no responsibility or liability for any damage or injury to
persons or property arising out of the use of any materials, instructions, methods or ideas contained herein. We expressly disclaim
any implied warranties of merchantability or fitness for a particular purpose. If expert assistance is required, the services of a

competent professional person should be sought.

PRODUCTION INFORMATION

For manuscripts that have been accepted for publication, please contact:

E-mail: apm@scirp.org


http://www.scirp.org/
mailto:sub@scirp.org
mailto:service@scirp.org
mailto:sub@scirp.org
http://creativecommons.org/licenses/by/4.0/
mailto:apm@scirp.org

Q‘:’ Scientific

R h
€632 Fivang

Advances in Pure Mathematics, 2017, 7, 649-659
http://www.scirp.org/journal/apm

ISSN Online: 2160-0384

ISSN Print: 2160-0368

An Algebraic Proof of the Associative Law of

Elliptic Curves

Kazuyuki Fujiit, Hiroshi Oike?

'International College of Arts and Sciences, Yokohama City University, Yokohama, Japan

*Takado, Yamagata, Japan

Email: fujii@yokohama-cu.ac.jp, oike@docomonet.jp

How to cite this paper: Fujii, K. and Oike,
H. (2017) An Algebraic Proof of the Asso-
ciative Law of Elliptic Curves. Advances in
Pure Mathematics, 7, 649-659.
https://doi.org/10.4236/apm.2017.712040

Received: October 7, 2017
Accepted: December 9, 2017
Published: December 12, 2017

Copyright © 2017 by authors and

Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

Abstract

In this paper we revisit the addition of elliptic curves and give an algebraic
proof to the associative law by use of MATHEMATICA. The existing proofs
of the associative law are rather complicated and hard to understand for be-
ginners. An “elementary” proof to it based on algebra has not been given as
far as we know. Undergraduates or non-experts can master the addition of el-
liptic curves through this paper. After mastering it they should challenge the
elliptic curve cryptography.

Keywords

Elliptic Curve, Addition, Associative Law, MATHEMATICA, Elliptic Curve
Cryptography

1. Introduction

Ciphering is essential for the security of internet. The RSA cryptography [1] [2]
[3] is now commonly used. However, in the very near future the RSA
cryptography will be replaced by the elliptic curve cryptography because of its
efficiency; the RSA system is based on 2048 bits, while the elliptic system is based
on 224 bits (2016, [4]).

The target reader of this note is undergraduates or non-experts. Those who
are interested in cryptography are strongly encouraged to master the theory of
elliptic curve cryptography as soon as possible. For this purpose they must study
an additional structure of elliptic curves. However, it is not so hard except for
the associative law.

As far as we know an algebraic proof to it has not yet been given'. Therefore,
we give an “elementary” proof by use of MATHEMATICA for them.

'We don’t admit usual geometric proofs in standard textbooks of elliptic curves.
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2. Addition of Points of an Elliptic Curve

Let us start by recalling the definition of an elliptic curve [5] [6]
y =x}+ax+b (1)

where a and b are some real constants. In the following we consider only real
category. The discriminant of the cubic equation

x}+ax+b=0
is given by
D =-4a°-27b’ (2)

(see for example [5]) and we assume D <O in the following, so the point
crossing the real axis is just one.

For the graph of the elliptic curve (1)
E:{(x,y)eR2|y2=x3+ax+b} (3)

we want to introduce an addition, which is essential in the elliptic curve
cryptography. For the purpose we must add the infinity point O =(o0,®) to
(3). As a result, our space is not R? but a two dimensional sphere R*{JO =S°.
Later it turns out that O is the identity element of the addition, see (10), (11).
This justifies the notation O for the infinity point.

Here we note

P=(x,y)eE=-P=(x-y)eE (4)

where we have adopted the notation —P for the mirror image of P with
respect to the real axis, see (11).

Let us introduce the addition in E. For two points P,P, € E we associate
another point P, € E. Consider the straight line passing through P, and P,.
We set R the crossing point of the line and the elliptic curve.

A simple-minded candidate of the addition is
P®P, =R

Unfortunately, this is not good because the associative law does not hold.

Instead, we take the reflection point of R
pl®P2=_REP3' (5)

This is correct as shown in the paper. See the following Figure 1.
Next, we want to express the addition above by use of the coordinate system.

For the purpose we set
P =(X,¥) P,=(%.Y,) and Py = (X, Y;).
Formula The addition formula
(%0 Y1) @ (%2, ¥2) = (X5, ¥5)

is given by

2
xgz(uj (% 4%),

Xy =X

DOI: 10.4236/apm.2017.712040

650 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2017.712040

K. Fujii, H. Oike

—
A

Figure 1. Addition B, =P,.

ySZ_[yz_yl] +(y2_le(2X1+X2)_yl' (6)

X =% Xy =%

Proof To give an elementary proof for undergraduates or non-experts is
educational.

First of all we set the coordinate of the point R=(X,,Y,) and look for X
and Y, . The straight line passing through P, and P, is given by

:yz_yl _
y —Xz—Xl(X X )+ Yy

By taking X —Xx, into consideration we have
y =x}+ax+b
=(x=%+%) +a(x—x +x)+b
= (x=% ) +3(x=% )" % +3(x =% )x +a(x—x)+x +ax +b
= (x =% ) +3(x=% )" % +3(x =% )x2 +a(x—x)+ yZ.
We substitute the straight line for the equation above
2
yz_ylj (X X)2+2y2_y1(x X) 2
et (x- S (X=X ) s+
[XZ_Xl 1 X, - %, 1) Y1 1
= (x=%)" +3(x=x) % +3(x =% )X +a(x—x )+ y2.

A short calculation gives

X =X

2 1

2
[u] (x—x1)+2uyl=(x—x1)2+3x1(x—xl)+3xf+a

and

2
(x=x)" - (uj -3x, (x—x1)+3xf—2uy1+a:0.
X; =% 2~ X%

This is a quadratic equation and it is easy to solve
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2

2 2
x—xlzl (—yz_ylj —3x, + {(—yz_ylj —3x1} —4[3xf—2—yz_yl y1+a] :
2|1\ %=X X, — X X, — X

Here we set
) 2
Y, = Vi 2 Yo=Y
#)=<| =—=| =3%X,; —4|3x; —-2—=——=y +a|.

By expanding and arranging (#) we have
2
(#)= [iz _)3(/1) —Eix{y2 — yl] +g¥2 N y, —3x2 —4a.

X; =% X; =%
Some calculation (this is a key point) gives

(#)= (yz yl] _le[yz—lez_4(yz—yl)z

X =X X, =% X, =%
2
fWe0) ¥y, y,—3%% —4a

+
X, =% X =%
4
Y.~ Yo — Y,
(]2
+4(y2_yl){(yz_y1)+2y1}_3xlz_4a
X; =%
a 4 _ 2 22
:[_12_)3;1 ~2(2%,+x%) iz_zll +4):(2_2 -3x/ ~4a
2 2 2
4 2
Y —2(2%, +x,) Y2~ h +4(x§+x2x1+xf+a)—3xf—4a
X, =% X, =X
4 2
Y, %1 Yo=Y 2 2
=| 2 —2(2%, 4 X)) | A A% X X
X, =% X, =%
| )
=| 27 ook, +x)| 22| +(2x, +x)
X, —x, (2%, +%) — (2%, +x,)

5 2
Yo = Wi
_2x. —
{[X2_X1J % Xi}

where in the process we have used the equation
¥i =¥ = (6 +ax, +b)— (¢ +ax, +b)

=(x, - xl)(x§ + X% + X +a).

Therefore
1ify,—-y ’ Y, -y i
2~ N 2 1
_y =227 — 2% —
T 2{()(2_)(1] et (XZ_le % Xl}
Y, -y i Y, -y i
- 2 L1 4y —2x, p=| 2221 (2
2{ (Xz_le % XZ} (XZ_XiL] ( 5 )
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and we finally obtain

which is symmetric in 1 and 2. Another solutionis X =X, (check this).
This gives
Yo — Y1(

Y, = Xr_xl)+y1
X; =%

2
Y= Y1 Yo W
=22 )2 1| _(2x +x
XZ_Xl{(X2_X1] ( ,+ 2)}+Y1
3
:[yz_ylj _[yZ—ylj(2x1+X2)+ Y-

X =X X =%

As a result we have
(XSI y3) = (Xr’_yr)

and this gives the Formula (6).
Comment From the geometric definition of the addition (5) it is easy to see

the commutativity
PROP,=P,®P.

However, it is not clear to see this from the Formula (6). Then, a small change

of y, in (6) gives

3
Y= Yi Y=V YoXi — YiX%,
= — X X —_— 7
& [XZ_le +(X2_ 1]( o 2)+ Xy = X% ()

which is anti-symmetric in 1 and 2. The commutativity is very clear. In our
opinion this formula is best.

Next, we must define the addition P® P of the same point 2. The definition
is usually performed by differential. By noting

lim Yo = Ya —
21 X2 — Xl

A

the differential of y*=x°+ax+b at (X,y,) gives

2
me=3ﬁ+a:>w=3&+a.
2y,
If we set for P(X,y)
POP=P, or (XY)®(XY)=(XsY;) (8)
then we obtain
3 +a)
()
2y
3
3x*+a 3x*+a
A
2y 2y
DOI: 10.4236/apm.2017.712040 653 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2017.712040

K. Fujii, H. Oike

by applying the argument above to (6). See the following Figure 2.
There are tasks left behind. Our tasks are to show

P®O=0@®P=P (10)
and
P®(-P)=(-P)®P=0. (11)
Exercise Consider a proof with the geometric method.
Last, we must prove the associative law
(R®PR)®P=P®(P,®PR), (12)
which is very hard for undergraduates (hard even for experts).

The geometric method usually goes like Figure 3 (F,=P, P,=Q and
P,=R in this figure)

o

T
Figure 2. Addition P, = P, = P.
Yy
R é
P P
— f T
: Pa&Q

Figure 3. Associativity (P®@Q)@R=P®(Q®R).
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However, this is not a proof but a circumstantial evidence. Therefore, we give
an algebraic proof by use of MATHEMATICA®.

For the purpose let us calculate the difference

(R®P)®P,-P®(R,®PR) (13)

by MATHEMATICA. In the following program we set
(P®P,)®P,-P,®(P,®P,)=(CC-FF,DD-GG). (14)

and use the Formula (7) because of its high symmetry. Associativity holds when

the right hand side vanishes.

Beginning of MATHEMATICA

Readers must input and execute the following program in standard form of
MATHEMATICA.

We set
Y, ¥ ’
s— 2 1] :
[XZ—XJ (X, +%,)
s Det{[ ! 2)}
t— (yz_y1j +(yz yl](xl+x2)+ Vi Y, ;
Xy =X Xy =X Xy =%
and

and also set

V:_[yg— Y2J3 +[ys - yzj(xz )+ Detmi :ﬂ

X3 = X%, X3 =X, X3 = X%,

and

FF :(MT — (¥ +u);

u—Xx,

GG (Vyljs+[vylj(xl+u)+M.

u—x u—x u-—x,

*We expect that undergraduates in the world can use MATHEMATICA or MAPLE, etc.
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Moreover, we set
P=(y, - yz)2 —(xl—xz)z(xl+ X, +X3);
Q=(y,- y3)2 —(x, - x3)2(xl +X, 4+ X);
R :(Xz _Xs)y12 +(X3 - Xl)yg +(X1_Xz)y§
(X =X ) (X = X5 ) (X3 = X ) (X + X, + X5 ).

Here, P? (Q?) appears in the denominator of CC (FF)and P® (Q%)in
the denominator of DD (GG). The homogeneous polynomials P and Q are
invariant under the permutation of 1,2,3, whereas R changes sign.

For
AA = PZQZ(CRC - FF); BB = P3Q3(DFI3 —GG);
execute the following
Factor[ AA]
Factor[BB]

Ending of MATHEMATICA

It takes about several seconds for a standard present day PC before
MATHEMATICA outputs two huge homogeneous polynomialsin X, X,, X3,
Y,» ¥, and vy, of integer coefficients. The “degrees” of AA and BB are 9
and 31/2, respectively, when “degree” 1 is assigned to X;, X,, X; and 3/2 for
Y,>» ¥, and VY, see the curve Equation (1). In other words, AA and BB are
universal polynomials of elliptic curves which are independent of the parameters
a and b. More than 10 pages are required to write down the outputs. As we will
see their explicit forms are irrelevant for the discussion of the associativity, we
do not display them here. These polynomials have many interesting features.

From the program we have

CC—FF:%R, DD -GG = —5_R (15)
PQ P

33
Q
It is very interesting and important that both have a common factor R. Note
that we have not imposed the equations
y.=x +ax +b
Y =x3+ax,+b (16)
y2 =xd+ax, +b

up to this point.
Last, we show
R=0 (17)

under the condition (16), which finishes the proof of associativity (14).
Here, let us give an educational proof for undergraduates. We treat the

following determinant :

DOI: 10.4236/apm.2017.712040
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1 1 1
X=X X, X (18)
iV Y

Direct calculation gives

2 2 2 2 2 2
X = Xo¥s + XYy + XY, = Xo ¥y =X Y3 — X3Y,

(19)
2 2 2
= _{(Xz - Xs) Y + (Xa - Xl)yz + (Xl - X2) ys}-
On the other hand, from (16) we have
1 1 1
X = X X, Xq
x+ax, +b X +ax,+b XZ+ax,+b
1 1 1
= X Xa X3
3 3 3
X;+ax, X,+aX, X;+aX
1 1 1
=% X X
XX X
by some fundamental operations.
Moreover, we have
1 0 0
X=X X=X X=X
XX -x x5 -X
1 0 0
= (%, = %) (% =% )| %, 1 1
3 2 2 2 2
Xp o Xy XX+ X, Xg A+ XXy + X
1 0 0
= (%, = %) (X3 = %)| %, 1 0 (20)

XX XX X (X=X, ) (Xg + X, + Xy)

= (%, = %) (X3 =X ) (X = X, ) (X5 + X, +X%,)
= (X = % ) (X = X3 ) (X5 = X, ) (X, + X, + X5)
by some fundamental operations. As a result, we obtain
R=(%=X) ¥ +(X = %) Y; + (X, = %,)y;
F (X =% ) (X = X3 ) (X = X ) (X + X + X3)
=-X+X=0
by (19) and (20).

As shown in the paper the elementary proof of the associative law of the
points of an elliptic curve is not easy. However, it is not necessarily a bad thing
for the encryption system.

In this section we reproved the following

Theorem The system {E,®} becomes an additive (abelian) group.
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3. Concluding Remarks

We conclude the paper by making some comments on the elliptic curve

cryptography [7] [8].

Let pbe a huge prime number and F be the finite field

F,={01,2,p-1},

see for example [5].

Our target is an elliptic curve on F,

E, ={(x.y)|y* =x*+ax+b(modp)}.

For this case E, becomes a finite set. We assume that P and QeE,

satisfy the relation

Q =ngxP (mod p)

where

NgP=P®P®---®P (n-times).

Problem For given Pand Qis it possible to find 7 in polynomial time?
This is called the discrete logarithm problem and it is known as a very hard

one to solve [9]. The security of the elliptic curve cryptography (which is worth

studying for undergraduates or non-experts) is based on this hard problem.
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Abstract

Let Fbe a number field and p be a prime. In the successive approximation

theorem, we prove that, for each integer Nn>1, finitely many candidates for
; (n) ()

the Galois group G[F of the nth stage F,” of the p-class tower F,

over Fare determined by abelian type invariants of p-class groups CI E of

unramified extensions E/F with degree [E:F]=p"™". Illustrated by the

most extensive numerical results available currently, the transfer kernels
ker (TF,E) of the p-class extensions T. . :Cl F — CI E from Fto

unramified cyclic degree-p extensions E/F are shown to be capable of
narrowing down the number of contestants significantly. By determining the
isomorphism type of the maximal subgroups S <G of all 3-groups G with
coclass cc(G)=1, and establishing a general theorem on the connection
between the p-class towers of a number field Fand of an unramified abelian
p-extension E/F , we are able to provide a theoretical proof of the realization

of certain 3-groups $with maximal class by 3-tower groups G;E of dihedral

fields Ewith degree 6, which could not be realized up to now.
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1. Introduction

For a prime number p and an algebraic number field F; let st) be the p-class

tower, more precisely the unramified Hilbert p-class field tower, that is the

(M and the

maximal unramified pro-p extension, of F. The individual stages F,
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Galois groups Gal ( Fé”)/F) of the tower
F =

© < g0 <@ (n) (=)
FUO<FY<F?<..<FY<..<F

are described by the derived quotients @& /& = G} F =Gal Fé")/F) with
n>1, of the p-class tower group & =G F =Gal ( Fs‘”)/F ) The purpose of this
paper is to report on the most up-to-date theoretical view of p-class towers and
the state of the art of actual numerical investigations. After a summary of
algebraic and arithmetic foundations in §2, four crucial concepts will illuminate
recent innovation and progress in a very ostensive way:

e the Artin limit pattern (r(”)F, %(”)F) of the p-class tower Féw) in §3,

e successive approximation and the current status of computational
perspectives in §4,

» maximal subgroups of 3-class tower groups with coclass one in §5, and

« the realization of new 3-class tower groups over dihedral fieldsin $6.

2. Algebraic and Arithmetic Foundations
2.1. Abelian Type Invariants

First, we recall the concepts of abelian type invariants and abelian quotient
invariants in the context of finite p-groups and infinite pro-p groups, and we
specify our conventions in their notation.

Let pP=2 be a prime number. It is well known that a finite abelian group A4

with order |A| a power of p possesses a unique representation
A=®},(2/p"Z) 2.1)

as a direct sum with integers $>0, 1 >1 for 1<i<s, and strictly decreasing
g >-->e 21,
Definition 2.1 The abelian type invariants of A are given either in power
form,
r times r, times

——

AT|(A)Z: P, p% oo, P, oo, P |, (2.2)

or in Jogarithmic form with formal exponents indicating iteration,
ATI(A):=[ef, e8| (2.3)

Let G be a pro-p group with commutator subgroup G’ and finite
abelianization G* :=G/G’.
Definition 2.2 The abelian quotient invariants of G are the abelian type

invariants of the biggest abelian quotient of G

AQI(G)=ATI(G™). (2.4)

2.1.1. Higher Abelian Quotient Invariants of a Pro-p Group
Within the frame of group theory, abelian quotient invariants of higher order

are defined recursively in the following manner.
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Definition 2.3 The set of all maximal subgroups of G which contain the

commutator subgroup,

LyrG ={S<G|G'<S,(G:S)=p}, (2.5)

is called the first layer of subgroups of G. For any positive integer n =1, abelian

quotient invariants of nth order of G are defined recursively by

UG := AQI(G) and 7""G = (T(1>G;(T<"4>s) ) forn>2. (2.6)

SelynG

2.1.2. Higher Abelian Type Invariants of a Number Field
Within the frame of algebraic number theory, abelian type invariants of Aigher
order are defined recursively in the following way.

Let Fbe an algebraic number field, denote by CI F the p-class group of £,
and by Fgl) the first Hilbert p-class field of F that is, the maximal abelian
unramified p-extension of F.

Definition 2.4 The set of all unramified cyclic extensions E/F of degree p

which are contained in the p-class field,

LyiF ={E>F|E<F{,[E:F]=p) (2.7)

is called the first layer of extension fields of F. For any positive integer n>1,

abelian type invariants of nth order of Fare defined recursively by

YF =ATI(CI,F) and <"F = (H”F;(H“*”E) j for n>2.(2.8)

EelLynF

2.2. Transfer Kernel Type

Next, we explain the concept of transfer kernel type of finite p-groups and

infinite pro-p groups.

2.2.1. Transfer Kernel Type of a Pro-p Group
Denote by pP>2 a prime number. Let G be a pro-p group with commutator
subgroup G’ and finiteabelianization G* =G/G'.

Definition 2.5 By the transfer kernel type of G, we understand the finite
family of kernels,

#(G)= (ker (Tes ))SELyﬁG , (2.9)

where T, :G/G'—S/S’ denotes the transfer homomorphism from G to the
normal subgroup S of finite index (G : 5) =P, as given in Formula (3.1).
More specifically, suppose that G* = C,xC, is elementary abelian of rank

two. Then Lyr,G has p+1 elements S ,---,S_,, the transfer kernel type of G

p+1?
is described briefly by a family of non-negative integers

#(G)=(5 )Kigpﬂ e[0,p+1] P such that
0 if ker(TG'Si ) _G/G,

= (2.10)
j ifker(Toq )=, /G’ forsomels< j<p+1,
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o Of degree p+1 acts on [0,p+l]p+1 via

w> " =my oxon, for each re S,.> Where the extension 7, of 7 to
[0, p +1] fixes the zero.
Definition 2.6 The orbit %(G)sp+1 is called the invariant type of G, but it is

and the symmetric group S

actually given by one of the orbit representatives (%i )KKM . Any two distinct
Sp+1 -

orbit representatives Ay, 1, € »(G) are called equivalent, denoted by the

symbol 4 ~ 4, .

2.2.2. Transfer Kernel Type of a Number Field

Let Fbe an algebraic number field, and denote by CI F the p-class group of F.
Definition 2.7 By the transfer kernel type of F, we understand the finite family
of kernels,

s (F)=(ker(Te ¢ )) , (2.11)

EelLynF

where T :CIF - CI E denotes the transfer of p-classes from F to the
unramified cyclic extension £ of degree [E:F]= p, which is also known as the
p-class extension homomorphism.

More specifically, suppose that CI F =C_ xC_ is elementary abelian of rank
two. Then LynF has p+1 elements E,--- E,,, the transfer kernel type of
is described briefly by a family of non-negative integers
#(F)=(54)cpn €[0. p+1]"" such that

0 if ker(Tz ¢ )=CIF,
5, = (Tre)=Ct, (2.12)
i if ker(Teg )=Norm ¢ (CIE;) forsomels< j<p+1,

p+1

p+l

and the symmetric group S ., of degree P+1 acts on [0,p+1]" via

p+1
x> =y oxon, for each re S,..» Where the extension 7, of 7 to
[0,p+1] fixes the zero.
o . Spa . . .
Definition 2.8 The orbit »(F)™" is called the invariant type of F, but it is

actually given by one of the orbit representatives (%i )Ki<p+1 . Any two distinct

S p+l

orbit representatives 4,2, € x(F)
symbol A, ~ 4, .

are called equivalent, denoted by the

3. The Artin Limit Pattern

Let p be a prime number. For the recursive construction of the Artin limit
pattern of a pro-p group G with commutator subgroup G' and finite

abelianization G® =G/G’, we need the following considerations.

3.1. Mappings of the Artin Limit Pattern

Due to our assumptions, the first layer Lyr,G of subgroups of Gis a finite set
consisting of maximal normal subgroups S of G with abelian quotients G/S.
Consequently, the Artin transfer homomorphism from G to SelyrG is

distinguished by a very simple mapping law:
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g°-s’ if g e(G/G')\(S/G'),

9 (3.1)
gl+h+h2+---+hp .S if ge S/G’,

Tss:G/G'—>S/S'. g 'G'l—){
where /4 denotes an arbitrary elementin G\S ([1], 4.1, p. 76).

The Artin limit pattern encapsulates particular group theoretic information
(connected with Artin transfers) about the lattice of subgroups of G, where each
element Uhas at least one predecessor, except the root G itself. We select a unique
predecessor in the following way: for U € Lyr,S we put 7r(U ) =S, and we add
the formal definition ﬂ(G) '=G. This enables a recursive construction, as follows:

Definition 3.1 The collection of Artin transters up to order n of G is defined

recursively by

aG=T ; and "G :=[a(1)G;(a("_1)S) }fornzz. (3.2)

SelynG
The limit of this infinite recursive nesting process is denoted by

a”G =lima"G (3.3)

n—o

and is called the Artin transter collection of G.

Remark 3.1 By means of the collection of Artin transfers up to order three,

Og = e _ . .
a’'G = |:TG,(; ,(0! S)SELyrlG:| = |:TG,G v([TG,s ) (Ts,u )UELyrls ])SELY&G j| '

it should be emphasized that our definition of stepwise relative mappings T ¢
and T;, admits finer information than the corresponding absolute mappings
Teu =Tsy °Tes ([1], Thm. 3.3, p. 72), since in general the kernel of T,

cannot be reconstructed from Teu and Tg.

3.2. Objects of the Artin Limit Pattern

The infinite collection of mappings «'*)G is only the foundation for the
objects 7”)G and x»*)G we are really interested in.
Definition 3.2 The iterated abelian quotient invariants up to order n of G are

defined recursively by

796 = AQI(G) and "G = [#”G;(r(“*l)s) } forn>2. (3.4)

SelynG
Similarly, the iterated transfer kernels up to order n of G are defined

recursively by

UG = MG = 596 (5™
»G= ker(Tﬂ(G)’G) and s G._[;{ G,(% S)SELyﬁG} forn>2. (3.5)

Both are collected in the nth order Artin pattern AP"G = (r(”)G,%(")G) of
G. The limits of these infinite recursive nesting processes are called the abelian

invariant collection of G,

96 = 1lim "G, (3.6)

n—oo

and the transfer kernel collection of G,
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G = lim »"G. (3.7)

n—oo

Finally, the pair ALP(G):= (r(w)G, %(m)G) is called the Artin limit pattern of
G

Remark 3.2 For a finite p-group G, the recursive nesting processes in the
definition of the Artin limit pattern are actually finite.

The abelian quotient invariants are a unary concept, since
"G = AQI(G)=ATI(G/G') depends on G only. The first order abelian
quotient invariants 7)G already contain non-trivial information on the
abelianization of G.

The transfer kernels are a binary concept for S <G, since
»YS = ker (Tn(S),s ) depends on 7(S) and . The first order transfer kernel of
G is trivial: G = ker(T”(G)’G ) = ker (TG’G ) = ker(idG/G,) =1, and non-trivial
information starts with the transfer kernels of second order
>V = ker (TE(S),S ) =ker (Te,s) for SelLyrG which are members of VG .

The analogous constructions for a number field F instead of a pro-p group G,
along the lines of §§2.1.2 and 2.2.2, lead to the Artin [imit pattern
ALP(F):=(r"F,»"F) of £

3.3. Connection between Pro-p Groups and Number Fields

Let Féw) be the Hilbert p-class tower of the number field £ that is, the maximal
unramified pro-p extension of 7 and denote by G}F = Gal ( Féw) / F) its Galois
group, which is briefly called the p-fower group of F. Now we are going to
employ the abelian type invariant collection z”)F of E and the abelian
quotient invariant collection ) (G?F) of GJF, ie, the first component of
the respective Artin limit pattern. The transfer kernel collections #) will be
considered further in §5.

Theorem 3.1 For each integer N>1, the abelian quotient invariants of nth
order of the p-tower group G F of F are equal to the abelian type invariants
of nth order of the number field F

(vn=1) «"(G;F)=7"F andthus " (G;F)=7"F. (3.8)

The invariant type of the p-tower group G{F of F coincides with the
invariant type of the number field F

#(GLF )™ =52 (F)™. (3.9)

Even the orbit representatives of the transfer kernel types of G{F and F

coincide,

#(G1F) = (ker(TGachin ))WM ~(ker(Tee )),,, =#(F).  G10)

provided that the U, e Lyrl(G‘;F) and the E, elLynF are connected by
U, = GaI(Féw)/Ei ) , for each 1<i< p+1. Otherwise, we only have equivalence
%(GC;F) ~x(F).
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Proof. The claims are well-known consequences of the Artin reciprocity law of
class field theory [2] [3].

In contrast to the full p-tower group &=G[F , the Galois groups
GJF = GaI(Fsm)/F ) =®/6™ of the finite stages Fém) of the p-class tower of
F, that is, of the higher Hilbert p-class fields of the number field % in general fail
to reveal the abelian type invariants of nth order of the number field £ More
precisely, there is a strict upper bound on the order n of the ATI of F which
coincide with the AQI of order n of the mth p-class group GJF of Fwith a
fixed integer m >0, namely the bound n<m.

Theorem 3.2 (Successive Approximation Theorem.)

Let Fbe a number field, p a prime, and m,n integers. The abelian invariant
collection 7*)F of F is approximated successively by the iterated AQI of
sufficiently high p-class groups of F

vn>1) (vm=>n) "(G"F)=7"F. (3.11)
( ) ( ) b

However, the transfer kernel type is a phenomenon of second order:
(Vm=2) 5(G}F)~s(F), (3.12)

in particular, the metabelian second p-class group M:=GiF =&/&" of Fis
sufficient for determining the transfer kernel type of F.

Proof. This is one of the main results in ([4], Thm. 1.19, p. 78) and ([5], p. 13).

In general, the upper bound on the order n of the ATI of Fin Theorem 3.2
seems to be sharp, in the following sense, where m=n-1.

Conjecture 3.1 (Stage Separation Criterion.)

Denote by ¢ F the length of the p-class tower of F that is the derived length
dl(G(;F) of the p-tower group of £ It is determined in terms of iterated AQI of
higher p-class groups of Fby the following condition:

(vn=1) ¢,F2ne ™ (GyF)<"F. (3.13)

The sufficiency of the condition in Conjecture 3.1 is a proven theorem ([5], p.
13).

4. Successive Approximation of the p-Class Tower

4.1. Computational Perspectives

Our first attempt to find sound asymptotic tendencies in the distribution of
higher non-abelian p-class groups G)F = GaI(Fé")/F), with N>2, among
the finite p-groups was planned in 1991 already ([6], 3, Remark, p. 77). However,
the insurmountable obstacles in the required computations limited the progress
for twenty years. In 2012, we finally succeeded in the significant break-through
of computing the second 3-class groups M =GZF , that is, the
metabelianizations Qj/ ®?  of the 3-class tower groups & = Gal ( F) / F) of all
4596 quadratic fields F = Q(\/E ) with fundamental discriminants in the

remarkable range -10°<d <10’ and elementary bicyclic 3-class group
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ClLF =C,xC, of rank two ([7], 6, pp. 495-499). The underlying computational
techniques were based on the principalization algorithm via class group
structure which we had invented in 2009 and implemented by means of the
number theoretic computer algebra system PARI/GP [8] in 2010, as described in
([9], 5-6, pp. 446-455).

Throughout this paper, isomorphism classes of finite groups G are
characterized uniquely by their identifier in the SmallGroups Database [10] [11],
which is denoted by a pair (O,i) consisting of the order 0=0rd(G) and a
positive integer 7 delimited with angle brackets. The counter 1<i<N (O) is
unique for a fixed value of the order o. In the computational algebra system
MAGMA [12] [13] [14], the upper bound N (O) can be obtained as return
value of the function NumberOfSmallGroups(o), provided that
IsInSmallGroupDatabase(o) returns true. The identifier of a given finite group G
can be retrieved as return value of the function IdentifyGroup(G), provided that

Can IdentifyGroup(o) returns true.
4.2. Trivial Towers with ¢ b F=0

For the decision if the p-class tower of a number field F is trivial with length
¢,F =0 itsuffices to compute the class number h (F) of the field.

Theorem 4.1 ( Trivial p-class tower.)

The p-class tower of a number field F is trivial, Féw) =F, with length
¢ ,F =0, if and only if the class number h(F)=#CI(F) is not divisible by p, i.
e., the p-class numberis h F =1.

Proof. The proof consists of a sequence of equivalent statements: The class
number satisfies p{h(F). < The p-valuation of h(F) is v,(h(F))=0. <
The p-class number is #Cl F=hF = pv"(h(F)) =1. < The p-class group

Cl,F =1 is trivial. < The p-class rank p; =dim; (CI(F)/CI(F)p) is equal

to zero. <> The number of unramified cyclic extensions E/F of degree p is
pP -1 p°-1 1-1
p-1 - p-1 - p-1
coincides with 7 ¢ The Galois group G}F = Gal(F\" /F)=Gal(F/F)=1 is
trivial. <> The length of the p-class tower is ¢ ,F =dI (G:’F) =dI(1)=0.
Already C. F. Gauss was able to compute class numbers h(F) of quadratic
fields F = Q(\/E ) , at a time when the concept of class field theory was not yet

coined. Nowadays, there exist extensive tables of quadratic class numbers which

=0. < The maximal unramified p-extension st) of F

even contain the structures of the associated class groups CI(F). In 1998,
Jacobson [15] covered all real quadratic fields with positive discriminants in the
range 0<d <10°, and in 2016, Mosunov and Jacobson [16] investigated all
imaginary quadratic fields with negative discriminants —10" <d <0. Now we
apply these results to class field theory.

Corollary 4.1 (Statistics for p=3.) The asymptotic proportion of
Imaginary quadratic fields F = @(JE ) , with negative discriminants d <0,
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whose class number h(F) is, respectively is not, divisible by p=3 is given as
43.99%, respectively 56.01%, by the heuristics of Cohen, Lenstra and Martinet.
InTable 1, the approximations of these theoretical limits by relative frequencies
in various ranges L <d <0 are shown.

Proof. The heuristic asymptotic limits are given in ([17], 2, (1.1.c), p. 126).
Their approximation by discriminants L<d <0 with L= -10° in ([18],
Example, p. 843) and ([6], 2, Remark, and 3, Remark, p. 77), where
118455 +3190 =121645, is still rather far away from the limits. In contrast, the
approximations associated with the bounds L =-10" and L=-10" in ([16],

p- 2001) are very close already.
4.3. Abelian Single-Stage Towers with /¢ F =1

The first stage Fsl) of the p-class tower of a number field Fis determined by the
structure of the p-class group CI F of F as a finite abelian p-group. This is

exactly the first order Artin pattern

APUE = (VR R ) = (ATI(CI,F ) ker (T, ), (4.1)

since the trivial Kker (TF,F ) =1 does not contain information. However, only in
the case of p-class rank one, p, =dim; (CI(F)/CI(F)p):l, it is warranted
that the exact length of the tower is ¢/ F =1. A statistical example ([6], 2,
Remark, p. 77) is shown in Table 2.

Theorem 4.2 A number field F with non-trivial cyclic p-class group CI F
has an abelian p-class tower of exact length ( F =1, in fact, the Galois group
G;F =G\F =CI F iscyclic.

Proof. Suppose that CI F >1 is non-trivial and cyclic. If the p-class tower
had a length ¢ F>2, the second p-class group S)JT:GiF would be a

Table 1. Imaginary quadratic fields #with non-trivial, resp. trivial, 3-class tower.

L #(3|h(F)) rel. fr. #(31h(F)) rel. fr. w. I. t. #total
-10° 121645 40.02% 182323 59.98% 303968
-10" 13206088529 43.45% 17190266523 56.55% 30396355052
-10% 132584350621 43.62% 171379200091 56.38% 303963550712

Table 2. Imaginary quadratic fields Fwith cyclic 3-class tower for -10° <d <O0.

CLF = abs. fr. rel. fr. w.r.t. #(p, =1)
C, 80115 67.63% 118455
Cg 26458 22.34% 118455
C27 8974 7.58% 118455
CBl 2472 2.09% 118455
C.a, 393 0.33% 118455
Cor 43 0.04% 118455
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non-abelian finite p-group with cyclic abelianization 91/9M' = ClI F . However,
it is well known that a nilpotent group with cyclic abelianization is abelian,
which contradicts the assumption of alength ¢ F>2.

Remark 4.1 We interpret the computation of abelian type invariants YF of
the Sylow 3-subgroup Cl,;F of the ideal class group Cl(F) of a quadratic
field F = Q(\/E ) as the determination of the single-stage approximation
®/® =GLF = CL,F ofthe 3-class tower group & =G3F of F. This step yields
complete information about the lattice of all unramified abelian 3-extensions
E/F within the Hilbert 3-class field F\"' ofF.

4.4. Metabelian Two-Stage Towers with £ F =2

(2)
P

of the p-class tower of a number field Fis determined by the second order Artin

According to the Successive Approximation Theorem 3.2, the second stage F

pattern

APPE = (7O, PF)

= ([ATI (CLF)(ATI(CLE)). ... J:[ker(Tw Ji(ker (Tee ).y D

The determination of APPF for a quadratic field F with 3-class rank
Py =2 requires the computation of four 3-class groups CLE; of unramified

(4.2)

cyclic cubic extensions E,,---,E, and of four transfer kernels ker (TF,Ei )

Whereas Mosunov and Jacobson [16] were able to determine the class groups
Cl(F) of more than 300 billion, precisely 303963550712, imaginary quadratic
fields F with discriminants —10" <d <0 by parallel processes on multiple
cores of a supercomputer in several years of total CPU time, it is currently
definitely out of scope to compute the class groups CI(Ei),lﬁ i<4, for the
22757307168 unramified cyclic cubic extensions E;/F, of absolute degree six,
of the 5689326792 imaginary quadratic fields Fwith discriminants
~10” <d <0 and 3-classrank p, =2.

Therefore, it must not be underestimated that Boston, Bush and Hajir [19]
succeeded in completing this task for the smaller range —10° <d <0 with
461925 imaginary quadratic fields F having 3-class rank p, =2, and 1847700
of degree six ([7], Prp. 4.1, p. 482).
For this purpose the authors used the computational algebra system MAGMA

associated totally complex dihedral fields E,
[12] [13] [14] in a distributed process involving several processors with multiple
cores. 276375 of these quadratic fields Fhave a 3-class group CLF =C,xC;.

Imaginary quadratic fields F = Q(\/E ) with negative discriminants d <0
are the simplest number fields with respect to their unit group U., which is a
finite torsion group of Dirichlet unit rank zero. This fact has considerable
consequences for their p-class tower groups, according to the Shafarevich
theorem [20], corrected in ([21], Thm. 5.1, p. 28), [22].

Theorem 4.3 Among the finite 3-groups G with elementary bicyclic

abelianization G/G'=C,xC, of rank two, there exist only two metabelian
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groups with Gl-action (generator inverting action). and relation rank d,G =2
(so-called Schur o-groups [23] [19]), namely <243,5> and <243,7>.

1) These are the groups of smallest order which are admissible as 3-class tower
groups G =GJF of imaginary quadratic fields Fwith 3-class group
CLF =C,xC,.

2) Generally, for any number field # these groups are determined uniquely by
the second order Artin pattern.

() If APPF = {{12;(21,21,13, 21)1][1;(2241)1} then GZF =(243,5).

b If APPF =(]1%(1°,21,2°,21) [,[1;(4224)]) then G3F =(243,7).

3) The actual distribution of these 3-class tower groups G among the 276375
imaginary quadratic fields F =Q(\/E ) with 3-class group CI,F =C,xC,
and discriminants —10° <d <0 is presented in Table 3.

Proof. All finite 3-groups G with abelianization G/G'=C,xC, are vertices
of the descendant tree 7 (R) with abelian root R =<9, 2> =C,xC,. A search
for metabelian vertices with relation rank d,G =2 in this tree yields three hits
<27, 4> , <243,5> , and (243, 7> , but only the latter two of them possess a
Gl-action.

The abelianization G/G’ of a finite 3-group G which is realized as the
3-class tower group G F of an algebraic number field Fis isomorphic to the
3-class group Cl,;F of £ When Fis imaginary quadratic, it possesses signature
(r,1,)=(0,1) and torsionfree Dirichlet unit rank r=r+r,-1=0.If
G/G'=Cl,F =C, xC,, then the generator rank of Gis d,G=2 and the
Shafarevich theorem implies bounds for the relation rank
2=0d,6<d,G<dG+r=2.

The entries of Table 3 have been taken from [19].

More recently, Boston, Bush and Hajir [24] used MAGMA [14] for computing the
class groups of the 481756 real quadratic fields £ having 3-class rank p, =2 and
discriminants in the range 0<d <10°, and the class groups of the 1927024
associated fotally real dihedral fields E; of degree six, arising from unramified
cyclic cubic extensions Ei/ F ([7], Prp. 4.1, p. 482). 415698 of these quadratic
fields Fhave a 3-class group Cl,F =C,xC, (415699 according to( [15], Tbl. 7)).

Real quadratic fields F = Q(\/E ) with positive discriminants d >0 are the
second simplest number fields with respect to their unit group U, which is an
infinite group of torsionfree Dirichlet unit rank one. Again, there are remarkable
consequences for their p-tower groups, by the Shafarevich theorem ([21], Thm.
5.1, p. 28).

Theorem 4.4 Among the finite 3-groups G with elementary bicyclic

abelianization G/G'=C,xC, of rank two, there exist infinitely many

Table 3. Frequencies of metabelian 3-class tower groups Gfor —10° <d <0.

G= abs. fr. rel. fr. w. r. t. rel. fr. w. . t. measure [19] ‘d‘

min

<243,5> 83353 30.16% 276375 18.04% 461925 128/729 ~17.56% 4027

<243,7> 41398 14.98% 276375 8.96% 461925 64/729 ~8.78% 12131
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metabelian groups with RI-action and relation rank d,G =3 (so-called Schur +
1 o-groups [24]), but only three of minimal order 3%, namely (81,7) ,<81,8>
and (81,10).
1) These are the groups of smallest order which are admissible as 3-class tower
groups G =GJF ofreal quadratic fields Fwith 3-class group Cl,F =C,;xC,.
2) Generally, for any number field 7 these groups are determined uniquely by

the second order Artin pattern.
@I APPF = ([1%(1°,%,2°,2°) |,[1;(2000)]) then GIF =(81,7).

(b) 1f AP =([1%(21,2%,2°,7°) |,[1;(2000)]) then G;F =(81,8).
(@1t APPF =([1%(21,27,2,1°) |, [1:(1000)]) then GF =(81,10).

3) The actual distribution of these 3-class tower groups G among the 415698
real quadratic fields F = Q(\/E ) with 3-class group CLF=C,xC, and
discriminants 0<d <10° is presented in Table 4. Additionally, the frequencies
of the groups (243,5) and (243, 7> in Theorem 4.3 are given.

Proof. A search for metabelian vertices G of minimal order with relation rank
d,G =3 in the descendant tree 7 (R) with abelian root R =<9,2>:C3><C3
yields three hits <81, 7> , <81,8> ,and <81,10>. All of them possess a RI-action.

The abelianization G/G’' of a finite 3-group G which is realized as the
3-class tower group G F of an algebraic number field Fis isomorphic to the
3-class group CI,F of F. When Fis real quadratic, it possesses signature
(r,r,)=(2,0) and torsionfree Dirichlet unit rank r=r+r,-1=1. If
G/G'=ClL,F =C,xC, , then the generator rank of G is d,G=2 and the
Shafarevich theorem implies bounds for the relation rank
2=d,6<d,G<dG+r=3.

The entries of Table 4 have been taken from [24].

In [24], Boston, Bush and Hajir only computed the first component of the
second order Artin pattern APPE =(T(2)F,%(2)F) in Formula (4.2), that is,
the abelian type invariants 7’’F of second order of real quadratic fields Fwith
discriminants 0<d <10°. Determining the second component »#YF, the
transfer kernel type of F, is considerably harder with respect to the
computational expense. Consequently, the most extensive numerical results on
transfer kernels available currently, have been computed by ourselves for the

smaller ranges 0<d <10® in [25] [26], and, even computing third order Artin

Table 4. Frequencies of metabelian 3-class tower groups Gfor 0<d <10°.

G= abs. fr. rel. fr. w.r. t. rel. fr. w.r. t. measure [24] d

min

(81,7) 122955 29.58% 415698 25.52% 481756 1664/6561~25.36% 142097
(81,8) or 208236 50.09% 415698 43.22% 481756 8320/19683~42.27% 32009

(81,10)

(2435) 13712 3.30% 415698  2.85% 481756 1664/59049~2.82% 422573

<243,7> 6691 1.61% 415698 1.39% 481756  832/59049~1.41% 631769

DOI: 10.4236/apm.2017.712041

671 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2017.712041

D. C. Mayer

patterns, for O<d <10” in [27] [28]. With the aid of these results, we now
illustrate that the transfer kernels ker (TF'E) of 3-class extensions

Tee:ClLF > CLE from real quadratic fields F to unramified cyclic cubic
extensions E/F are capable of narrowing down the number of contestants for
the 3-tower group GJF significantly, and thus of refining the statistics in [24].

Corollary 4.2

D1 APPF =([1%(32,2°,2°,1°) | [1;(1000)]) then G;F =(729,96).

2) 1 APPF =([1%(32,2%,1°,0°) | [1;(2000)]) then G;F =(729,i) with
i{97,98}.

3) If APPF :([12;(22,12,12,12)],[1;(0000)]) then GZF =(729,i) with
i €{99,100,101}.

The actual distribution of these 3-class tower groups G among the 34631,
respectively 2576, real quadratic fields F :Q(\/E ) with 3-class group
CILF =C,xC, and discriminants 0<d <10°, respectively 0<d <10, is
presented in Table 5.

4.5. Non-Metabelian Three-Stage Towers with ¢ F =3

According to the Successive Approximation Theorem 3.2, the third stage Fsg)

of the p-class tower of a number field Fis usually determined by the third order

Artin pattern

APYF :(T@F,%@F):qr“)F;(r“)E)E , F},[%(”F;(%(“E)E N FD (4.3)
elyn €lyn

It is interesting, however, that there are extensive collections of quadratic
fields Fwith 3-class towers of exact length ¢;F =3, which can be characterized
by the second order Artin pattern already. We begin with imaginary quadratic
fields F = @(JE ) with discriminants d <O0.

Theorem 4.5 Among the finite 3-groups G with elementary bicyclic

abelianization G|/G'=C,xC, of rank two, there exist infinitely many non-

Table 5. Frequencies of metabelian 3-class tower groups Gfor 0<d <10°, resp. 10”.

G= abs. fr. rel. fr. w. . t. d..
(81,7) 10244 29.58% 34631 142097
(81,8) 10514 30.36% 34631 32009
(81,10) 7104 20.51% 34631 72329

(729,96) 242 0.70% 34631 790085
(729,97) or 713 2.06% 34631 494236
(729,98)
(729,99) 66 2.56% 2576 62501
(729,100) 42 1.63% 2576 152949
(729,101) 42 1.63% 2576 252977
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metabelian groups with Gl-action and relation rank d,G=2 (so-called Schur
o-groups [19] [23]), but only seven of minimal order 3°, namely (6561, i> with
i {606,616,617,618,620,622,624} .

1) These are the groups of smallest order which are admissible as non-
metabelian 3-class tower groups G = GJF of imaginary quadratic fields Fwith
3-class group CI,F =C,;xC,.

2) Exceptionally, for an imaginary quadratic field % the trailing six of these
groups are determined by the second order Artin pattern already.

@1 APPF = ([17(32,21,%°,21) |,[1;(1313)]) then G}F = (6561,616).

(b) 1f AP =([1%5(32,21,7°,21) |,[1;(2813)]) then GF =(6561,i) with
i {617,618}

() If APPF = ([17;(32,21,21,21)],[1;(1231)]) then GjF =(6561,622).

(d) 1f AP®F =([1%(32,21,21,21)],[1;(2231)]) then GF =(6561,i) with
ie {620, 624} .

3) The actual distribution of these 3-class tower groups G among the 24476
imaginary quadratic fields F =Q(\/E ) with 3-class group CILF =C,xC,
and discriminants —10" <d <0 is presented in Table 6.

Proof. By a similar but more extensive search than in the proof of Theorem
4.3. Data for Table 6 has been computed by ourselves in June 2016 using
MAGMA [14].

Remark 4.2 It should be pointed out that items (1) and (2) of Theorem 4.5 are
not valid for real quadratic fields, as documented in ([29], Thm. 7.8, p. 162, and
Thm. 7.12, p. 165).

The group (6561,606) belongs to the infinite Shafarevich cover of the
metabelian group (729,45) with respect to imaginary quadratic fields ([30],
Cor. 6.2, p. 301), [31]. It shares a common second order Artin pattern with all
other elements of the Shafarevich cover. Third order Artin patterns must be used
for its identification, as shown in ([29], Thm. 7.14, p. 168).

Now we turn to real quadratic fields F = Q(\/E ) with discriminants d >0.

Theorem 4.6 Among the finite 3-groups G with elementary bicyclic
abelianization G/G'=C,xC, of rank two, there exist infinitely many non-

Table 6. Frequencies of non-metabelian 3-class tower groups Gfor -10" <d <0.

G= abs. fr. rel. fr. w.rI. t. type P | ‘mm
(6561,616) 760 3.11% 24476 E.6 (1313) 15544
(6561,617) or 1572 6.42% 24476 E.14 (2313) 16627
(6561,618)
(6561,622) 798 3.26% 24476 E.8 (1231) 34867
(6561,620) or 1583 6.47% 24476 E.9 (2231) 9748
(6561,624)
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metabelian groups with RI-action and relation rank d,G =3 (so-called Schur +
1 o-groups [24]), but only nine of minimal order 3, namely <2187,i> with
i €{270,271,272,273,284,291,307,308,311} .

1) These are the groups of smallest order which are admissible as non-
metabelian 3-class tower groups G =G3;F of real quadratic fields F with 3-
class group CLF =C,xC;.

2) Exceptionally, for a real quadratic field F, four of these groups are
determined by the second order Artin pattern already.

@ 1t APPF =([175(2,20,,21) |,[15(0313)]) then G}F =(2187,i) with
ie {284, 291} .

() 1 APPF = ([17(2%,21,21,2) | [1;(0231)]) then GIF =(2187.i)
with ie{307,308}.

3) The actual distribution of these 3-class tower groups G among the 415698
real quadratic fields F = Q(\/E) with 3-class group CLF=C,xC; and
discriminants 1<d <10° is presented in Table 7.

Proof The claims for transfer kernel type c.18, s(F)~(0313), are a
consequence of ([21], Prp. 7.1, p. 32, Thm. 7.1, p. 33, and Rmk. 7.1, p. 35), those
for type c.21, (F)~(0231), have been proved in ([21], Prp. 8.1, p. 42, Thm.
8.1, p. 44, and Rmk. 8.2, p. 45). A slightly stronger result is the Main Theorem
([21], Thm. 2.1, p. 22).

Remark 4.3 The groups <2187,i> with | 6{270,271,272,273} are elements
of the infinite Shafarevich cover of the metabelian group (729, 45> with respect
to real quadratic fields.

The group (2187,311) belongs to the infinite Shafarevich cover of the
metabelian group (729,57) with respect to real quadratic fields.

These five groups share a common second order Artin pattern with all other
elements of the relevant Shafarevich cover. Third order Artin patterns must be
employed for their identification, as shown in ([29], Thm. 7.13, p. 167, and Thm.
7.15, p. 169).

5. Maximal Subgroups of 3-Groups of Coclass One

Let (}/i (G))m be the descending lower central series of the group G, defined
recursively by 7,(G)=G and 5,(G):= [}/H (G), G] for i>2, in particular,
7> (G) =G’ is the commutator subgroup of G. A finite p-group G is nilpotent
with 7, (G) >7,(G)>->7, (G) > 7c+1(G) =1 for some integer €21, which is

Table 7. Frequencies of non-metabelian 3-class tower groups Gfor 0<d <10°.

G= abs. fr. rel. fr. w.r. t. type P d,.
(2187,284) or 4318 1.04% 415698 c18 (0313) 534824
(2187,291)
(2187,307) or 4377 1.05% 415698 c21 (0231) 540365
(2187,308)
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called the nilpotency class Cl(G) =C of G When Gis of order p", for some
integer N>1, the coclass of G is defined by ¢¢(G):=n-c and l0(G):=n is
called the Jogarithmic order of G.

Finite 3-groups G with coclass ¢C(G)=1 were investigated by N. Blackburn
[32] in 1958. All of these CF-groups, which exclusively have cyclic factors
7 (G)/ }/M(G) of their descending central series for i>2, are necessarily
metabelian with second derived subgroup G”"=1 and abelian commutator
subgroup G’ and possess abelianization G/G'=C,xC, , according to
Blackburn [33].

For the statement of Theorem 5.1, we need a precise ordering of the four
maximal subgroups H,,---,H, of the group G= (X, y) , which can be generated
by two elements X, Y, according to the Burnside basis theorem. For this purpose,

we select the generators X,y such that
H,=(y.G'), H,=(x,G"), H,=(xy,G'), H4:<xy2,G’>, (5.1)

and H, =y, (G) , provided that G is of nilpotency class CI(G)Z 3. Here we
denote by

;(Z(G)::{geG|(‘v’heyz(G))[g,h]ey4(G)} (5.2)

the two-step centralizerof G' in G.

Parametrized Presentations of Metabelian 3-Groups

The identification of the groups will be achieved with the aid of parametrized
polycyclic power-commutator presentations, as given by Blackburn [32], Miech
[34], and Nebelung [35]:

G: (Z,W) Z:<X, YiSp S | S, = [y’ X], (vinza) S = [Si—l! X]’ S, =1 [y’ 52] = Sr?—l’ (5.3)

(vur:;) [y, Si ] =1 x’= Sns ygsgsa =S4, (v::23> si35i3+1si+2 =1 5372 = 5371 = 1>v

where ae {0,1} and W,Z¢€ {—l, 0,1} are bounded parameters, and the index of
nilpotency  n=cl(G)+1=cl(G)+cc(G)=log,(ord(G))=:10(G) is an
unbounded parameter.

The following lemma generalizes relations for second and third powers of
generators in ([27], Lem. 3.1), [28].

Lemma 5.1 Zet G= (X, y) be a finite 3-group with two generators X,y €G.
Denote by S, = [y, X] the main commutator, and by S;= [SZ, X] and
ty=[s,.Y] the two iterated commutators. Then the second and third power of
the element Xy , respectively Xy*, are given by

(xy)’ = x2y?s;t, and (xy)’ =x*y’sis,t2, respectively

) 3 (5.4)
(xyz) =x’y*sit? and (xyz) =x>y°sssit?,
provided that t;€¢(G) is central, t?=1,and [53, y] =1.

Proof. We begin by preparing three commutator relations:

yX=XY[Y, X|=XyS,,  $,X=XS,[S,, X]=Xs,8, and s,y =ys,[S,, Y] =yS,t;. (5.5)
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Now we prove the power relations by expanding the power expressions by
iterated substitution of the commutator relations in Formula (5.5), always

observing that t, belongs to the centre, t; =1,and s,y=ys, commute:

(xy)" = xyxy = xxys,y = X*yys,ty = X*y’s,t,, and thus

(Xy)3 = (xy)*xy = x* yzsztsxy = Xzyzszxyts = X2yyX8233yt3 = Xzyxyszsz YSst
= X2XYS, Y5, V8,385t = X*VYS,L YS,LsS, 8,85 = XY 7S, Y8, 8,83t
= X°y?ys,t.sos,t, = X*y sys tZ, respectively
2
(39%)" = xyyxyy = xyxys, ¥y = x5, Yys,ty = X°Yys,tsys, ¥t; = X°y’s, yys,t,t;

2,,4.2

= X2Y2ys,t,ys,t = X7ys, ys,t, = X2y ys,ts,t, = x*y*sitZ, and thus

3 2
(xy2) = (xy2) xy? = Xy Siixy? = XPy*s,S,xyyt2 = X2y*s,X5,S,yyt2

= X7 YYYYXS,S,S, YYSatZ = X*YYYXYS,S, YS,t, YSt2 = X2 YYXYS, VS, YS,t.S, Yot
= X2 YXYS, YYS,t, VS, 1.8, YS,t,85t5 = X2XYS, YYS,t, VS, yS,t2 ys,t.s,s2t

= X YYS,t, VS, YYS,t,8, 1 ys2sits = xy7s, ys, yys,t7s, ysss?

= X y2YS,t, VS, LY, b ys,tsas? = x°ys, ys,toys, ytisss]

= X3y3y52t352t32 yyszt3s§S§ = X3y4szsz yysztgsgsg = X3y45252 ngsez.ta
=X°Y's,Y5,,Y5,55t, = XY, 5, Y5, 55t5 = Xy Y8, Ys, i, Sity

3.5 2040202 _ U3,/5 5,204 _ U3.,6060242
= X7Y7S,Y5,138, 515 = XY YS, 18,85t = XTYUS, S5t

Theorem 5.1 Zet G= <X, y) =G](z,w) be a finite 3-group of coclass
CC(G)=1 and order |G|:3" with generators X,y such that Y€y, (G) is
contained in the two-step centralizer of G, whereas X€G\ y,(G), given by a
polycyclic power commutator presentation with parameters aec {0,1} ,
W,ze {—1,0,1} , and index of nilpotency n=4.

Then three of the four maximal subgroups, H, =<xyi‘2,G’> <G, 2<i<4,
are non-abelian 3-groups of coclass CC(Hi):l , as listed in Table 8 in
dependence on the parameters N,a,Z,W.

The supplementary Table 9 shows the abelian maximal subgroups of the
remaining two extra special 3-group of coclass CC(G) =1 and order |G| =3

Proof. For an index of nilpotency n =4, the first maximal subgroup

Table 8. Non-abelian maximal subgroups H, <G of 3-groups Gof coclass 1.

G= n a z w H,=(xG")  H,=(xy,G") H,=(xy’G")
GI(00) = o0 0 0 =GI*(0,0) =G*(0,0) =G!*(0,0)
Gy (01) >4 0 0 1 =G;*(0,9) =G;*(01)  =G;*(03)
G/(L0) =4 0 1 0 =G*(0,0)  =G'(01)  =GI'(01)

G, (-1,0) =>4 0 -1 0 =G;*(0,0) =G;(01)  =G;*(03)
G'(0-1) =5 1 0o -1 =G*(00)  =GI*(0,0) =G!*(0,0)
GI(00) =5 1 0 0 =GI*(0,0)  =G(01)  =GI'(02)
G'(01) =5 1 0 1 =600  =G*(01)  =G"(0))
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Table 9. Abelian maximal subgroups H; <G of extra special 3-groups G.

G= n a z w  H=(y,6") H,=(xG) H,=(xy,G) H,=(x*G
G;(0,0) 3 0 0 0 =C,xC, =C,xC, =C,xC, =C,xC,
G;(01) 3 0 0 1 =C,xC, =C, =C, =C,

H, = (y,G’) of G coincides with the two-step centralizer g, (G) of G, which
is a nearly homocyclic abelian 3-group A(3,n—1) of order 3", when a=0.
For a=1, we have Hl/Hl' = A(3, n —l) )

We transform all relations of the group G =G, (Z,W) into relations of the
remaining three maximal subgroups H =G} (¢, @) of G

The polycyclic commutator relations S, =[y, X] S =[Si_1, X] for 3<i<n,
and the nilpotency relation s, =1 for the group G= <X, y) , with lower central
series 7;G =<5i'7i+1G> for 122, can be used immediately for the subgroup

H, = (X,G') = <X,Sz> with lower central series yH,= <ti,7i+1H2> , where
t=s,, for i22,and t _,=1.

For the lower central series of H, :<Xy,G'> and H, =<Xy2,G'>, we must

employ the main commutator relation [y,s,]=s,, and [y,5]=1 for i>3.
According to the right product rule for commutators, we have

[sixy]=[s0 V][50 %] =1-8! =s;[s1,y]=s;-1=s;, for i>4,but

[s,,xy] =[5, ] [52.X] =5,38) =5,%85[S5, Y] = 5,35, and in a similar fashion
[si_l,xyzj =[s0. Y] [sia.xy] =1-8' =s;[s,y]=s;-1=s,, for i>4, but again
exceptionally [sz, xyz] =[s,,y] [, xy] =83y 's, a8y = 5,5

a =1, the left product rule for commutators shows

a
S; =S,4S; . For

[sﬂlsyxyﬂ} :[s,fﬁll,xyﬂ]s3 ~[33,Xyﬂ]:s4, that is, the slight anomaly for the
main commutator disappears in the next step. Thus, the lower central series is
7iH, =<ti,}/i+lHj> for i>22, 3<j<4, where generally t,:=s,, for i>3,and
t,.=s, for a=0, t,:=sJs, for a=1. In particular, H,= (xy,sz) and
H, =<xy2,sz>.

The main commutator relation for all three subgroups H,,H,, H, of any
group G=GJ(z,w) with n>4 is [s,t,]=1=t7,, that is =0, generally,
and it remains to determine ¢, @.

For this purpose, we come to the power relations of G, X° = Spqs
z

y3s§s3 =s’,,and s’s’;s.,=1 for i>2,supplemented by (5.4):
(Xy)3 = x3y35§s3srff = va-lsr?—lsrf? and (Xy2 )3 =X (yssgsa )2 Srff = Sr:v—lsﬁflsrff >
and we use these relations to determine ¢{,® in dependence on W,Z,a.
Generally, we have Sytit, =s3s5s, =1 for a=0,
33t = 5352 Vs3s, = s3s%s, =1 for a=1, and thus uniformly ¢ =0.

For Gg(0,0), we uniformly have x° = (Xy)3 = (Xy2 )3 =1, and thus @=0
for all three subgroups. For Gy (0,1), we uniformly have

DOI: 10.4236/apm.2017.712041

677 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2017.712041

D. C. Mayer

x® = (Xy)3 = (Xy2 )3 =S,,, and thus @=1 for all three subgroups. For
Gy (+1,0), we have x*=1, but (xy)’ =s,, (Xy2>3 =57 =s",, and thus

@=0 for H, but =1 for H,H,,since G (0,-1)=Gg(0,1).

For G/ (0,-1), we have x*=s", but (Xy)3 =(xy2 )3 =5 =1, and thus

w=1 for H, but @=0 for H,H,. For G/(0,0), we have x°=1, but
3 23 _ 2

(xy) =(xy) =8 =8,,, and thus =0 for H, but w=1 for H,;,H,.

For G/(0,1), we have x*=s,_,, (Xy)3 =(Xy2 )3 =s,', and thus @=1 for all

three subgroups, again observing that Gg (0,—1)=Gg (0,1).

The only 3-groups G of coclass cc(G)=1 and order |G| =3’ are the two
extra special groups Gg(0,0) and GJ(0,1). Since t,=s,=1, all their four
maximal subgroups, H1=<y,82>, H, =<X,SZ>, H3=<Xy,52>, H4:<xy2,sz>,
are abelian. For w=2z=0, s, is independent of the other generator, and
H, =C,xC, for 1<i<4.However,for w=1, z=0, we have

3 3 2\3 3
X* =(xy) =(xy ) =s,, S, =1,and thus H,=H,=H, =C,, whereas
H, =C, xC,.

6. A General Theorem for Arbitrary Base Fields

Suppose that pis a prime, Fis an algebraic number field with non-trivial p-class
group CI F >1, and Eis one of the unramified abelian p-extensions of £. We
show that, even in this general situation, a finite p-class tower of F exerts a very
severe restriction on the p-class tower of £.

Theorem 6.1 Assume that F possesses a p-class tower Fém) = Fé") of exact
length (,F =n for some integer n>1. Then the Galois group GaI(ng)/E)
of the p-class tower of E is a subgroup of index E:F of the p-class tower
group Gal ( Féw) / F ) of F and the length of the p-class tower of E is bounded by
(,E<n.

Proof. According to the assumptions, there exists a tower of field extensions,

W g0 @ L g M) < () £ g(n+)
W<eY<F? <P <. <FV<EM <F{

where / F=n enforces the coincidence F\" =E" =F"" of the trailing
three fields. Since Gal(F\" /F)/Gal(F{" /E) = Gal(E/F), the group index of
Gal(E{" /E)=Gal(F" /E) in Gal(F{"/F) is equal to the field degree
[E:F] and Gal(E}” /E)=Gal(E{" /E) isa subgroup ofindex [E:F] of
Gal(F," /F)=Gal(F," /F). The equality E{’=E("™ implies the bound
(,E<n.

We shall apply Theorem 6.1 to the situation where p=3, n=2,and £is an

unramified cyclic cubic extension of F, whence GaI(Eéw) / E) is a maximal
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subgroup of Gal( /F)

6.1. Application to Quadratic Base Fields

Proposition 6.1 Let G be a finite 3-group with elementary bicyclic
abelianization G/G'=C,xC,. Then the following conditions are equivalent:

1) The transfer kernel type of Gis D.10, %(G) ~ (2241) .

2) The abelian quotient invariants of the four maximal subgroups H,,---,H,
of Gare 7(G)~(21,21,1°,21).

3) The isomorphism types of the four maximal subgroups of Gare
Hy=H,=H,=(3'3) and H,=(313).

4) The group Gis isomorphic to the Schur o-group <35,5> with relation rank
d,=2.

Proof, We put G:= (243, 5> and use the presentation [14]

G= <X1 Y,8,85.t 1S, =Y. X8y =[5, Xty =[s,, y],x3 =S, y3 = 33>'
Then we obtain the maximal subgroups

H1=<y G'>=<y,52,53>,since t3=[82,y],
> <X,Sz,t3>,since 53=[SZ,X],

Hy =(x,
H, =(xy,G') =(xy,5,,s;), since [s,,Xy]=5yt,
H,=(x".G) = (xy",5,,5,), since [,,%y" |=s.
Using Lemma 5.1, and comparing to the abstract presentations [14]
(81,3) = <§,u,0'2,r lo, =[v.&]. 7= §3> and
(8113)=(¢,0.¢,0, 10, =[v,¢].6* = 0,,0° = ¢ =1),
we conclude
L =(Y,5,,85)=(Y,5,) =(813), since y*=s, #[s,,y]=1,,
(X S, b > <81 13> since X’ =s; =[s,,x],

H3 =(xy,sz, s;)=(xy,5,) =(81,3), since (xy)’ =t #[s,,xy] = Sqt;.,

H,= <xy2,sz, 53> = <xy2,sz> =(81,3), since (xy ) =sit] [sz, xyz] =s,t].

Theorem 6.2 Let F = Q(\/E ) be a quadratic field with elementary bicyclic
3-class group Cl,F =C,xC,. Then the following conditions are equivalent:

1) The transfer kernel type of Fis D.10, 5 ( F) ~ (2241) .

2) The abelian type invariants of the 3-class groups CLE; of the four
unramified cyclic cubic extensions E;/F are 7(F)~ (21, 21,0, 21) .

3) The second 3-class group GiF of F has the maximal subgroups
Hy=H,=H,=(33) and H,=(313).

4) The 3-class tower group G;F of Fis the Schur o-group <35,5> with

4

relation rank d, =2.
Proof. The claims follow from Proposition 6.1 by applying the Successive
Approximation Theorem 3.2 of first order.

Corollary 6.1 Let F be a quadratic field which satisfies one of the equivalent
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conditions in Theorem 6.2. Then the length of the 3-class tower of Fis (,F =2.
The four unramified cyclic cubic extensions E;[F are absolutely dihedral of
degree 6, with torsionfree Dirichlet unit rank 22, and possess 3-class towers
of length (,E, =2. More precisely, Cl,E;=C,xC,xC, and GJE, = <34,13>
with relation rank d,=5, but CLE =CyxC, and GjE =(3'3) with
relation rank d,=4 for ie{l,2,4}.

Proof. This is a consequence of Theorems 6.1 and 6.2, satisfying the
Shafarevich theorem.

Proposition 6.2 Let G be a finite 3-group with elementary bicyclic
abelianization G/G'=C,xC,. Then the following conditions are equivalent:

1) The transfer kernel type of Gis D.5, 3 (G)~(4224).

2) The abelian quotient invariants of the four maximal subgroups H,,---,H,
of Gare 7(G)~(1’,21,1°,21).

3) The isomorphism types of the four maximal subgroups of G are
Hy=H,=(3'13) and H,=H,=(3"3).

4) The group G is isomorphic to the Schur o-group <35,7> with relation
rank d,=2.

Proof, We put G:= (243, 7> and use the presentation [14]

G :<x, Y,5,. 85t 18, = [V, X], Sy =[5, X] ty =[5, y]. X* =55, ¥ = s§>
Similarly as in Proposition 6.1, we obtain the maximal subgroups
Hy=(y.G")=(y.5,,5;), H,=(xG")=(x5,.t;),
Hy=(xy,G') =(%y,5,,5,),and H, =(xy",G")=(xy,s,.5,).

Using Lemma 5.1, and comparing to the abstract presentations
(81,3)= <§,u,0'2,r lo, =[v.&]. 7= §3> and
(8113)=(£,0.¢,0, |0, =[v,£]. & = 0,07 =7 =1),
we conclude
H, =(y,sz,s3> = (y, 52> :<81,3>, since y*=si #[s,, y]=t,,
H, =(x5,.t,) = (8113), since x°=s, =[s,,X],
Hy =(x,5,,8,) =(xy,8,) = (813), since (xy)’ =s,t2 %[5, xy] =53k,
3
H,= <Xy2,52, S3> = (81,13) , since (Xyz) =s,tl = [SZ, Xyz] .
Theorem 6.3 Let F = Q(\/H ) be a quadratic field with elementary bicyclic
3-class group Cl;F =C,xC,. Then the following conditions are equivalent:
1) The transfer kernel type of Fis D.5, s (F)~(4224).
2) The abelian type invariants of the 3-class groups CLE; of the four
unramified cyclic cubic extensions E;/F are 7(F)~ (13, 21,1, 21) :
3) The second 3-class group GF of Fhas the maximal subgroups
Hy=H,=(3'13) and H,=H,=(3"3).
4) The 3-class tower group G3F of Fis the Schur o-group <35 , 7> with

relation rank d,=2.
Proof. The claims follow from Proposition 6.2 by applying the Successive
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Approximation Theorem 3.2 of first order.

Corollary 6.2 Let F be a quadratic field which satisfies one of the equivalent
conditions in Theorem 6.3. Then the length of the 3-class tower of Fis (,F =2.
The four unramified cyclic cubic extensions E;[F are absolutely dihedral of
degree 6, with torsionfree Dirichlet unit rank 22, and possess 3-class towers
of length (,E, =2. More precisely, Cl,E,=C,xC,;xC, and GjE = <34,13>
with relation rank d,=5 for i€ {1,3} , but CLE, =CyxC, and
G;E, :<34,3> with relation rank d,=4 for ie{2,4}.

Proof. This is a consequence of Theorems 6.1 and 6.3, satisfying the

Shafarevich theorem.

6.2. Application to Dihedral Fields

We recall that a dihedral field E of degree 6 is an absolute Galois extension
E/Q with group Gal(E/Q) =<O',Z' |o®=1*=lor= z’a’l>. It is a cyclic cubic
relative extension E/F of its unique quadratic subfield F=E?, and it
contains three isomorphic, conjugate non-Galois cubic subfields L=E®, L°,
L°*. The conductor ¢ of E/F is a nearly squarefree positive integer with
special prime factors, and the discriminants satisfy the relations d. =c*d} and
d, =c’d;. Here, we shall always be concerned with unramified extensions,
characterized by the conductor ¢=1, and thus d. =d?, a perfect cube, and

equal d =d..

6.2.1. Totally Complex Dihedral Fields

The computational information on 3-tower groups G:=G;F of imaginary
quadratic fields F in Table 3 admits the purely theoretical deduction of
impressive statistics for 3-tower groups S:=G;E of totally complex dihedral
fields £in Table 10 by means of the Corollaries 6.1 and 6.2. We use the crucial
new insight that the groups S <G are maximal subgroups of G, because the

extensions E/F are unramified cyclic of degree 3.

6.2.2. Totally Real Dihedral Fields

The computational information on 3-tower groups G:=GJF of real quadratic
fields Fin Table 4 admits the purely theoretical deduction of impressive statistics for
3-tower groups S =G, E of totally real dihedral fields £in Table 11 by means of
Theorem 5.1. Again, we use the innovative result that the groups S <G are

maximal subgroups of G, since the extensions E/F are unramified cyclic cubic.

Table 10. Frequencies of dihedral 3-class tower groups Sfor —10% <d. <0.

G= 0G abs. fr. S = ¥s abs. fr. ‘ E‘mm
(243,5) 12 83353 (81,3) 21 250059 4027
(243,5) 12 83353 (81,13) 13 83353 4027°
(243,7) 12 41398 (81,3) 21 82796 12131°
(243,7) 12 41398 (81,13) 13 82796 12131°
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Table 11. Frequencies of dihedral 3-class tower groups Sfor 0<d, <107 .

G= G abs. fr. 5= s abs. fr. (dg),,,
(81,7) 12 122955 (27,3) 12 122955 142097
(81,7) 12 122955 (27,4) 12 245910 142097
(81,7) 12 122955 (27,5) 12 122955 142097

The first row of Table 11 reveals extensive realizations of the extraspecial
group S= (27,3) as 3-tower group of dihedral fields. This is the first time that
S= <27,3> occurs as a 3-tower group. It is forbidden for quadratic fields, and it
did not occur for cyclic cubic fields and bicyclic biquadratic fields, up to now.

Theorem 6.4 (A new realization as 3-tower group.) The extraspecial
3-group S= (27, 3> of coclass 1 and exponent 3 occurs as 3-class tower group
G, E oftotally real dihedral fields E of degree 6.

Proof The group S= (27, 3> possesses the relation rank d,S=4 .
According to the Shafarevich Theorem, it is therefore excluded as 3-tower group
G;F of both, imaginary and real quadratic fields 7. However, the combination
of Theorem 5.1 and Theorem 6.1 proves its occurrence as 3-class tower group
G;E of totally real dihedral fields E of degree 6, as visualized in Table 11.

Theorem 6.5 (3-class tower groups of totally real dihedral fields.) Let
F= Q(\/E ) be a real quadratic field with 3-class group CL,F =C;xC; and
fundamental discriminant d >1. Suppose the second order Artin pattern
APPF = (72 (F), % (F )) is given by the abelian type invariants
g (F) :ﬁilz;(Zz,l2 12,17 )J and the transter kernel type (F)= [1; (0000)] .
Let E, E;,E, be the three unramified cyclic cubic relative extensions of F with
3-class group CLE; =C,;xC,.

Then E;/Q is a totally real dihedral extension of degree 6, for each 2<i<4,

and the connection between the component #%(3)(F)i :#ker(TE F(l)j of the
iF3

third order transfer kernel type s (F) and the 3-class tower group

S, =G,E, = Gal(( E, )gm)/Ei) of E, isgiven in the following way:

#::%(F). =3 S, =(243,27) with »(S;) =(1000),

(6.1)
#9(F). =9 S, =(243,26) with 5(S;) =(0000).

Proof. This theorem was expressed as a conjecture in [27] [28], and is now an
immediate consequence of Theorems 6.1 and 5.1.

Remark 6.1 Recall that each unramified cyclic cubic relative extension E,[F,
1<i<4, gives rise to a dihedral absolute extension E;[Q of degree6, that is an
S, -extension ([7], Prp. 4.1, p. 482). For the trailing three fields E;,, 2<i<4,
in the stable part of 7 (F) :[12;(22,12,12,12)} ie with CLLE, =C,xC,, we
have constructed the unramified cyclic cubic extensions E, i / B, 1<j<4,and
determined the Artin pattern AP® E, of E,, in particular, the transfer kernel
type of E, in the fields E, ; of absolute degree 18. The dihedral fields E, of

ij i
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degree 6 share a common polarization Ei’l = F3(1) , the Hilbert 3-class field of F,
which is contained in the relative 3-genus field (E;/ F)*, whereas the other
extensions E,; with 2< ]<4 are non-abelian over F, for each 2<i<4.
Our computational results underpin Theorem 6.5 concerning the infinite family
of totally real dihedral fields E, for varying real quadratic fields F.

7. Conclusion

Guided by the Successive Approximation Theorem 3.2 in terms of the Artin
limit pattern, we have given a most up-to-date survey concerning the finite
3-groups which are populated most densely by 3-class tower groups G;F of
quadratic number fields F = Q(\/a ) in Sections 4.2-4.5. In particular, the
discovery of non-metabelian 3-class towers with exact length ¢,F =3, which is
currently the maximal proven finite length, in Theorems 4.5 and 4.6, is entirely
due to our cooperation with M. R. Bush, initiated by our joint paper [36]. With
Theorems 5.1 and 6.1, we have finally presented a new technique for deriving
theoretical conclusions on 3-class towers of dihedral fields with degree six from

corresponding results for quadratic fields.
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The existence of nonlinear three-point boundary-value problems has been stu-

died [1]-[6], and the existence of sign-changing solutions is obtained. In the past,

most studies were focused on the cone fixed point index theory [7] [8] [9], just a
few took use of case theory to study the topological degree of non-cone mapping
and the calculation of fixed point index, and the case theory was combined with
the topological degree theory to study the sign-changing solutions. Recent study Ref.
[10] [11] have given the method of calculating the topological degree under the case
structure, and taken use of the fixed point theorem of non-cone mapping to study
the existence of nontrivial solutions for the nonlinear Sturm-Liouville problems.
Relevant studies as [12] [13] [14].

Inspired by the Ref. [8]-[13] and by using the new fixed point theorem under
the case structure, this paper studies three-point boundary-value problems for A
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class of nonlinear second-order equations

u"(t)+f(u(t))=0,0<t<1;
u'(0)=0,u(1)=au(n),
Existence of the sign-changing solution, constant O0<a <1,0<7n <1,
f eC(R,R).

Boundary-value problem (1) is equivalent to Hammerstein nonlinear integral

(1)

equation hereunder

u(t)= jG (t.;s) f(u(s))ds,0<t<1 (2)

Of which G(t,s) is the Green function hereunder
(1-s)—a(n-s),0<s<p0<t<s;
1-5),n<s<10<t<s;
G(ts)=—t |07
l-a|(l-an)-t(l-a),0<s<p,s<t<I

(1-ay)-t(l-a),np<s<ls<t<l.

Defining linear operator K as follow

)=[,G(t.s)u(s)ds,uecclo1] 3)

Let Fu(t)=f(u(t)), te[O,l], obviously composition operator A=KF ,

(Au)(t)=[G(t.s) f(u(s))ds,0<t<1 (4)

It’s easy to get: UeC? [0,1] is the solution of boundary-value problem (1),
and ueC [O,l] is the solution of operator equation u=Au.

We note that, in Ref. [9] [10], an abstract result on the existence of sign-
changing solutions can be directly applied to problem (1). After the necessary
preparation, when the non-linear term f is under certain assumptions, we get
the existence of sign-changing solution of such boundary-value problems.
Compared with the Ref. [8], we can see that we generalize and improve the non-
linear term f , and remove the conditions of strictly increasing function, and
the method is different from Ref. [8].

For convenience, we give the following conditions.

(H) f (u):R—> R continues, f (u)u >0, YueR,u#0,and f (0)20

. f(u
(H,) IIrTgL):,B , and npeN , make 4, <f<4,, , of which
u—>! u
O0<A <A, <<, <A, < isthe positive sequence of COSvX = COSIVX .

o,

(H,) exists &>0, make lim sup

[u]—>+o0

2. Knowledge

Provided Pis the cone of £in Banach space, the semi order in E'is exported by
cone P. If the constant N>0,and 8<Xx<y= ||X|| <N ||y||, then Pis a normal
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cone; if Pcontains internal point, Ze. intP =, then Pis a solid cone.
E becomes a case when semi order <, e any X,yeE, sup{x, y} and
inf{x,y} is existed, for xeE, X" =sup{x,0}, X =sup{-x6}, we call posi-

tive and negative of x respectively, call |X| =X"+X as the modulus of x. Ob-

viously, X" eP, X e(-P), X|€ P, x=x"-x".

For convenience, we use the following signs: X, =X", X_=-X. Such that
X=X, +X_, |[¥=x,-x.

Provided Banach space E=C [0,1] ,and F's norm as ||

||u|| = r(‘)[lfg( u (t)| .Let P= {u eEJu(t)>0,te [0,1]} , then Pis the normal cone of

, Le

E, and Ebecomes a case under semi order <.

Now we give the definitions and theorems

Def 1 [10] provided D < E,A:D — E isan operator (generally a nonlinear).
If Ax=Ax, +Ax_ ,VxeE, then A4 is an additive operator under case structure;
if v'eE,and Ax=AX, +AX +V',VXxeE, then Ais a quasi additive operator.

Def 2 provided x is a fixed point of 4, if xe (P\{B}) , then x is a positive
fixed point; if x ((~P)\{6})., then xis a negative fixed point; if
X & (P U (=P)), then xis a sign-changing fixed point.

Lemma 1 [6] G(t,S) is a nonnegative continuous function of [O,l]x[O,l] s
andwhen t,5¢[01], G(t:5)27G(0,5), of which 7 :“1(1—;;7).

Lemma 2 K:P — P is completely continuous operator, and A:E —> E is
completely continuous operator.

Lemma 3 A is a quasi additive operator under case structure.

Proof: Similar to the proofs in Lemma 4.3.1 in Ref. [10], get Lemma 3 works.

Lemma 4 [6] the eigenvalues of the linear operator Kare
11 1 1

2‘1 ’ /12 , , j“n ’ ln+1
1, of which 4, is defined by (H,).

The lemmas hereunder are the main study bases.

,+++. And the sum of algebraic multiplicity of all eigenvalues is

Lemma 5 [10] provided E is Banach space, P is the normal cone in E
A:E — E is completely continuous operator, and quasi additive operator un-
der case structure. Provided that

1) There exists positive bounded linear operator B ,and B;’s r ( Bl) <1, and
u"eP,u eP,get

—-Uu" < AX<Bx+uy,VxeP;
2) There exists positive bounded linear operator B,, B,’s r(B,)<1, and
u,eP,get
Ax>B,x—U,,Vxe(-P);
3) A9 =0, there exists Frechet derivative A, of Aat @, 1 is not the eigen-

value of Aj, and the sum u of algebraic multiplicity of A;’s all eigenvalues in

the range (1, 00) is a nonzero even number,
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A(P\{6})c P, A((-P)\{6}) = _p

Then A exists three nonzero fixed points at least: one positive fixed point, one

negative fixed point and a sign-changing fixed point.

3. Results

Theorem provided (H,) (H,) (H,) works, boundary-value problem (1) exists a
sign-changing solution at least, and also a positive solution and a negative solu-

tion.

Proof provided linear operator B = (/11 —g) K, Lemma 2 knows

B:C[O,l]—)C[O,l] is a positive bounded linear operator. Lemma 4 gets K’s

r(K):%,so r(B):(ﬂl—gjr(K)zl—i<l.

(H;) knows m>0 and gets
f(u)g(ﬁi—gju+m,Vte[O,l],uzO (5)
f(u)z(ﬂi—gju—m,Vte[O,l],USO ©6)

Let uy(t)= mI:G (t,;s)ds, obviously, u,€P. Such that, for any u(t)eP,

there

And for any U’ eP, from (H,), obviously gets (Au)(t)>-u"(t).
Forany U(t)e—P, there

= Bu(t) -t (1)

Consequently (1) (2) in lemma 5 works.
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We note that f (0)20 can get A9=0, from (H,), we know Ve&>0, and
Jr>0 gets

| (u)=pul < ou.Ju <
Then
[(Fu)()=2u(0)] =|f (u(t)) - Bu(®)] < elu, ¥ [ul <r
[Au = A0 - pKul = [K (Fu) - BKu] < & [K] Jull, ¥[lu] < r
Such that
it = /ﬁi"_ el

1
Le. A, =pK, from lemma 4 we get linear operator K’s eigenvalue is —,
n

then Aj’s eigenvalue is lﬁ Because 4, <f <4, .1, let u be the sum of

algebraic multiplicity of A;’s all eigenvalues in the range (1,00) ,then u=2n,
is an even number.
From (H,) f (U)U >0, ue R\{O} , there

f (u(t))>0,vte[0,1],u(t)>0,

f(u(t))<0,vte[0,1], u(t)<O0.
Easy to get

F(P\{0}) = P\{6}, F((-P)\{0}) = (-P)\{0},
Lemma (1) for any u(t)eP,
(Ku)(t)=['G(t;s)u(s)ds Zyj;c;(o,s)u(s)ds,
consequently K(P\{#})<P. Such that
A(PA[0}) = P. A((-P)\(0}) = P,

Such that (3) in lemma 5 works. According to lemma 5, A exists three nonzero
fixed points at least: one positive fixed point, one negative fixed point and one
sign-changing fixed point. Which states that boundary-value problem (1) has
three nonzero solutions at least: one positive solution, one negative solution and

one sign-changing solution.

4. Conclusion

Provided that all conditions of the theorem are satisfied, and f (u) is an odd
function, then boundary-value problem (1) has four nonzero solutions at least:

one positive solution, one negative solution and two sign-changing solutions.

Note

By using case theory to study the topological degree of non-cone mapping and
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the calculation of fixed point index, it’s an attempt to combine case theory and

topological degree theory, the author thinks it’s an up-and-coming topic and

expects to have further progress on that.

References

(1]

(2]

(3]

(4]

[13]

Ma, Y.H. and Ma, R.Y. (2002) Positive Downward Convex Positive Solutions of a
Class of Second-Order Three-Point Boundary-Value Problems. (Natural Science
Edition) Journal of Northwest Normal University, 38, 8-13.

Sun, J.P. and Zhang, X.L. (2012) Existence of Positive Solutions of Nonlinear
Third-Order Three-Point Boundary-Value Problems. (Natural Science Edition)
Journal of Northwest Normal University, 48, 1-5.

Zhou, S.L., Wu, H.P. and Han, X.L. (2014) Existence of Positive Solutions of a Class
of Four-Order Three-Point Boundary-Value Problems. (Natural Science Edition)
Journal of Sichuan University, 51, 11-15.

Ma, Y.H. and Ma, R.Y. (2003) Positive Solutions of a Class of Singular Nonlinear
Three-Point Boundary-Value Problems. Journal of Mathematical Physics, 23A,
583-588.

Shen, W.G. and Song, L.A. (2007) Existence of Positive Solutions of Singular
Second-Order Ordinary Differential Equations Three-Point Boundary Value Prob-
lems under Superlinear Condition. (Science Edition) Journal of Shandong Univer-
sity, 42, 91-94.

Xie, C. and Luo, Z.G. (2009) Existence of Multiple Positive Solutions of a Class of
Second-Order Ordinary Differential Equations Multi-Point Boundary-Value Prob-
lems. (Natural Science Edition) Journal of Inner Mongolia Normal University, 38,
647-652.

Liu, J.S. and Qiao, J. (2007) Existence of Sign-Changing Solutions of a Class of
Second-Order Three-Point Boundary-Value Problems. Journal of Taiyuan Univer-
sity of Technology, 38, 374-376.

Xu, X.A. (2006) Sign-Changing Solutions of Impulsive Three-Point Boun-
dary-Value Problems. Applied Mathematics, 19, 606-612.

Cui, Y.J., Zou, Y.M. and Li, H.Y. (2009) Sign-Changing Solutions and Applications
of Nonlinear Operator Equations. Systems Science and Mathematics, 29, 1094-1101.

Sun, J.X. and Liu, X.Y. (2008) Computation of Topological Degree for Nonlinear
Operators and Application. Nonlinear Analysis, 69, 4121-4130.
https://doi.org/10.1016/j.na.2007.10.042

Sun, J.X. (2008) Nonlinear Functional Analysis and Its Applications. Science
Press—CSPM, Beijing.
Wang, Y.P. and Zhao, Z.Q. (2014) Existence of Sign-Changing Solutions of a Class

of Nonlinear Third-Order Differential Equations Two-Point Boundary-Value
Problems. Journal of Qufu Normal University, 40, 29-32.

Zhang, X. and Sun, J. (2010) On Multiple Sign-Changing Solutions for Some
Second-Order Integral Boundary Value Problems. Electronic Journal of Qualitative
Theory of Differential Equations, No. 44, 1-15.
https://doi.org/10.14232/ejqtde.2010.1.44

Li, H. and Liu, Y. (2011) On Sign-Changing Solutions for a Second-Order Integral
Boundary Value Problem. Computers & Mathematics with Applications, No. 62,
651-656. https://doi.org/10.1016/j.camwa.2011.05.046

DOI: 10.4236/apm.2017.712042

691 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2017.712042
https://doi.org/10.1016/j.na.2007.10.042
https://doi.org/10.14232/ejqtde.2010.1.44
https://doi.org/10.1016/j.camwa.2011.05.046

‘00 . . Advances in Pure Mathematics, 2017, 7, 692-705

‘ Q Scientific http://www.scirp.org/journal/apm
‘ ¢S Research -

94% Publishing ISSN Online: 2160-0384

* ISSN Print: 2160-0368

The Analyticity for the Product of Analytic
Functions on Octonions and Its Applications

Jianquan Liao}, Jinxun Wang?

'Department of Mathematics, Guangdong University of Education, Guangzhou, China
*School of Finance, Guangdong University of Foreign Studies, Guangzhou, China
Email liaojianquan@gdei.edu.cn, wangjx08@163.com

How to cite this paper: Liao, J.Q. and  Abstract

Wang, J.X. (2017) The Analyticity for the

Product of Analytic Functions on Octo-  Given two left O° -analytic functions f,g in some openset Q of R®,we
nions and Its Applications. Advances in

Pure Mathematics, 7, 692-705. obtain some sufficient conditions for fg is also left O -analytic in Q.

https://doi.org/10.4236/apm.2017.712043 Moreover, we prove that fA is a left O° -analytic function for any
Received: October 6. 2017 constants 1€O° if and only if f is a complex Stein-Weiss conjugate
Accepted: December 23, 2017 harmonic system. Some applications and connections with Cauchy-

Published: December 26, 2017 Kowalewski product are also considered.
Copyright © 2017 by authors and
Scientific Research Publishing Inc.

This work is licensed under the Creative

Commons Attribution International .
License (CC BY 4.0). System, Cauchy-Kowalewski Product

Keywords

Octonions, O°-Analytic Functions, Stein-Weiss Conjugate Harmonic

http://creativecommons.org/licenses/by/4.0/

1. Introduction

Let Q be an open set of R®. A function f in Cl(Q,O) is said to be left
(right) O -analyticin Q when

Loof L of
Df=e—=0 | fD=) —e =0],
;‘ ' ox ( i;axi ' J

i
where the Dirac D-operator and its adjoint D are the first-order systems of

differential operatorsin C'(Q,0) defined by D =Z;eiai and
X.

= 0 7.0
D=e,—-) . 6—.
® %, 2.8 X,
If f is a simultaneously left and right O -analytic function, then f is
called an O -analytic function. If f is a (left) O -analytic function in R®,

then f iscalleda (left) O -entire function.
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Since octonions is non-commutative and non-associative, the product
f(x)g(x) of twoleft O -analytic functions f(x) and g(x) is generally no
longer a left O -analytic function. Furthermore, if g(x)=A becomes an
octonionic constant function, the product f(x)A is also probably not a left
O -analytic function; that is, the collection of left O -analytic functions is not a
right module (see [1]).

The purpose of this paper is to study the analyticity for the product of two left
OF -analytic functions in the framework of complexification of O, O°.
Especially, the analyticity for the product of left OF -analytic functions and O°
constants will be consider more by us.

The rest of this paper is organized as follows. Section 2 is an overview of some
basic facts concerning octonions and octonionic analysis. Section 3 we give some
sufficient conditions for the product f(x)g(x) of two left O° -analytic
functions f(x) and g(x) is also a left O°-analytic function. In Section 3,

we prove that, f(x)A isaleft O -analytic function for any constants A eO°

if and only if f(x) isa complex Stein-Weiss conjugate harmonic system. This
gives the solution of the problem in [2]. In the last section we give some

applications for our results.

2. Preliminaries: Octonions and Octonionic Analysis

It is well known that there are only four normed division algebras [3] [4] [5]: the
real numbers R, complex numbers C, quaternions H and octonions O,
with the relations RcCcHcO. In other words, for any x=(x,---,X,),
y:(yl,---,yn)e R", if we define a product “xy” such that xyeR" and

X-y|=|x||y|, where [X|= X", then the only four values of n are 1,2,4,8.
% y[=[x]|y] X|=y 20 y

Quaternions H is not commutative and octonions O is neither commutative
nor associative. Unlike R, C and H, the non-associative octonions can not
be embedded into the associative Clifford algebras [6].

Octonions stand at the crossroads of many interesting fields of mathematics,
they have close relations with Clifford algebras, spinors, Bott periodicity,
Projection and Lorentzian geometry, Jordan algebras, and exceptional Lie
groups, and also, they have many applications in quantum logic, special
relativity and supersymmetry [3] [4].

Denote the set 7/~ by

7 ={(1,2,3),(1,4,5),(1,7,6),(2,4,6),(2,5,7),(3.4,7).(3,6,5)}.

Then the multiplication rules between the basis €,,e,-:-,€, on octonions are
given by [3] [7]:

82 =€,,66, =6, =6,6 =-1i=12,,7,

[ |
and for any triple (a,B,7)e 7 ',
eaeﬂ =ey =—eﬁea, eﬂey =€, =—eyeﬂ, eyea =e/, =—-€ €

a“y*

For each Xx= Z:Z)Xiei €O(x eR,i=01,---,7), X, is called the scalar part of
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xand x= ZZXi e, istermed its vector part. Then the norm of xis
1
|X| =(Z;xi2)2 and its conjugate is defined by Y:z; X;& =X, —X. We have

= # is the inverse of
X

JRN— 7 _
XX =%Xx=y X, '

x_y: y_x(x, y EO) Hence, x

x(#0).
Let x=>x&,y=>, & cO(x,y; €eR,i=01,,7), then
XY =XoYo =X Y+ XY+ YoX+XXY, (2.1)

where X-y:= ZI X;Y; is the inner product of vectors x,y and

Zxx:zel(Aza+A45_A&37)+e2(_A&3+A46+A57)+93(A12+A47_A56)
+eA(_A15_A26_A37)+65(A14_A27+A36)
+e6(A17+A24_A35)+e7(_A16+A25+A34)

is the cross product of vectors X,y , with

XX\ ..

Aj:det , L ]=12,- 7.
i i

For any X,y €O, the inner product and cross product of their vector parts

satisfy the following rules [8]:

(xxy)-x=0, (xxy)-y=0, xllyexxy=0 xxy=-yxx

We usually utilize associator as an useful tool on ontonions since its non-
associativity. Define the associator [x,y,z] ofany X,y,zeO by
[x,y,z]=(xy)z—x(yz).

The octonions obey the following some weakened associative laws.

Forany Xx,Yy,z,u,veO, we have (see [7])

[xy.z]=[y.z,x], [xzy]=-[xVy.z], [xXy]=0=[XxY] (2.2)
and the so-called Moufang identities [5]
(uvu)x=u(v(ux)), x(uvu)=((xu)v)u, u(xy)u=(ux)(uy).

Proposition 2.1 ([7]). For any i, j,ke{0,1,--,7}, [ei,ej,ek]:0<:>ijk:0
or (i—j)(j-k)(k=i)=0 or (ee;)e, ==1.

Proposition 2.2 ([7]). Let €,,e;,6, be three different elements of
{e,.6,.6,} and (ee;)e #+1. Then (ee;)e, =—&(ee,).

Since octonions is an alternative algebra (see [3] [9] [10]), we have the
following power-associativity of octonions.

Proposition 2.3. Let X,X,~-X% €0, (I I,) be n elements out of

NS
{1,--- .k} repetitions being allowed and let (XIl X, X )@ be the product of n

octonions in a fixed associative order ®,. Then Y. (Xllxlz"'xln )@ is
(I ely n

independent of the associative order ®,, where the sum runs over all
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distinguishable permutations of (l,,---,1,)
Proof. Let X=AX +AX, ++ 4%, then > (XllxI2 X )@ is just the
(ly+kn) "

coefficient of 4 4 ---4  in the product of X" =(xx---X)e . By induction and
nxs

(2.2), one can easily prove that X":(xx---x)®n is independent of the

nxs

associative order ®, for any xeO. Hence | (thlz'"xln)® is also
n

(g, o)
independent of the associative order ®, .0
1=y, 1.+, 1) s called a Stein-Weiss conjugate harmonic system if they
satisfy the following equations (see [11]):

n@ﬂzo,-@izgﬂ-(osi<jgn)
ic0 OX; oXj 0%

It is easy to see that if F(x,,%,,%)=(f, f,---, f;) is a Stein-Weiss
conjugate harmonic system in an open set Q of R®, then there exists a real-
valued harmonic function ® in Q such that Fis the gradient of ®. Thus
F=fe,—fe——fe =D® isan O -analytic function. But inversely, this is
not true [12].

Example. Observe the O -analytic function g(x)= (X62 - X72)e2 — 2%, X,8, .
Since

% =2X, #0= %
XG X2

g isnot a Stein-Weiss conjugate harmonic system.

In [13] Li and Peng proved the octonionic analogue of the classical Taylor
theorem. Taking account of Proposition 2.3, we obtain an improving of Taylor
type theorem for O -analytic functions (see [14] [15]).

Theorem A (Taylor). If f(x) is a left O -analytic function in Q which
containing the origin, then it can be developed into Taylor series

ORI Vo (%02, 0, 1(0)

k=0(I;

and if f(x) isaright O -analytic function, then the Taylor series of f at the
origin is given by
f(x)= %(IZI )aXu 0, f (0., (),
(e

where (l,---,l,) runs over all possible combinations of k elements out of
{1,---,7} repetitions being allowed.
The polynomials Vi, of order k in Theorem A is defined by

Wwﬁ@=%dz p«Q@ﬁQmpw

bl

where the sum runs over all distinguishable permutations of (l,,---,l,) and
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7, =% & = X8 j=1-k.

We have the following uniqueness theorem for O -analytic functions [7].

Proposition 2.4. If f is left (right) O -analytic in an open connect set
QcR® and vanishes in the open set 6 cQN{x,=a,} =D, then f s
identically zero in Q.

Proof. Without loss of generality, we let & which containing the origin and
let x,=0.Then f canbe developed into Taylor series

()= 3 Yy (x)0,, 0, F(0)

01yt

Thus we have

By the uniqueness of the Taylor series for the real analytic function, we have
0, 0, T(0)=0 for any (Ll )e{L,2,7}" and keN. This shows
that f isidenticallyzeroin & andalsoin Q.

For more references about octonions and octonionic analysis, we refer the
reader to [7] [13]-[20].

3. Sufficient Conditions

In what follows we consider the complexification of O, it is denoted by O°.
7

Thus, zeO° is of the form z=> zg

'z:€,2,€C. z, and z=Y z¢ are still

called the scalar part and vector part, respectively. The norm of zeO° is

1
|Z| = (Z;'Zi |2 )E and its conjugate is defined by Z= Z;Zia , where Z; is of the
conjugate in the complex numbers. We can easily show that for any z,2'€O°,
|ZZ'| < \/§|Z||Z'| . For any zeO°, we may rewrite z as z=X+iy, where
X,y € O . The multiplication rules in O° is the same as in (2.1). Note that O°
is no longer a division algebra. Finally, the properties of associator in (2.2)
except that [z,Z,u0]=0 are also true for any z,u,veQO°:

[z,v,v]=[v.v,2], [zv,v]=-[zuv], [zzU]=0. (3.1)

Example. Let z=e +ie,,u=¢,, then
[2,Z, 0] =[e, +ie,,—e +ie, e, ] =i[e, &,,8,]—i[e,,&,€,] = 4ie, = 0.

By (3.1) we can get the following lemma, which is useful to deduce our results.

Lemma 3.1. Let z,U,veQ° and there exists complex numbers A and
(|4 +|u| #£0) such that Az+uu=0 or Au+uv=0 or Av+puz=0, then
[z,u,v]=0.

For functions, £ under study will be defined in an open set Q of R® and
take values in OF, with the form f (x)= Z; f.(x)e , where f (x)(i=0,1---,7)
are the complex-valued functions.

Hence, we say that, a function f (x)=g(x)+ih(x) isleft O -analytic in an
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open set Q of R?, if g(x) and h(x) are the left O -analytic functions,

since

Df =0 < Dg = Dh=0,

where D= Z e is the Dirac operator as in Section 1.

In the case of O°, we call f(x)=g(x)+ih(x) a complex Stein-Weiss
conjugate harmonic system, if g(x),h(x) are the Stein-Weiss conjugate
harmonic systems. A left (right) O -analytic functions g(x) also have the
Taylor expansion as in Theorem A.

Now we consider the product f(x)g(x) of two left O -analytic functions

f(x),g(x) in Q.Ingeneral, f(x)g(x) isnolongerleft O°-analyticin Q.
But, in some particular cases, the product f(x)g(x) can maintain the
analyticity for two left O° -analytic functions f (x) and g(x).

Theorem 3.2. Let f(x),g(x) be two left O° -analytic functions in Q.
Then f(x)g(x) is also left O -analytic in Q if f(x),g(x) satisty one of
the following conditions:

1) f(x) or g(x) isacomplex constant function.

2) m is a complex Stein-Weiss conjugate harmonic system in Q and
g(x) isan OF -constant function.

3) f(x) isof the form f(x)=fe,+fe (ie{l2,7}) and f(x),g(x)
depend onlyon X, and X;, where f,,f, arethe comp]ex—va]ued functions.

4) f(x) and g(x) belong to the following class

6={h(x)| Dh(x)=0,w=iz71:hl(x)ei,m(x)eCl(Q,C)}. (3.2)

5 f(x) isoftheform f(x)=fe,+fe, +fe,+fe
g =Co€ +C,8, +Cy€, +C &, isaconstant function, where (a,ﬂ,y) e,
C01CyrCpiC, eC and f(x) depends only on Xo Xy Xgs X,

Proof. 1) The proof is trivial.

2) In view of Proposition 2.1 we have [e,, i J:O when i=0 or j=0
or i=]j forany AeQ°. Then we have
7 of.
fl)=>) — A
D(f2) .,,Z::oax, 1073
7. of. 7. of.
=Y J(ee )1->Y —Lle,e 1
i,,Z::o " (ee) iJZ::OaXI [e, € }

7 of.
:(Df)ﬂ—iéo—x:[e,,ej,/‘t]
of
=(Df )A—K#Jga—)(l[e,,e],ﬂ

Since f isa complex Stein-Weiss conjugate harmonic system, thus Df =0

of; of,
j
and &_ax for i, j>1,i# j.But [ej, I,/l] [e

1 i

ﬂ] therefore

i1
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D(f2)=—3 ﬁ[ei,ej,z]: 3 (afi _%][ei,ej,ﬁ}zo.

I<i=j<7 Xi I<i<j<7 6Xj aXi

3) Since f(x),g(x) are only related to variables X, and x;, we have

D( fg)=[%+aixeij(( fo+fie)g)

:ﬁg+ei %+a—f‘ei g +f8_g+ei (f0+fiei)a—g.
0%y X, OX OX, OX;

By Lemma 3.1 it follows that

i X X X
Thus we get
of of a9 a9
D(fg)=— . — f—+f|e—|=(Df f(Dg)=0.
(f9) axog{e'axi]“ axo+ [e'axJ (D)o (D)

4)Let f(x)=fe,+>, e, and g(x)=gee + . 0.6 then we have

0(1(919(0)= 3, {1+ 120 | v 3e |

i=0 i

—ie %eJriie ge+gz7:e
_j:0 i an 0 an < i o%o 1 i

i=1

+ iej H foey + flieij(%eo +%i9i J]

6Xj i=1

of, of, < 7 of
el —2e,+—2Ye || g, +9, e ||=] e, —
JH@X] 0 5in2:1: .j(go 0 glé J] [ Jaxjjg

7 g ag, &
el fe+fYe || e +—2Ye
J[[ 0~0 1; |j(axj 0 6x]- gll |]J

9, , 09~ ( :
=e.||—e+—=> e |l fe,+f ) e
J{[@Xj 0 axjizzll. 0%0 1iZ:1:|

and

Hence we obtain
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5) This case is equivalent to a left quaternionic analytic function right-
multiplying by a quaternionic constant, the analyticity is obvious since the
multiplication of the quaternion is associative.

The proof of Theorem 3.2 is complete. [

From Theorem 3.2(d), if f(x),g(x)e&, then f(x)g(x)e&; that is, the
multiply operation in & is closed. Also, the division operation is closed in &.
Actually, let f(x)=f,(x)+Y. f,(x)g, €S, assume f2+7f2=0,then

a fo-fi(e+e,++e)
(f09) == lf02+72f12 7

Thus we have

o(f(x)”

e —~ 77

7
i=0 I 6Xi

7 —
=2e [( fe+717) 1[?—0—%(e1+e2+-~+e7)]

D(f(x))" =

T
o

—(fo—fi(e+e, +---+e7)){2f0%+14f1%j( f? +7ff)2J

o% O

[a—fo+ﬁ(e1+---+e7)](7ff— foz+2f0f1(e1+~--+e7))(f02+7f12)ZJ

- —°+2—3(e1+--~+e7)JJ(7f12— f02+2f0f1(e1+-~+e7))(f02+7f12)72

-2

=(Df (x))(72 = &+ 26, f, (& +--+¢,))(f +717)

An element belongs to & is the exponential function:

1 .
exp(x) =€ | cos(x,+/7 )e +(—— +eot e Jsm N7 ) |- (3.3)
0 (7)o e v sinf7)

The results in Theorem 3.2 also hold on octonions(no complexification), since
O° contains O. If one switch the locations of f(x),g(x), and the “left”
change into “right” in Theorem 3.2, then this theorem is also true, since left and

right is symmetric. These principles also hold in the rest of this paper.

4. Necessary and Sufficient Conditions

If we consider the product of a left O° -analytic function and an O° -constant,
we can get the necessary and sufficient conditions for the analyticity(these
results obtained in this section for O -analytic functions are also described in
(19]).

Applying Theorem 3.2(a) and (b), if f(x) is a left O -analytic function
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and A is a complex constant, or W is a complex Stein-Weiss conjugate
harmonic system and A is an OF -constant, then f(x)A is a left O -
analytic function. In what follows we will see that these conditions are also
necessary in some sense.

Theorem 4.1. Let 1 €O, then fA is aleft O° -analytic function for any
left O -analytic functions f ifandonlyif AeC.

Proof We only prove the necessity. Taking a left O° -analytic function
f =Xe&, — X,&;, then

7

7. of. 7
D(fxl)=—ijk_oa—;ﬂk[ei,ej,ek}:égf—);ﬂk[ez,el,ek]=§/1k[e2,el,ek]

=4 [62’61194]"‘/15[92’(31’95]"'/16[ezvel’es]+ﬂ7[ezvel’e7]
=-24,8, + 248, — 2148 + 21.8,.

Thus A, =4, =4,=4,=0. A similar technique yields 4 =4,=4,=0.
Hence 2eC.O

Theorem 4.2. Let f e Cl(Q,Oc) . Then D(fA)=0 forany Ae0° ifand
onlyif t isa complex Stein-Weiss conjugate harmonic system in Q.

Now we postpone the proof of Theorem 4.2 and consider a problem under
certain conditions weaker than Theorem 4.2. In [2] the authors proposed an
open problem as follows:

Find the necessary and sufficient conditions for an O° -valued function f ,
such that the equality [/1, f(x), D] =0 holds for any constant A €O°.

Note that this problem is of no meaning for an associative system, but
octonions is a non-associative algebra, therefore we usually encounter some
difficulties while disposing some problems in octonionic analysis. In [2] the
authors added the condition [/1, f(x), D] =0 for f(x) to study the Cauchy
integrals on Lipschitz surfaces in octonions and then prove the analogue of
Calderdn’s conjecture in octonionic space.

Next we give the answer to the Open Problem as follows.

Theorem 4.3. Let f eCl(Q,OC) . Then [D, f,/i]:O([/i, f,D]:O) for any
A€OF ifandonlyif

G
ﬁz_ll i,j=12-7. (4.1)
OX;

Proof. By Proposition 2.1, we have

7 of. of.  of

D, f,A]=Y —Lle,e 1]|= —L_—ile,e 1]
[ ] i,JZ:OaXi[I ! ] Jsgj:q[aXi GXJ][I ! :|

If f satisfies (4.1), then [D, f,21]=0.

Inversely, let (a,B,7)e 7 ", {1,2,-,7}\{a, B, 7} ={t,.t,,t;,t,} and

€8, =€ =—€.6,6.6, =€ =66

From Propositions 2.1 and 2.2 we have [ea , eﬂ,et] =0 and
[ea , eﬂ,et] = 2(eaeﬂ)et =2ee when t=¢, B,y and t=t,t,,1,1,, respectively.
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Hence, taking A =¢, it follows that

[D’ f’etl]
of; af,
=1<§<7[a_x:_§ﬁei,ej,ed

]

of, of of, of
=(87ﬂ—ax‘;][ea,e/,,et1]+[ b _ﬁ}[e €8 |+ 0.8

B a
= L ey 8 + Y 0.8,
[ax Xy OX, axu] ooy

Similarly, we take A=e,, then

G o, of,
[D, f,elsjzz[—"—ﬂ+ J +She,, (4.3)

X, Ox; Ox 6)(t )

Also we can get

8f of of of
[D,f.e,]=2 Lol + >y, (4.4)
axt aXI 3X1 6x14 >y,

If we require [D, f,2]=0 for any constants AeO°, from (4.2), (4.3) and
(4.4) we obtain

%_%4_ aft“ ﬂ —
X, OX; OX, OX,
%_ 6fa + art2 aftl —
X, OX; OX, — OX,
axtl 6th 8)(13 axu

Combining above three equations with the randomicity of («,f,y) we have
(4.1) holds. O
Proof of Theorem 4.2. The sufficient from Theorem 3.2(b). Inversely, if we
take 1=1 in D(fA)=0 it follows that f is a left O°-analytic function.
Thus for any A€ O°, we have
D(fa)=(Df)A-[D, f,A]=—[D, f,4]=0.
By Theorem 4.3 we get that f satisfies (4.1). On the other hand,

of
pf =| % 4v (f0+f)=%—v-f+——+wo+wf:o. (4.5)
0%, =/ 0X, - 0%, -

From (4.1) it easily to get Vx f =0, again by (4.5) it follows that

of
af——V f+—+Vf =0,
OXg 0%,
namely
of
%—V-f:O, —+Vf,=0.
OX, - OX,
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Combining this with (4.1) it shows that f is a complex Stein-Weiss

conjugate harmonic system in Q. [

5. Some Applications and Relations with the C-K Products

From Theorem A we can see that V, (X) are the basic components for (left)
O -analytic functions. It is proved in [13] that the polynomials V| (X) are all
O -analytic functions, therefore they are the suitable substitutions of the
polynomial z* in C.

Again from Theorem A, since V|1WIk (X) Al,,‘,k is an item in the Taylor
expansion of a left O -analytic function, V, ., (X) 4.1, should be also a left O
analytic function. Applying Theorem 4.2, the conjugate of V| ., (X) is probably
a Stein-Weiss conjugate harmonic system. The following theorem prove this is
true.

Theorem 5.1. For any combination (l,,---|,) of k elements out of
{1,---,7} repetitions being allowed, \7,1_“,k (X) is a Stein-Weiss conjugate
harmonic system in R®.

Proof. Let s;(i=1,---,7) be the appearing times of i in (l,---,I,). Hence

the following equality
V, 4, (x)=Dd, . (X) (5.1)

shows that V| (X) is a Stein-Weiss conjugate harmonic system in R®, where

BI} (—1)" xIxg< 7 X2
D, (X)= ,;J{ (2 +1)! li_!Kj!(Sj—chj)!}

i=l,--7

is a real-valued harmonic function of order (s, +s,+:--+s, +1) with
7
K=Y K.

Actually, put X, =0, the both sides of (5.1) equal to XXy . On

s!s,l--s,1
the other hand, V, ., (X) is left O -analyticin R®. Thus by Proposition 2.4 we
have (5.1) holds. OJ
Combining Theorem 3.2(b) and Theorem 5.1 it really shows that all the
Vll,”,k(x)ﬂﬁmIk are left O° -analytic functions for any 4, , €O°. Hence the
following series

i Vi, (X) A, (5.2)

01

is a left O° -analytic function in some open neighborhood A of the origin if

{ﬂ'll“'lk } satisfies certain bounded conditions.

Theorem 5.2. For any combination (l,,---,l,) of kelements out of {1,---,7}
ok
repetitions being allowed, let Ay, € O%keN. If iI(im— sup ﬂ'll"'lk =y<oo,
> KL (1)

then the series (5.2) converges to a left O -analytic function f(x) in the

following region
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A, ={XER8;Jx§+xi2 <£,i =1,2,...,7}

4

More over, 4, , =0, -0, f(0) Particularly, if sup |ﬂ11“‘|k| <C <o, then
f will be aleft O°-entire function. e )
Proof Let

Forany x= Z x€, € A, there exists y'>y such that

o Nivi

,/x§+xi2<1',i:1,2,-~,7.Thus
Ve

sup|S SM(x)|

XEA

< XSelj\p kZM Z |V|1 |k | el

<SUp Z_ Z Z|1 |k el
xeA ' k= M
N7k .

<Y = Ay |20 (inf(M,N)—> ).
k=M k!}/

From Weierstrass Theorem on octonions [13] and the analyticity of
Vll"‘lk(x)ﬂli'”lk’ then there exists a left O -analytic function f in A, such
that

()= im S ()= % 3 Vi (A

k=0(k M)

and the series uniformly converges to f (x) in each compact subset KA.
0y f(0).

7
If sup |/1|1...|k|50<°°> then A, =R?, since |ImF—0 Therefore f is a
() :

Again from the expansion of f(x) we easily get that 4, _, = 0y,

k—o
keN

left O° -entire function. [J
Example. Taking A =1 forall ke N in (5.2), then

3 3 Vi, () 63)

isan O -entire function. In fact, (5.3) is the Taylor expansion of the exponential
function exp(x) asin (3.3). From (3.3) we can find exp(x) satisfies

exp(0)=1, exp(x+y)=exp(x)-exp(y)=exp(y)-exp(x).
Corollary 5.3. For any left O° -analytic function f , if the coefficients in its
Taylor series about the origin satisty

2,f(0)eC+eC, keN,i=1,2,7

_ (5.4)
o, -0, f(0)eC, otherwise.
! 3
Then f isacomplex Stein-Weiss conjugate harmonic system.
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Proof. From (5.4), we easily obtain that all the conjugates of
Vi (X)0,, 0, | (0) are complex Stein-Weiss conjugate harmonic systems.
Hence by Weierstrass Theorem, f also is a complex Stein-Weiss conjugate
harmonic system in its convergent area. [

Combining Theorem 3.2(b), Theorems 5.1 and 5.2, by an analogous method
in [6] we can define the Cauchy-Kowalewski product for any two left O°
analytic functions fand gin Q which containing origin. We let their Taylor

expansions be

M

f(x)=

&) (90,0, 10)

=
Il

0

and
9(x)=

Then the (left) Cauchy-Kowalewski product of fand gis defined by
fo,9(x)

Z VSr--Sx (X)axSl "'axSt g (0)
SpeSt)

o0
tzg( ey

0 7 (n;+n/)!
B k,t—Nh%k){g n!n! JV'I'”'““* (X)(a*h 0y, 1(0):0, -0y g(o))’
(s1-%)
where n, and n/ are the appearing times of 7in (l,---,1,) and (s;,---,s,),
respectively.

We have the following relation for the product and the left Cauchy-Kowalewski
product between two left OF -analytic functions.

Theorem 5.4. Let f(x),g(x) be two left O -analytic functions in Q
which containing origin. If D(f (x)g(x))=0 then

f(x)g(x)="f o, g(x).

Proof. Tt is easy to see that f(x)g(x)=f ©_g(x), then by Proposition 2.4
and the analyticity of f(x)g(x) and f ©_g(x) we get
f(x)g(x)=fo_g(x).0

Remark. In this paper we study the analyticity of the product of two left O°
-analytic functions. Theorem 3.2 give some sufficient conditions for the product
of two left O°-analytic functions is also a left OF -analytic function. From
Theorem 5.4 we can see that D(f(x)g(x))=0 for two left O° -analytic
functions f(x),g(x) if and only if this product is just equal to their left
Cauchy-Kowalewski product. Since H< O, our result is also true for

quaternionic cases.
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Abstract

After developing the concept of displaced squeezed vacuum states in the non-
unitary approach and establishing the connection to the unitary approach we

calculate their quasiprobabilities and expectation values a'*a in general
form. Then we consider the displacement of the squeezed vacuum states and
calculate their photon statistics and their quasiprobabilities. The expectation
values of the displaced states are related to the expectation values of the un-
displaced states and are calculated for some simplest cases which are sufficient
to discuss their categorization as sub-Poissonian and super-Poissonian statis-
tics. A large set of these states do not belong to sub- or to super-Poissonian
states but are also not Poissonian states. We illustrate in examples their pho-
ton distributions. This shows that the notions of sub- and of super-Poissonian
statistics and their use for the definition of nonclassicality of states are prob-
lematic. In Appendix A we present the most important relations for

SU(1,1) treatment of squeezing and the disentanglement of their operators.

Some initial members of sequences of expectation values for squeezed vacuum
states are collected in Appendix E.

Keywords

SU (1,1) Group of Squeezing and Rotation, Wigner Quasiprobability,
Unitary Approach to Squeezing, Nonclassical States, Uncertainty Matrix,
Distance of States, Jacobi, Ultraspherical, Legendre and Hermite Polynomials,
Poisson Statistics

1. Introduction

Besides the number states |n> and the coherent states |a> the squeezed
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coherent states or, what is the same, the displaced squeezed vacuum states
belong to the most interesting states in quantum optics for which, practically, all
interesting parameters and quasiprobabilities may be calculated in closed exact
way. The coherent states are the vacuum states |n = 0> displaced by a complex
parameter A in the phase space (for one mode). The higher number states |n)
with n=0 are the discrete excitations of the ground state |n = 0> of a
harmonic oscillator and they also can be displaced and squeezed but this we do
not consider in present article. All minimum uncertainty states belong to the
squeezed coherent states and therefore some aspects of these states were already
considered in the early years of the development of quantum mechanics
although not under this name, for example, by Schrodinger [1], Pauli [2] and
Louisell [3]. The name “squeezed states” appeared in the eighties by Walls [4]
and others and numerous articles and reviews are published since this time, e.g.,
[5]-[14] and, e.g., [15] [16] [17] [18] [19].

In the narrow sense the squeezing operations form together with rotations in
a plane (the two-dimensional phase plane) the Lie group SU (1,1) with 3 real
parameters. This Lie group possesses different realizations in quantum optics of
a single mode and also a basic nontrivial realization in a two-mode system. We
will deal with in this article a single mode where the basic operators of the Lie
group SU(L,1) are realized by quadratic combinations of the annihilation and
creation operators (a, aT) of this mode but in Appendix A we represent in
detail the basic relations for SU (1,1). Besides this, the Lie group SU (1,1) may
find application within a single mode also for the treatment of phase states and
as mentioned possesses a basic realization in a two-mode system (e.g., [15]).
Dynamical squeezing appears if the Hamiltonian or Liouvillean of a process is
described by quadratic combinations of annihilation and creation operators.

The main purpose of this paper is the representation of the formalism of
SU (1,1) squeezing in two approaches concerning the complex squeezing
parameter which we call non-unitary and unitary approach and the calculation
of expectation values and of the basic quasiprobabilities for squeezed vacuum
and squeezed coherent states. The squeezed coherent states are well appropriate
to demonstrate some problems of the distinction of sub- and super-Poissonian
photon statistics because the whole set of these states can be not assigned to only
one of these two kinds of statistics and it requires substantial efforts to find out
to which of these statistics it belongs in a special case. The cases when they are
neither sub- nor super-Poissonian statistics may be very far from a Poisson
statistics that can be seen by the distance parameter. This shows in an example of
nonclassical states the problems of classification of statistics in quantum optics

in this way and is discussed in Section 11.

2. Squeezed Vacuum States in Non-Unitary Approach and
Their Photon Statistics

In this section we begin with the discussion of squeezed vacuum states in the

non-unitary approach. For their definition we apply the non-unitary operator
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exp(—%a”j with ¢ as a complex parameter (|é’ |<1) onto the vacuum

state |0> . As usual, (a, aT) denote a pair of annihilation and creation
operators of a single boson mode with the commutation relations
[a, aTJ =aa'—a'a=1, (/ unity operator) and they act onto the number states
| n) which are orthonormalized and complete

a|n):«/ﬁ|n—1), a*|n):M|n+1), N|n}=a'a|n)=n|n),

(Om)=6u Zfnhial=1, =220}, (1-012-). @D

Now, we define the squeezed vacuum states |0,§ > in the non-unitary

approach by

|og>ocexp[ a*2j|0) z( )

where the zero in the notation |0,§' > is arranged for the substitution by a

|0)= i(_) ﬂ§ "|2m), (2.2)

= 2"m!

complex displacement parameter g in the later generalization to displaced

vacuum states | B.¢ > (see Figure 1 and from Section 7 on).
_&at2
Since e ? is not a unitary operator the right-hand side of (2) is not
(2m)t

normalized and using the Taylor series Z (" =——= we find the

m022mm|2 [1_q

normalization factor

0,¢)=(1-¢¢ )4exp[ ga*zjlf)) 03
2.3

(e 3 A oo (0.£10.) -1 ¢ =B <1

m=0

The complex parameter ¢ is restricted in the non-unitary approach for
normalizable states to |§ | <1 but can be continued to non-normalizable states

for |§ | >1. In the unitary approach (2) we apply a unitary operator

exp (% a’ —%amj to the vacuum state |0> according to

Arth|§| ¢ w2 _ £ 2 ¢
0,¢)= ep{ (Za Sa |0) =exp S -2a |0). (24)

]
The connection between the two parameters ¢ and ¢’ is given by
Arth((el) e At - <
{=— i =2 [ = AN,
] <] Ié“ [ Il

'Note that the operators S({ ".0,¢ ')sexp[%az—%a”j with complex ¢’ do not form a

group that means the product of two such operators with different parameters is, in general, not an
operator of this type but by a small extension one comes to the SU (1,1) group of squeezing and

rotation operators; see Appendix A.
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1 1
Ellipse positions of squeezed vacuum states with parameters |{] = E Displaced squeezed vacuum states with |{] = E B=50

P P

Quantum phase plane (q,p)

2 5 T2

5k

Figure 1. Position of ellipses of squeezed vacuum states in dependence on the phase of squeezing

parameter ¢ . The drawn squeezing ellipses for |¢ \:% are a contour of equal height of the Wigner

quasiprobability W (g, p). The mean value N of the number operator N depends for the squeezed

2
vacuum states only on the modulus |§| of the squeezing parameter ¢ and is Nzl‘é’\‘cjf and the
. : : 2l -1 —7 8 . .
variance is (AN) :W that means N=§ and (AN) =g in our case. This shows that all
1-¢

squeezed vacuum states possess a super-Poissonian photon statistics. In the second picture we have
shown a displacement of squeezed vacuum states in the quantum phase plane (see from Section 7 on).
The squeezing parameter remains the same under displacements. The circle on the left figure corresponds
to the vacuum state and on the right figure to a coherent state.

(), . _th(<)
(=— g &=t
<7 €'

The parameter ¢’ is stretched in comparison to ¢ and takes on the whole

¢", |¢]=th(i¢). (2.5)

complex plane for normalizable states but ¢ and ¢’ possess the same
directions in the complex plane. It is easy to rewrite the formulae derived in the
following from parameters (g“ Ve *) to parameters (;’ e ’*) using (5), for
example

1 ¢T 1:[¢]

=ch?(|¢]). =sh?(|¢)), =exp(£[¢]). (2:6)

The complex parameter ¢ has often some advantages in comparison to the

complex parameter ¢’ concerning compactness of formulae but sometimes,
e.g., in the dynamics to quadratic Hamiltonians in (a, aT) , the representation
by ¢’ is to prefer and ¢ in literature notations |a,§ > corresponds mostly
toour ¢'.In Appendix A we consider the relations in detail.

The equivalence of the two approaches is given by the following general

disentanglement of the unitary squeezing operator in (almost) normal ordering
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0 {Arth I¢] ( [aN's a_}_zj}
l£] 2 2
=exp(—§ J(l ¢c )( o T)exp[%azj.

The basic relations for squeezing operators between unitary and non-unitary

(2.7)

approach were developed already earlier (e.g., [18]) for the SU (l,l) group and
we collect the most important relations in Appendix A.
From (2.3) follow the probabilities p, to the photon statistics of squeezed

vacuum states
E<n|0f:><0¢|n>
~ 2 (2m-1)1, _om
pim =T AR = e D (8)

Pomit =0

The sum over the p, are normalized according to

> p,=1-Icf sz ,zle“l (2:9)

1
as one affirms from the Taylor series of the function (1 |g“ | ) Only the

probabilities for even n=2m are non-vanishing and the probabilities p,,
a r e
strictly decreasing ( Pomea) < Pam ) for increasing m.

From the commutation relations

exp (—% a j aexp (% a“j
a-§lata] 5[5 To Lot al] e

in connection with a|0):0 follows that the states |0, 4 > are eigenstates of

(2.10)

the operator a+¢a' to the eigenvalue zero
0= exp( s TZja|0) (a+§a*)exp(—%a*2j|0), (2.11)

that means
(a+¢a')[0,£)=0, < a]0,5)=-¢a’(0,¢). (2.12)
In representation by canonical operators (Q, P) this is equivalent to

1+§

(1+£)Q+i(1-¢)P)|0,£)=0, < P[0,£)=i—2Q[0,5). (213)

Thus both the states a|0,§) and a*|0,§> as well as the states Q|0,§>

and P|0, ¢ > are linearly dependent. Furthermore, from (2.12) follows

a'a|0,¢)=-¢a""*[0,¢), a'l0,¢)=-¢a""a’|0,¢). (2.14)
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If one forms the scalar products of these relations by multiplication with

(0,;’ | one obtains the expectation values of a™a and —¢a™ and the

expectation values a' and ~¢a'a’, respectively, with equality relations
between them. By differentiations of (2.3) with respect to ¢ and to ¢ in
connection with (2.14) for k=1 we find

N|0,&)=-¢a™|0,8) = ( 0.¢), (2.15)

o¢ 5é~“j

as a further interesting relation which can also be written as eigenvalue equation
for |0, 4 > to eigenvalue zero.

Another interesting characteristics of a state is its (Hilbert-Schmidt) distance
to the nearest coherent state which in case of squeezed vacuum states |0,§ > is
the vacuum state |0> It may be considered as a measure of nonclassicality of a
state [20] [21] [22]. For this distance one finds (see (5) for ¢ and ¢')

(|o £)(0,¢1.10) o| \/2 (0]0,¢) 0c;|o

= (_ 1 |g / |{;| (2.16)

e gl =l gle )

It depends only on the modulus of ¢ . For strong squeezing |§ | —1 this

distance goes to V2 that is the largest distance for normalized states in Hilbert

space and means orthogonality of the two states (Figure 2).

3. Wave Functions of Squeezed Vacuum States and
Uncertainty Matrix

The wave functions of squeezed vacuum states are the scalar products (q|0, < )
and <p|0,§’ > with the eigenstates |q> and |p> of the operators Q and P.

Their number representations are

- Lol S5t ()

where H, (z) denotes the Hermite polynomials. They are not normalizable as

it is well known and are only normalized by means of the delta function

(ala)=o(a~a). (p[p)=6(p—p),
(alp)- Jjﬂexp(l%j (pla” o

Using the number-state representation (3.3) of squeezed vacuum states we find by

applying the first of the generating functions (3.3) for even Hermite polynomials
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Distance of squeezed vacuum to vacuum state
d(10,4X0,41,10X01)

1.5+
v2r
125 . .
Squeezing parameter ¢, non-unitary approach

1.+
075k dG) = 2(1—\/1_]—“2) ———————————
0.5

025

0.0 0.2 0.4 0.6 0.8 1.0

Distance of squeezed vacuum to vacuum state
d(10,4X0,41,10X01)

1.+ Squeezing parameter ', unitary approach

0.75

0.5

025

. 1 1 1 e
0 2 4 6 8 10

Figure 2. Distance of squeezed vacuum states to vacuum state in dependence on
squeezing parameters ¢ and ¢’ in non-unitary and in unitary approach. The figures

show that for |[{|>1 the parameter |(’| is stretched up to © in comparison to |¢].

The maximal distance of two pure normalized states in Hilbert space is /2 .

(3.3)

From this follows

W (q) =(al0.£){0.¢]a) =

- exp[_ (1—44*)q2) ]

(1-¢)(1-¢")m (1-¢)(1-¢")n
W(p)5<p|o,g><o,;|p>=\/iexp[_i*)pz)], (3.4)

(1+¢)(1+¢7)hm (1+&)(1+¢")n
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with the normalization

["“dqw (q)=["dpw (p)=1. (3.5)

The functions W (q) and W ( p) are the Wigner quasiprobability W (q, p)
integrated over one of the canonical variable p or g. The functions (3.4) remain
invariant by interchanging the squeezing parameter ¢ with its complex
conjugate ¢ <> ¢ " . This shows in an example that, in general, a state (here
|0, ¢ > ) cannot uniquely be reconstructed from W (q) and W ( p) alone.

The functions W (q ) and W ( p) are two normalized Gaussian distribution

with the expectation values

_ = (1-0)(1-¢ = @)1
g-0, P=0, (AQ) :(f—)—irg)g (aP) :%g (3.6)

The product of their uncertainties (AQ)2 and (AP)2 (note inequality
22 +7? <277" for arbitrary complex z=X+iy in contrast to X°+ Yy’ >2xy

for arbitrary real xand y)

o Gt [ Gt L
(1-gy 44

It depends on the phase 4 of the complex squeezing parameter ¢ :|§ |ei"

(AQ)*(aP) (37)

that means on the position of the principal axes of squeezing in comparison to
the axes of the canonical coordinates (q, p) (see Figure 1). In contrast, the

sum of the uncertainties

1+¢¢”
(3Q) +(aP) =T 68
1-¢¢
does not depend on the phase of the squeezing parameter ¢ . For real squeezing

parameter ¢ =¢  we find for the uncertainties

2 1-Ch 2 1+4h .

AQ) =——, (AP) =—FZ=—, =¢ ), 3.9

(00f =153, (aPF 150 (e=¢) 69)
2

and their product is equal to T the minimal possible one. The principal axes

of the squeezing ellipses are then in direction of the coordinate axes (q, p) (see
Figure 1). Clearly, it is not satisfying to consider squeezed vacuum states |0, ¢ >
with real ¢ as minimum uncertainty states and such with complex ¢ which
are only rotated in the phase plane (Figure 1), in general, not as minimum

uncertainty states. The satisfying solution of this problem is to consider in

addition the uncertainty correlation %AQAP +APAQ [23] [24].

. . 17—~ . .
The uncertainty correlation EQP+ PQ arises in a natural way as non-

diagonal elements of the (symmetrical) uncertainty matrix S if we consider the
cumulant expansion of the Wigner quasiprobability W (q, p) or the
corresponding expansion of its Fourier transform W (u,v) [24]
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(AQ)* %AQAP +APAQ
S=
%AQAP +APAQ (APY?
PV U AT )2 A Aa _(Aat)?
) AaAa' + Aa Aa+((Aa) +(Aa ) j |((Aa) (Aa ) j "
i ((Aa)2 —(Aa*)zj AaAa’ + AaTAa—((Aa)2 + (AaT )zj 2
(3.10)

It is also called variance matrix [23] and is related to the covariance matrix [10]
(3.p. 61). The trace of the uncertainty matrix S denoted by (S)

(8)=(4Q)" +(aAP)’ =(saAa" +Aa'a (3.11)

is the uncertainty sum and the determinant of the matrix S denoted by [S] is

essentially the uncertainty product but modified by the uncertainty correlations

PURCYINRY — 2
[S]=(AQ) (AP)® —%(AQAP +APAQ)
- (3.12)
VYV VI 2 2|\ n® _n’
- {(AaAaT + Aa*Aa) —4(na)’ (Aa'") }T >
The chain of inequalities which generalizes the basic uncertainty relation of

quantum mechanics is ([18] [24])

g&/ﬁﬁw/@w <(s). (3.13)

Both quantities <S> and [S] are invariant with respect to rotations and
displacement of the states in the quantum phase plane and (S) is additionally
invariant with respect to squeezing [24].

For squeezed vacuum states |0,§ > we find wusing their number
representation (2.2)

%(AQAP+APAQ) :—i[(Aa)z —(Aa*)zjﬁ:i i
2 1-¢¢

and therefore for the modified uncertainty product [S] in (3.12) using the

h (3.14
2’ 14)

explicit expressions (3.7) and (3.14)
hZ
S[=—. 3.15
[s]=" 615

This modified uncertainty product for squeezed vacuum states does no more
depend on the position of the principal axes of squeezing ellipses in phase plane
of canonical coordinates (q, p) shown in Figure 1. It is the minimum possible
one characterizing the states as minimum uncertainty states in this generalized
sense.

By a rotation of the canonical coordinates (q, p) to new canonical
coordinates (q’,p’) one may bring them in the position of the principal axes of

the squeezing ellipses and since this is fully obvious we do not give the explicit
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transformation relations. However, this suggests that it is better not to exclude
squeezed vacuum states with arbitrary positions of the squeezing ellipses from

the minimum uncertainty states.

4. Bargmann Representation and Quasiprobabilities for
Squeezed Vacuum States

The Bargmann representation of a state is a representation by an analytic
function which, in particular, leads immediately to the Husimi-Kano
quasiprobability Q(a,a*) [25] (chap. 7) and [26]. For this purpose we

calculate the scalar product of a state with the analytic (but non-normalized)

coherent states || a) = exp(%)a) => with arbitrary complex «.

»
n:O\/m|n>
For the squeezed vacuum state |O,g’ ) this provides its Bargmann
representations

exp[ . j(o ¢la)=(1-¢ )ii(z—ml)m g2

m=0 m

NN C Y

:(1—§§*)‘l‘exp(—% 2] {eXp[ ]( o, 4)}

From this one obtains the Husimi-Kano quasiprobability Q(a,a*) for
density operator p = | 0, §'> (O, §|

Q(a,a*) = <a|0,§><0,§|a> = 1-¢ exp{—[aa* +é’—*052 +£a*2J},
247 42

T n
j%daAda*Q(a,a*) =1.

In representation by real canonical variables (0, p) this is

Q(q.p)=@exp{ h[( §+§]q +( ¢+ g]P ~i(¢ - é’)j }

2hm

[daAdpQ(a,p) =
(4.3)

There are different possibilities to calculate the Wigner quasprobability [27]
[28]. In most convenient way the Wigner quasiprobability W(a,a*) of an
arbitrary squeezed state can be calculated from the Wigner quasiprobability
W, (a,a*) of the corresponding non-squeezed state using the relation (4.9) of
Appendix B. The parameters for our non-unitary approach (4.4) are derived in
(4.18) where we have to set &=¢" and have

W a+§a a +d4 a] (4.4)
( ) {\/1 e \/1 44

Taking into account the well-known Wigner quasiprobability for the vacuum

state
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Wo(a,a*)ziexp(—Zaa*), (p=[0)(0]). (4.5)
we obtain
W(a,a*):gexp{—Z(OHga )(a*+§ a)}
T 1-¢¢
* * * 2 * ) (4.6)
E p{—2(1+§§ )aa +g:a +éa } IldaAdaW(a,a*)zl.
n 1-¢¢ 2
In representation by the real canonical variables (q, p)
W (g, p)
N (@)t +(1-¢)(1-¢7) PP -i(¢ ¢ )2ap
" P (1-¢¢7)n
N ) (4.7)
1| (@oaria-g)p)(pe)a-ii-¢)p)
" P (1-¢¢7)n ’

jdq A~dpW (g, p) =1.

Another often easy way to calculate the Wigner quasiprobability W (a, a*) is
to make first the normal ordering of the operator involved in the representation
(4.1) that leads to [22]

« 0 0 «
W{me >:<"eXp("°‘£‘a* aa*J>5(“'“ )
_ 0 0 1@ .
_<pexp( a 6O(,kjexp( a—aaj>exp[28aaa*J5(a,a) (4.8)
0 0\ 2 .
=<pexp(—af aa*jexp(—a£)>;exp(—2aa )

For example, one obtains then immediately from it the already used Wigner

quasiprobability for the vacuum state (4.5) since the application of the operator

0 0
exp[—a—j to the state |0> and of exp[—a* *j from the right to <0|
oa oa

reproduces them. In the real representation one may use the following
equivalent definitions where the first corresponds to the definition given by
Wigner [27] [28] for pure states (written here with density operator p and

with Dirac’s notations for states)

1 +00 .2
W (a, p):%Lﬂdx(q—x|p|q+x)exp[|%j
(4.9)
_i +00 _ .E
_hnL” dy(p+y|plp y)exp(| . J

We checked (4.7) by these formulae using the wave functions (q|0,§ > and
<p|0,§'> derived in (3.3).
Without presenting its detailed calculation let us give the more general

DOI: 10.4236/apm.2017.712044 716 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2017.712044

A. Wiinsche

quasiprobabilities Fr(a,a*) with the parameter r and defined by [29] (*
means convolution)

2

F ()= exp(zajaa ]w(a,a*)

) o (4.10)
aa .
= exp| — *Wia,a ),
ol wlae)
Our result for the squeezed vacuum states |0, 4 > is
o 1 1-¢¢
Fr(a,a ):— I 5 5
T (mj _(Hj é’é’*
2 2
* (4.11)

I+r 1-r .. & L
-t +2-a+=
( > ¢ jaa 5 a Za

NEEEE

For r=0 one obtains the Wigner quasiprobability W(a,a*), for r=+1

x eXp< —

the Husimi-Kano quasiprobability Q(a,a*) and for r=-1 the Glauber-
Sudarshan quasiprobability P(a,a*). The Glauber-Sudarshan quasiprobability
P(a,a*) for squeezed vacuum states is a singular generalized function and
makes for ¢ =0 the transition to the delta function & (a,a*) . The
representation of (4.10) by real canonical variables (q, p) is easily to make.
Furthermore, with some calculation one may bring all quasiprobabilities in
representation by real variable to principal axes form that, however, we do not

demonstrate here.

5. Expectation Values of Powers of Number Operator and
Related Ordered Operators for Squeezed Vacuum States

We now calculate expectation values for the squeezed vacuum states. In
particular interesting are the expectation values of ordered powers of the
annihilation and creation operators (a, aT). We begin with the special
expectation values a“‘a“ since from these expectation values one may calculate
the expectation values N' of the number operator N.

Using the number representation (2.3) of the squeezed vacuum states |0,§ >

we proceed quickly for the expectation values a™a* which depend only on
|§ | =./¢¢"  to the following intermediate result

Tk 5k
2" = (0.¢[a"a" [0.¢) = JiICT zzmm,z T

=41 |§| |§| a|é,|k z 22mm|2 |§| (5.1)
=\1-leFlel — =
6|§ -k —|
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where we used that the last sum on the right-hand side is the Taylor series of

(1 |§ | ) This result can be expressed by the Ultraspherical polynomials

PIE“"’) (u) as special case o =p of the Jacobi polynomials Prsa'ﬁ) (u) (eg. [30]

[31]) in two essentially different ways. We represent this in a slightly more
general form as needed here in Appendix C. The result specialized for (5.1) is

ol k{ 2l¢] ] d 1)

1-I¢f
k (5.2)
ERRES

B-lef ) e )

where Pn(u)zPrEO'O)(u) are the Legendre polynomials as special case of the

=kl —

Jacobi polynomials P{**) (u) . More explicitly this provides

W

g j| iz )

2(1-¢f

Remarkable in these transformations is that we could split an essential factor

aTkak =k!

[%J multiplied by a polynomial in comparison to the infinite sums in
1-¢

(5.1).

The expectation values of symmetrically ordered power operators Sia { va k}

are connected with a'*a" by (see, e.g., Equation (7.6) in [22])

R Kk k|2 1 _
{ Tk k} z (E) a.w‘k—lak—l. (5'4)

S(k-1)P

Inserting for @ ""a"~ the result (5.3) one may transform the arising double

sum by reordering to

- 2
gl k! k!
S{ } (2(1_|§|2))k§j!2(k—2j

)!|é,|2j (1+|§|2)k—2j
(5.5)

T ) e

The transition from the first line to the second line is possible after Taylor

k-2
series expansion of (1+ |§ |2) and applying then Vandermonde’s convolution

identity which provides a particularly interesting representation with the
squared binomial coefficients involved. One may also directly make the
transition to representations of the result by the Jacobi polynomials and by its
special case of Legendre polynomials using their explicit representations and

transformation formulae as follows
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2
S e[ :(z(l-k|;|z))k A -2 )

=k! e Pé”’””[l—iz].
2(1-1¢T’) <]

In Appendix E we give some first members of the explicit representation of

(5.6)

the sequence S {a”‘ak} .

The expectation values N of powers of the number operator can be

calculated from the expectation values a'™a* by the relation
_ k [
N¥=3"s(k,I)a"a, (5.7)
=0
where S(k,l) denotes the Stirling numbers of second kind. We could not find

up to now a closed representation of the coefficients in front of powers of |§ |2

K —
in the polynomial in the numerator over the denominator (l—|§ |2) in N¥

and we give explicit results in Appendix Eupto k=5.

From the calculated expectation values we find in first order

— ¢’

ala=N=

1-|¢[*

Ll gLt
S{a'aj = =N+, 8
{a'a} ZGﬂﬂﬂ +2 (5.8)

and in second order (see also Appendix E for more and higher-order

expectation values)

2 142 2 . 2 2 2
a“azzm(Jr—Ji')zr\T(mu), szm ( +|fl ):N(sN 2)

(-1T) (2-1T)
2 4

sfaa) =2 g ). L (5.9)

2(1-F) i
From this follows for squeezed vacuum states using |é’ |2 = NN+1 <1

- 2

(ANY =N2-(N) = 2e] 7=2N(N+1), (5.10)
(21T

that means the number uncertainty for squeezed vacuum states is larger than,

for example, for coherent states ( (AN )2 =N ) and furthermore

S — 1 R I
amaZ_(waf::Llj__gL):(AN)Z—N::N(2N+1)
(11T’
2 4
S{aTzaz}—(S{a*a )2:%:%+2N(N_+1)2%. (5.11)
4(1—|§| )
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—\2
This shows that sub-Poissonian statistics a'?a® —(aTa) <0 does not exist

2
for squeezed vacuum states and that S{afza }—(S{aTa}) 2% satisfies the

general inequality for this quantity [22].

6. Further Expectation Values for Squeezed Vacuum States

In this Section we calculate more general expectation values for the squeezed

vacuum states of the form a™a' =a™a“ than in the preceding Section. They

are only non-vanishing if the difference k—1 is an even number 2m. This
follows from symmetry considerations of the squeezed vacuum states or from
their number-state representation which contains only even number states

|2m) Therefore, we now calculate separately the expectation values a'*a?

and a'"a”" . They depend on ¢ and ¢ separately and, therefore, we use

here the pair of variables (;’ N *) for the representation of the results.

For a'*a” using (2.2) and doubling relations for the Gamma function

applied to (ZX)! we arrive at the intermediate result

aa? =(0,¢[a™*a? [0,¢)

. 1 . 1
1—4/5;* K+l xg |w(1+k_2)!(J+l_2)! *\ 1
- 2) D) o) 6D
(D)
2

By comparison of this expression with explicit expressions for the Hyper-
geometric function ,F (a, 87, Z) we see that this is a polynomial case with the
Jacobi polynomials Prga’ﬂ )(u) involved. The main polynomial case of the
Hypergeometric function is

KIG =D iy
ZFl(_n'ﬁ;%Z):(nf_};/_f)!Prgy v )(1_22)

=Hznpg-ﬂ—n,ﬂ—y—ﬂ) [1_§J (6.2)

=,R(B-nrz),

and the other possible polynomial case is ( see [32] Section 5 there)

— Iyl n
z" zFl(—g,—nTl;a +1;—Zi2j =i(\/l+ it ) Pé“'“{

(n+a)!

z
ne) ¢

By transformation relations of the Hypergeometric function, in general, and

in possible special cases we find the relation between the Jacobi polynomials

(1-2) Pl (1*—3 = Pl (1 97), (6.4)

and in special case if one of the upper indices is an integer
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n! (ij pm1) () = (i] PO (1), (6.5)

(n+p8)Nu-1 (m+p)u-1
Together with the more trivial relation
P (u) = (=2)" P (~u), (6.6)

this provides many possibilities to represent our final results.
Our final result admits the following two equivalent representations showing

some symmetry with respect to interchanging k <> |

k!(l —1j! o a )
W:(_Z)m 2) ¢°¢ Pk[_z’l_kj[l-i- ¢¢ j
(_1} (1-¢¢7) 1-¢¢
g (6.7)
"("‘1)' 1
: ’ —= k-1
(2" 2) ¢ ](1+ gg*],
Y
or alternatively
k'(l _1j| o 1
alzkg? _( 2)k+| 2 4 C{ - Pk(7§7 7|75] (1 Zéféf*)
( 1). (1-¢¢)
2 (6.8)
|!( —1] e (1
Y AT M
(—1j! (1-¢¢)
2
In case of the expectation values a'>"a’*" the analogous intermediate result

to (6.1) is

. 0N, , 1
et |18k okt o |°°(J+k_2j!(1+l_2)! o)
a#+ig? = T(—1) ety (7). (69)

= (j—;j!(j—l)!

Using the relation to the Hypergeometric function and the Jacobi polynomials

from this follows in analogy to (6.7)

kl(|+1jl *k+1 141 1 *
agit (gt L 2) ¢ P(zv'kl(w;j
(1) (- )t -

2

[3)

MK+=1' i 1 «

_ (_2)k+l 2) ¢7°¢C Pl[?k_l} (14' g@:}
R

or, alternatively, in analogy to (6.8)

(6.10)
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k I(I + 1)' *K+1 e+l (l,k,Fg]
af2kig2 _ (_2)k+l : 2 ¢ §k+l+l P, 2’ 2 ( _ *)
U! (1-¢¢)
2 (6.11)

I!(k+lj! el o141 (l_k_|-§
(-2)" 2) ¢ pa

j1—2 ).
oG P (1-2¢¢7)

We checked the special cases k=1 in comparison with the representation
(5.2) by the Legendre polynomials. We checked too that the right-hand sides of

this formula gives for all the four different representations the same result.

There is yet an interesting mathematical aspect. In (5.2) Section 5 we
calculated the expectation values a'™a' in the special case k=1 by formulae
which involve Jacobi polynomials (or their special case Legendre polynomials)
without distinction of even and odd & whereas in present Section we calculated

the more general cases k=1 and had to distinguish the cases of even & and /

and of odd &k and / and in the specialization k =1 there are involved Jacobi
polynomials which are different from that for k=1 and it is not possible (or
simple) to join these polynomials for k=1 to one common formula. The

manifold of different transformation relations for Jacobi polynomials is very
astonishing (see Appendix C and [27]).

As alternative to the calculation of expectation values by the number
representation of squeezed vacuum states one may calculate them from the
quasiprobabilities that, however, is also not very simple. With the Wigner
quasiprobability W (a,a*) one may calculate basically the expectation values
of symmetrically (Weyl) ordered operators, for example, by integration over the

" 1 1
function aa for the expectation value of the operator E(aaT + aTa) =N +§I .

With the Husimi-Kano quasiprobability Q(a,a*) one may calculate basically
the expectation values of anti-normally operators which one has then to
transform to the more interesting expectation values of normally ordered
operators. The expectation values of a™ and of a' can be calculated with an

arbitrary quasiprobability with the parameter r considered in Section 4.

7. Displaced Squeezed Vacuum States or Squeezed Coherent
States in Non-Unitary Approach

As a generalization of squeezed vacuum states we derive here shortly their
representation in the basis of number state and discuss a very interesting aspect.
It is difficult to deal with squeezing in full generality and one may find in
literature many approaches which are special ones (squeezing only in directions
of coordinate axes (q,p)) or with absent calculation of basic functions
connected with them.

We define displaced squeezed vacuum states in the non-unitary approach by

applying the displacement operator D(ﬁ, ﬁ*) to squeezed vacuum states
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|O, é’) according to

8.¢)=D(B.5)0.¢)=D(8.57)s(¢".0.¢")|0),
, ey A(C]) (7.1)
(é/,é’ )_ |§| (414/ ),

where S(cf ”,0,¢ ’) is the squeezing operator in unitary approach. We may
change the order of operations of displacement and squeezing where the
squeezing operator remains the stable part and the displacement operator has to
be change. The basic relations for this provides the fundamental representation
(A.7) setting there =0 and substituting ¢ — —¢’

(s(¢".0.¢)) (aa)s(¢"0.¢)
=5(~¢".0¢")(aa')(s(~¢".0.¢")) (7.2)

1 e

-l e

VI

V-l el

These transformations of (a, aT) after transition to the Hermitean basis of

operators (Q, P) are very similar to Special Lorentz transformations of (X, Ct)
with X one space coordinate and ¢ the time and this is not incidental since it is

for real parameter ¢ the same one-parameter Lie group. From (7.2) follows
(s(¢7.0.¢")) DEB.AIS(¢7.0.¢)
- (s(g’*,o,g’))T exp(Ba’ - p"a)s(¢",0,¢")

=exp| S a —da_ *a ¢a’ J (7.3)

N
B+B at ﬂ+§ﬂ]

-l el

{ﬂﬂfﬂ B +-§ﬂ}
Jlel leP

Applied to (7.1) we find (see also Schleich [13], p. 125)

=exp

18.6)=D(B.5°)]0.£)=D(8.5)s(¢".0.")|0)
=s(¢".0.¢") {ﬂl;ff ﬂ%li“ﬂ} (7.4)

B+B ﬂ*ﬂf*ﬂJ

=5(¢7,0,¢")|A.0), (ﬂ"/”’*){m’m '
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as alternative representation of squeezed vacuum states. This means that we
make first a displacement of the vacuum state |0> to a coherent state | ﬂ',O)
with the changed displacement parameter S’ and after this the squeezing of
the coherent state with the same squeezing operator S (é’ ”,0,¢ ’) as in the first
variant. Therefore, displaced squeezed vacuum states are fully equivalent to
squeezed coherent states with the changed displacement parameters as seen
from (7.1) and (7.4). For £ =0 one obtains from |ﬂ,§> the coherent states

and for B=0 the squeezed vacuum states
15.0)=D(5.5)0,0)=| ).
0,£)=5(¢",0,¢)|0,0), |0,0)=|0).

The squeezing operator is the stable part in these two alternative

(7.5)

representations. Figure 3 shows schematically the displacement of squeezed
vacuum states under fixed complex squeezing parameters ¢ in different
directions of the complex phase plane described by the complex parameter A
(| ﬂ| =const in the four particular pictures).

In generalization of the well-known eigenvalue equation of coherent states
| ,B,0>E| /3) the displaced squeezed vacuum states | p.¢ > are right-hand
eigenstates of the operator a+¢a' to eigenvalues S+¢f  according to

(a+¢a")|B.¢)=(B+¢B)|B.S)- (7.6)

This follows from the relation
(a+¢a')exp(pa’ - a)|0,¢)
:exp(ﬁa*—ﬁ*a)(a+ﬂ| +§(a*+ﬂ*l))|0,§) (7.7)
=(B+¢B )exp(pa’ - pa)[0,¢),

using that |0, ¢ > are right-hand eigenstates of a+¢a' to eigenvalue zero (see
(2.12)).

We now derive the number representation of displaced squeezed vacuum
states. Using the normally order form (2.7) of the squeezing operator and the

following normally ordered form of the displacement operator
D(ﬂ,ﬂ*)=exp( 2 jexp(ﬂaT)exp( -pa), (7.8)

from the definition (7.1) follows

|15.€)
=exp[ 728 j(l & )4exp(ﬁa Jexp(- ﬂa)exp( éVa*2]|0)

=(1-¢¢" ) exp( s Jexp(ﬁa )exp(—%(aT—ﬂ*l)zjexp(—ﬁ*aﬂo) (7.9)
=(1-¢¢7) exp( 722 5’8 Jexp((ﬂJr;ﬂ*)aT—%a“jm).
DOI: 10.4236/apm.2017.712044 724 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2017.712044

A. Wiinsche

Squeezing ellipses to different displacements, { = + |{] Squeezing ellipses to different displacements, { = + i |{]
p p

s

Squeezing ellipses to different displacements, { = - i ||

Figure 3. Squeezing ellipses in relation to the displacement parameter of squeezed coherent states (schematically). The mean value
‘I\T‘ of the number operator N depends for squeezed coherent states only on the modulus [¢| of the squeezing parameter ¢ left
constant here and on the modulus || of the complex displacement parameter B and, therefore, is the same on the shown
circles in all four partial figures. The case of squeezing in direction of the displacement parameter S is also called “amplitude
squeezing” (in g¢-direction in first figure) and in opposite direction to the displacement parameter B “phase squeezing” (in

p-direction in first figure).

If we now apply the generating function (D.1) for Hermite polynomials to the
factor in front of |0> we obtain the following form of the representation of

displaced squeezed vacuum states

i [ BF B[N L) (BB
|8.£)=(1-¢¢") exp( > Jzon{ ; aj Hn[—\/z J|0),(7.10)
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and using the generation of number states |n) from the vacuum state |0> (see

(2.1)) one finds the final form of the number-state representation’

|B.¢)= (1_45*)% eXp[_WJgﬁ[gJ H, {%} n).(7.11)

M, H2m+l(0) =0

one obtains the number representation (2.3) of squeezed vacuum states |0,§ >

It is easy to see that for f=0 using H,, (0):

. 1
and for ¢ =0 using IImeTHn(Z)zl the number representation of
z

coherent states | ﬂ) .

From (7.10) one finds the probabilities p, of the photon statistics

P =(n| £.£){B.< M)

e exp(_ 208"+ & P +§ﬁ*2j 1 {J? J 12

2 nt{ 2

H (ﬂ%ﬂ*jH BB
n \/z n \/E

By means of the generating function (D.2) for products of two Hermite

polynomials it can be affirmed that the states |3,¢) are normalized and that
the probabilities p, satisfy the necessary relation

>p, =1 (7.13)

In contrast to the photon distributions of coherent states |S)=|/,0) which
depends only on | ,B|2 =B and of squeezed vacuum states |0,¢) which
depends only on |4’|2 =¢¢" <1 the photon distribution (7.12) depends in
addition to the moduli also on the phases of ¢ and g in the complex plane.

The nearest coherent state to the state |f,¢) is the state |f) and for this
distance d(|8,£){(B.<].|B)(B|) one obtains the same value as on the
right-hand side of (2.16). This means that it does not depend on f.

8. Wave Functions of Displaced Squeezed Vacuum States or
Squeezed Coherent States

As important characteristics of the displaced squeezed vacuum states | B.¢ ) we
now calculate their wave functions (q|g,¢) and (p|B,¢) in the eigenstates
|g) and |p) of the canonical operators Q and 2 (in the usual standardizations

(ala’)y=s(a-q'), jf:dq|q)(q|=l and similar for |p)). From the number

representation (7.11) of the states and the well-known number representation of

|q) and |p) follows as the first step in the calculation

’In both parts with /2 one has to choose the same sign of the root but which sign does not mat-

ter.
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Lo )™ e
(1@ [ BB+
(plﬂ.é“)—[ < ]exp{ LA
. (8.1)
) (L)H pep
e 2"l n \/% n \/E .

The infinite sums can be calculated in closed form using the generating
function (D.2) for the product of two Hermite polynomials. We represent the
result by the mean values (55<ﬂ,§|Q|,B,§> and P=(B,J|P|B.¢) of the
canonical operators Q and P. For squeezed vacuum states |O, < ) these mean
values vanish already due to the symmetry and for the displaced squeezed
vacuum states they are simply connected with the complex displacement

parameter ( 5, ﬁ*) according to

6:\/?(/%/?*), 5=—i\/§(ﬂ—ﬁ*). (8.2)

With these parameters the result of the evaluation of the sums in (8.1) can be

represented in the form

(al2.€)

1—4“5*% 1 P(29-Q) (1+¢)(a-Q)
:[ hin J\/l——gexp[' oh JeXp 2= [
{pl£.€)
(1@} 1 Q(2p-P) 1-¢)(p-P)| 63
_[ i j\/1+§exp BT A I T EvS TR

One may make cross checks of these relations using the pair of Fourier

transformations

(plﬁ,§>=ﬁjf:dqexp(—i%)(qlﬂ,§>,

(8.4)
(o.) == a0exs 12 (pl.0)

From (8.3) one finds the Gaussian distributions
W (a)=(a[£.¢)(5.¢|a)
I IS R Sl )
(1-¢)(1-¢")hm (1-¢9)(1-¢7)
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W (p)=(p|B.¢)(B.¢|p)
:J__j;éé;__ex - (p-Pf| )

(1+&)(1+¢7)hm P (1+&)(1+¢7)  n

with the normalization
[daw (a)=""dpw (p)=1. (8.6)

The functions W (q) and W (p) are equal to the Wigner quasiprobability
W (g, p) integrated over one of the canonical variables p or g and nothing
speaks as known against an interpretation of genuine one-dimensional
probability densities. They remain invariant with interchanging ¢ <> ¢” and
the states are not uniquely reconstructible from W (q) and W (p) alone. In
our case of (8.5) they are one-dimensional normalized Gaussian distributions

around Q and P, respectively, with the variances of Q and P

2 1_5 1_4’*

(AQ) :(1)#2
-¢¢ 2 87)

PY :—(1+§)(1+*; )ﬁ,

1-¢¢ 2

The uncertainty product (see also (3.7))
——— (=) 1-¢P) 2 2

(s oy - 2 o (5.3)

(1_4«;*)2 4 4’

is only for real squeezing parameter ¢ but not for complex ¢ the minimal
possible one.

In case of real squeezing parameter ¢ =¢” one obtains from (8.3)

(alp.¢)= ; 1exp[i§(22h_6)]e><p —(f(;f))z
[2 (AQ)an4

Q(2p-P ~pY
(p|,8,g“)= 1 1exp{—iQ( p )Jexp _H , (8.9)
— 2h 4(AP)
[2 (AP) nj
with the variances of Qand P
(AOV_l¢h g l+ch S oow B
(2Q) 17 (AP) =r7 (AQ)" (aP)" =, (¢=¢7), 8.10)

As already explained in Section 3 only in case of real ¢ =¢" the squeezing
axes coincide with the axes of (g, p) and the uncertainty product becomes the
minimal one but taking into account the uncertainty correlation the Gaussian
states with other positions of the squeezing axes can be included into the

minimum uncertainty states (see Section 3).
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By differentiation of relations (8.9) with respect to variables gand p follows

_i i.,. q s = - ih y
" o 280) (a|p.¢)=(al P Z(AQ)ZQ 1£.€)
P gi.2),
2(AQ)
in| <+ P O=(pllQr—"_p|p¢
P 2AP) (plAc)=( 2(AQY’ 4] .10
|G+ lip| 5.2,
2(AP)

where we used (q| P =—ih%<q| and <p|Q = ih%(m . The normalization of

.P
the states in (8.10) and the pure phase factors exp(il 2—2} do not follow from

the differential equations (8.11) and must be determined where the mentioned
phase factors must be present to get full agreement with the usual definitions of
the phases of the states |q) and |p).

Pauli in his hand-book article [2] (pp. 20, 21) derives the first of the
differential equations (8.11), however, with the right-hand side equal to zero that
means he does not take into account the possible displacements Q and P
that corresponds to squeezed vacuum states (displaced squeezed vacuum states
were not known or discussed at that time but Schrédinger considered already
coherent states although not under this name in [1]). More general and complete
are the derivations in the monographs of Louisell [3] (p. 50, Equation (1.12.23))
and of Leonhardt [14] (p. 32, Equation (2.85)). The derivations of Pauli are the
usual ones in the theory of elements (states) and operators in a Hilbert space
known already at that time. Starting from the axiom of positive definiteness of
the norm (square root of scalar product of an element with itself) of non-zero
elements they consider the superpositions of two arbitrary states and from their
norms they derive first the Cauchy-Bunyakovski-Schwarz inequality and second
from the vanishing of the superpositions of the two states that they have to be
linearly dependent [33]. In the derivations of uncertainty relations this is applied
to two states which are generated from one state |y/) by applying two different
operators to this one state (here of Q—Ql and P — Pl ). For the minimum of
the norm (equal to zero) this superposition has to be linearly dependent as seen
in (8.11). This leads then to the superposition of the two states (Q -Ql )|ﬂ, g’)
and (P—I3I)|ﬁ,§> (see also (2.13)) with real ¢ and A in which Pauli in
foresight of the result introduced (AQ)2 instead of a more indifferent real
parameter A . Thus the result is connected with the basic assumption that all
states in quantum optics may be considered as states with positive norm in a

Hilbert space.
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The displaced squeezed vacuum states or squeezed coherent states | B.< ) are
the most general pure states with Gaussian distributions.

9. Bargmann Representation and Wigner Quasiprobability
for Displaced Squeezed Vacuum States

The Bargmann representation of states is the representation by an analytic

function of o obtain by forming the scalar product of the state with the

analytic but non-normalized coherent state ||a> = |0> (see Section 4).

n=( O\/_
From the number representation of displaced squeezed vacuum states (7.11)

using the generating function for Hermite polynomials (9.1) we find

*

oo 2 0.cle) (10" oS - |

[exp[ J( |0 GV)]* 9.1)

The Bargmann representation of a state contains the full information about
the state. From (9.1) one finds the Husimi-Kano quasiprobability

Q)= {812ENP )

717

1

:ﬁexp{_[(a_ﬂ)(“* _ﬂ*)+%(a—ﬂ)2 +%(a* —ﬂ*)zj}’ (9.2)
I%daAda*Q(a,a*)zl_

This is the corresponding Husimi-Kano quasiprobability (4.2) for squeezed
vacuum states with argument displacement.

In Appendix B it is shown by a very simple transformation that the Wigner
quasiprobability W (a,a*) of a displaced state can be obtained from Wigner
quasiprobability W, (a, a*) of the corresponding undisplaced state by a simple
argument displacement (a,a*) —>(a— B.a /)’*). This is also true for other
quasiprobabilities such as for example the Husimi-Kano quasiprobability
Q (a, a*) as we saw and for the Glauber-Sudarshan quasiprobability P(a, a*) .
In this way one obtains from (4.6) for the Wigner quasiprobability of displaced

squeezed vacuum states

W(“’“*)Zzexp _2(0:—/;’+§(a 7 ))(“*_ﬁ +(a-p)) :
" e 9.3)

j%daAda*\N (a,a*)zl.

As discussed in Section 7 as alternative we may first make a displacement of

the vacuum state to a coherent state with the displacement parameter
[ﬂ%’ﬂ* gep
-6 -g

] that provides the Wigner quasiprobability
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W (v}~ 2oxp Z[MJ(MJ e

n J-¢ N
If we now make the squeezing of coherent state with the same squeezing
operator as in the other variant (see (7.4)) we have to transform the arguments
a+la o +¢a
=& =g

obtain again the Wigner quasiprobability (9.3) that affirms the inter-

in (9.4) according to (a,af)—)[ ] (see also (4.4)) and we

changeability of squeezing and displacement according to (7.4).

The Wigner quasiprobability for displaced squeezed vacuum states in the
representation by canonical variables (g, p) can be obtained from (4.7) by the
following substitution of the canonical variables (q, p)

.. (Q+iP Q-iP P
q.p)—>(g-Q,p-P).(a,a z[ B.B ,(a =a ).(9.5)
(6.9) > ) (@8)=| o |7 (BF)

We do not write down this. In analogous way we may find the other
quasiprobabilities in the representation by canonical variables.

The given quasiprobabilities can be used for the calculation of expectation

values for displaced squeezed vacuum states or squeezed coherent states but in

next Section we present an alternative for such calculations.

10. Calculation of Expectation Values for Displaced States
from the Expectation Values of the Undisplaced States

An alternative for the calculation of expectation values of ordered powers of the
annihilation and creation operator for displaced states from that for the
undisplaced states is the following possibility presented here for normal ordering.
Using the unitary displacement operator D( B, ﬂ*) one finds applied to

displaced squeezed vacuum states
(a™a) =(p.cla"a|p.c)
=(0.¢|(D(s. B") a™a'D(5.8)[0.¢) (10.1)
=(0.£](a"+41)'(D(5.5°)) B(8.5 )(@+p1)|0.)

that after Taylor series expansion of the binomials can be written

), Sk

|0]0

)J.(| )ﬂ pi(aa) (102)

where index 0 at expectation values means the expectation values before the

displacement and with index p after the displacement with the complex

parameter f3.

For squeezed vacuum states the expectation values (a”‘a‘) are only non-
0

vanishing if the difference |k —1| is an even number. Taking this into account
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we find for displaced squeezed vacuum states the expectation values of the

operators a and a'

@), =(0),=4. (&), =7 (1),=4" 103)
and for the expectation values of the operators a® and a'?

E) =¥)+ 2(1) =- §*+ 2

(@), (&), 2 (D ==+

(F)ﬂ = (E)O +47(1), = —1_4;4* +p%. (10.4)

Next we calculate expectation values of operators which are important for the

photon statistics. The expectation value of the number operator N =a'a
depends only on the squared moduli |§|ZE§§* and |ﬂ|25ﬂﬂ* of the
complex ¢ and S and we find
(N) :(E) :(E) + 5 (T) :§—§*+ﬂﬂ*=ﬁ+|ﬁ|2 (10.5)
s , 0 0o 1-¢¢ 1-|¢f’

For the discussion of sub- and super-Poissonian statistics of displaced
squeezed vacuum states we need in addition the expectation value of the
operator a'’a’. It does not only depend on the moduli of ¢ and g but also
on their phases and from (10.2) we find

(W)/i - (W)O L 4B (ﬁ)o () (1), + (?)O LB (?)

0

& (1r2ggt) e o
= 4 ™~ .
oy i “(#7) (10:6)
2 & e ¢
rra v

The expectation values for the squeezed vacuum states can be taken from
Appendix E where they are collected. From this follows for the expectation
value of the operator N? =a'a’+a'a

—\ ¢ (2+¢¢ ~1+3¢¢” 2

(v°) :(—*z) T -

B (1_§§ ) 1-¢¢

i ——p7 3 (10.

+pp o o

7)

and for the variance of the number operator
— _ .
AN ) :(NZ) ~(N
((an)7) =(W¥), (W),
2¢¢”

_ A+
(1—;4*)2+ﬂﬂ 1-¢¢ 7 1-¢¢ 1-¢¢

e (BB

(1) 1-¢¢”

*

ﬂZ g _ _ﬂ*Z g (108)

*
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Finally we calculate the expectation value which plays a role for the definition

of sub- and super-Poissonian statistics by its sign

(@), -(a7a) =((an)7) -(¥),

B
R ) P S S s (109)
(t-z) e e e
) e ) )
(-¢¢) e

The expectation values (10.6)-(10.9) depend not only on the moduli of g
and ¢ but also on their phases € and €. For comparison with (10.9) one
finds for the corresponding symmetrically (Weyl) ordered quantity

(S{a“az})ﬁ —(S{a*a})

2

Vi
() ()
2 +(ﬁ—4ﬁ*)(ﬁ*—c*ﬁ)+3>3
(-) 1-¢¢ 44

This quantity is greater than or equal to 1/4 in every case but depends also
on the phases of # and ¢ .

11. Sub- and Super-Poissonian Photon Statistics for
Displaced Squeezed Vacuum States or Squeezed
Coherent States

The sign of the quantity (10.9) was taken by Mandel to define of sub- and
super-Poissonian statistics as follows [11]

- -2 — _
a'2a? —(a*a) =(AN )2 —N <0, (sub-Poissonian),

R -2 —
a'a? —(a*a) =(AN )2 —N >0, (super-Poissonian). (11.1)

We now investigate the photon statistics of this quantity for displaced
squeezed vacuum states starting from (10.9). First we denote the phases of S

and ¢ in the the complex plane as follows
B=|Ble”, ¢ =|¢]e". (11.2)

The mean value N of the number operator N according to (10.5) does not
depend on the angle between g and £ and if we change only the angle ¢
of f leaving |B| and ¢ constant the mean value N remains constant and
the squeezing ellipses change in their position in comparison to the
displacement g . This is shown in Figure 2. In the following we show that the
photon statistics may change from sub- to super-Poissonian statistics if the

displacement S moves around the circles shown schematically in Figure 2 and
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if |p| is sufficiently large and somewhere between this has to be a position

where it possesses the same values of N =a'a and a'a’- (aTa) as the
Poisson statistics of coherent states with the same N .
From (10.9) and from definition (11.1) follows as condition for sub-

Poissonian statistics of squeezed coherent states | B¢ )
<TaeleT) |2|4|<cos 1)-1¢)

(-1 1-f¢f

or resolved to |ﬂ|2 for cos(y,)—|¢|>0 (pay attention that in case of

<0, (ro=x-29), (11.3)

“ »

cos(x,)—|¢| <0 the inequality (11.3) cannot be satisfied or changes “>” into
if divided by cos( x, —|§’| <0l

o> le+let)
2(1-[¢]")(cos (o) ~I¢1)

>0, (cos(x)>[¢]). (11.4)

For possible sub-Poissonian statistics it is necessary that cos(y,)>|{]
whereas in case of cos(y,)<|{| we have super-Poissonian statistics. For

%o =0 or cos(y,)-|¢{|=1-|¢]>0 that means for squeezing in direction of
the displacement parameter S (amplitude squeezing, see Figure 3) the
necessary condition for sub-Poissonian statistics is satisfied but according to
(11.4) the modulus || of the displacement parameter has to be greater than a
minimal value defined by the equality sign in (11.4). For y,=m or
cos(x,)—|¢|=-1-|¢| <0 the left-hand side of (11.3) is positive and we have
super-Poissonian statistics. Thus one of the necessary conditions for
sub-Poissonian statistics is (see Figure 4, inner circle)

cos ;(0 >0, (11.5)

with the limiting curve by substitution of “>” by the equality sign “=” in (11.5).
In the other necessary condition (11.4) it is better to substitute the displacement
parameter | ﬁ| by the expectation value N of the number operator since it is
then easier to compare the results with coherent states with the same N .

We express now the displacement parameter £ in (10.9) by the expectation

value N of the number operator N using (10.5)

e
1-[¢]

where we have omitted the index g in (l\_l)/} since we use it in the following

|2
>0 (11.6)

2—1

o =N -

also for coherent states. If we do so then we obtain from (10.9) with abbreviation

Yo=X—2¢

at2a2 T\ |é’|2 1"'|§|2 _ 2 cos(z,)—
() () :g_{N_ i etz

5 1 2\2 B é,z 1_4,2
( +|¢] ) 'q Iq 117)
g '| '| 7 (ke )2 (9 1)) (cos() 1)}
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Polar diagram of { = [{] eX and statistics, 8=|8| in positive axis direction

1] = cos (x)

141 = cos (x)

(AN -N >0

Figure 4. Polar diagram |{]=f(y) of sub- and super-Poissonian statistics in
dependence on the complex squeezing parameter in non-unitary approach ¢ =|¢|e”
and with displacement parameter g =|gle” with fixed ¢=0 (in positive axis
direction) and therefore y, =y —2¢p =y . Sub-Poissonian statistics is only possible
within the inner circle |¢|=cos(y,). Within this circle the ellipse-like curves with

constant N  separate regions of sub-Poissonian statistics from regions of
super-Poissonian statistics where sub-Poissonian statistics is within the ellipse-like inner
regions to the crescent-like outer regions with super-Poissonian statistics. The center
¢ =0 (y arbitrary) corresponds to coherent states of arbitrary N . Constant |§ | (cir-

cles around coordinate origin) correspond for fixed S = | ﬂ| to constant N touching

the separatrices with the same N at y=0. Using the squeezing parameter ¢’ in the
unitary approach (see (5) and (6)) this scheme would take on the whole complex plane

and, in particular, for parameters ¢ with |(|—>1 one has a large stretching of

corresponding parameters ¢’ with || > and the inner circle |{|=cos(y) becomes

¢'|=Arth(cos(z)).

Setting this expression equal to zero one obtains an equation for states which
belong neither to sub- nor to super-Poissonian statistics. This is a third-order

equation for |;’ | in dependence on N and on the angle y, as follows

- Z(N_+1)cos(;(0)| Pl 2N cos( ) o

2 — (11.8)
2N +1 2N +1

As a third-order equation for |;’ | with real coefficients in dependence on N

and y, it may possess, in principal, three real or one real and two complex
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conjugate solutions but for our purpose the real solutions have to be positive
ones and have to be restricted to |¢|<1. The results are presented in Figure
4 as polar diagram of ¢§ = |g“|e"‘. The ellipse-like regions of the inner smaller
circle (11.5) in Figure 4 belong to sub-Poissonian and the outer crescent-like
regions to super-Poissonian statistics in dependence on N shown as
separatrices.

Figure 5 shows that between sub- and super-Poissonian statistics may lie
statistics which are very far from a Poisson statistics, in case of || —>1 even
maximally far (distance d to nearest coherent states goes to J2). Alternatively
to Figure 5 one may demonstrate the existence of displaced squeezed vacuum
states with (AN )Z—Nzo also in the following way. One begins with an
arbitrarily chosen displacement parameter ¢ and looks according to condition

(11.4) for displacement parameters S above the minimal possible one for

. —-— A A2 T — T —
Probabilites p,, N=25, |{|=0.86444, xo=0, (AN)’-N=0 Probabilites p,, N=25, |{]=0.82723, xo=* E (AN?-N=0
Pn
Pn
0.15-
0.15+
0.10 | 8| =4.69504 010k 18] = 4.77832
d=0.99726 d = 0.93609
0.05+ 0.05 -
N
. i L h i L L n
5 10 15 20 25 30 35 40 45 50 5 10 15 20 25 30 35 40 45 50
L — T 5 - — 3 —_—
Probabilities p,, N=25, [{]=0.67058, xo=#% " (AN*-N=0 Probabilities p,, N=25, |{|=0.37276, xo=% . (AN -N=0
Pn Pn
0.15 0.15F
0.10+ 18] = 4.91761 0.10+ 1Bl =4.98384
d=0.71856 \ d = 0.37966
0.05+ 0.05+ /
_/ /
/
— , — \\
5 10 15 20 25 30 35 40 45 50 5 10 15 20 25 30 35 40 45 50

Figure 5. Probabilities p, for squeezed coherent states (joined points) with N =25 and (AN )2 ~N =0 such as for a
coherent state (orange points) with N =25 and nearest distance d to coherent states |B) with N=pp" or a=p.
Additionally, the displacement parameter || is given. The last partial figure with small squeezing parameter |§ | is in its
photon statistics already “visibly” near to a coherent state with N =25 but the nearest distance to a coherent state (with
N = 3" =24.8387 ) is not yet very small and shows that this measure is very sensible. All four partial figures belong to states with

photon statistics which is neither sub- nor super-Poissonian but also not a Poisson statistics. For \4’ \ =0, {=0,y=y4,= iE

(but, in principle, arbitrary) one has exactly a coherent state (see also Figure 4, center of diagram).
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which one has sub-Poissonian statistics if B possesses the same or the opposite
direction of ¢ (amplitude squeezing). Then by rotating the phase €’ of ¢
from » =0 (amplitude squeezing) up to y =m (phase squeezing) leaving
constant the modulus || (see Figure 1, right partial figure) the photon
statistics makes the transition from sub- to super-Poissonian statistics and one
comes unavoidable to a value of the phase y where (AN )2 —N =0 but which
does not belong to Poisson statistics. The same effect one has if we rotate the
displacement parameter S leaving constant the squeezing parameter ¢ in
modulus and phase (see Figure 3). If the time evolution of a squeezed state is

determined by a Hamiltonian A which is a linear combination of a?,a and

of %(anr + aTa) then there may appear a complicated picture of changing with

time from sub- to super-Poissonian statistics or from amplitude to phase
squeezing since then also the modulus of the squeezing parameter changes with
time.

Clearly, one may make the division of photon statistics in sub- and super-
Poissonian ones but both categories are very inhomogeneous concerning the
comprised states and the set of states which are neither sub- nor super-
Poissonian ones is also very large and inhomogeneous and the prefixes “sub”
and “super” are here problematic. There are hardly to expect clear differences
and correlations in experiments with states of both statistics or, moreover, even
qualitatively different behavior. In general, a photon statistics is determined by a
countable infinite number of parameters (e.g., p, or moments of the
distribution) and for states which belong neither to sub- nor to super-Poissonian
statistics only one from this countable infinite set is fixed ((AN )2 -N= 0) and
this can be considered in dependence on arbitrary N . Therefore, also the
classification of states with sub-Poissonian photon statistics as nonclassical states
is highly problematic. In the same way it is also problematic to define the states
with no regions of negativity of the Wigner quasiprobability as the classical
states since then the set of these states is too large and inhomogeneous to be
useful for comparative purpose (all squeezed coherent states belong then to
them). Better seems to be for this purpose to use the nearest distance to a
coherent state as quantitative measure but this measure cannot change its sign
and is in every case positive or zero [20] [21]. In this definition it is evident that
the category of states with large distance to the nearest coherent states is very

inhomogeneous and large.

12. Conclusions

A main purpose of this article was to discuss the distinction of cases of sub- and
super-Poissonian statistics within the displaced squeezed vacuum states where
the non-unitary approach is preferable. For this case it was necessary to calculate
the expectation values of powers of the number operator for these states. We

have chosen for this purpose mainly its calculation from the number-state
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representation and posed this in a more general connection to the calculation of
properties of these states. For squeezed coherent states, practically, all interesting
parameters can be calculated in exact and not very difficult way and, therefore,
this category of states is very suited to demonstrate in examples more principal
definitions for all states.

The means developed in this article can be applied without substantial

changes to squeezing of the number state |1) and then to its displacement since

*

the operator exp(—%azj in its disentanglement (2.7)) acts on |1} by

reproducing it (case k :% in (A.4)). This becomes more complicated if we

apply it to the number states |n) with N2 and to extend the theory to these

cases.
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Appendix A

Squeezing Operators and Their Disentanglement

Squeezing of states in the narrow sense is connected with the Lie group
SU(1,1)=Sp(2,R)=SL(2,R) with 3 real parameters (or one complex and one
real in our representation) of squeezing operators [7] [8] [9]. Its complex
extension Sp(2,C)=SL(2,C) contains 3 complex parameters (or 6 real ones)
and comprises also the SU(2) group in the right specialization. In this
Appendix we give a short but general and systematic representation of the action
of SU (1,1) squeezing operators in quantum optics. We cannot take care
without making too clumsy notations in some cases to the notations in the main
text but this concerns mostly the notations of the squeezing parameters with and
without prime (or in non-unitary and unitary approaches) and one must pay
attention to this when going from formulae of this Appendix to that of the main
text.

We define operators S(&,7,{) with 3 complex parameters which are

operatorsin SL(2,C) as follows
S(&m.¢)=exp{EK_+i2nK, - ¢K, } (A.1)

where (K_,K,,K,) are three abstract operators of the Lie algebra sl(2,C) to
the Lie group SL(Z,(C) satisfying the commutation relation [7] [8] [9] [34]

KK ]=2K,, [Ke K ]=-K_, [KyK,]=+K,, (A2)
with Casimir operator C

C=KZ-KZ-KZ=K? —%(KJQ +K,K.), [CK]=0. (A3)

One basic discrete realization of these operators in quantum optics of a single

mode is

1w 1,5 5 .
K+EEaT :E(Q -P’-i(QP+PQ)),

3 1 3
C:k(k—l)l_—E, k_z, (ork—zj, (A.4)

where (a, a*) is a pair of boson annihilation and creation operators (A.1) and

k :% belongs to squeezed number states |1> (and their displacement) not

dealt with in this article. Each realization of the commutation relations (A.2) is
appropriate for the following derivations but for the two-dimensional
fundamental representation it is important to know two basic operators for
which (a, aT) are particularly convenient in combination with the realization

(A.4). Squeezing with SU (1,1) operators within two modes and genuinely
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different from single-mode squeezing is also possible [8] [15]. A further
realization of SU (1,1) for a single mode is connected with coherent phase
states.

The transition from SL(2,C) to SL(2,R)=SU(1,1) can be made by
specializing the parameters (&,7,¢) in (A.1) according to

*

* * § o M (oot ¢ 12
S(&n=n ., :exp{—a i—(aa'+a'a)-2a }
(=) 2" " 2( +a'a) 2 (A.5)

=(s(~¢"=n=-n"~¢))

with complex parameter ¢ and real parameter 7 . The operators
S (g*, n=n, g) are then unitary operators S =S in the
infinite-dimensional unitary representation in Hilbert space and we have
(Kj, KJ, KI) = ( K. K, Kf) . Instead of (K_,K,) one may introduce
Hermitean operators (K,,K,) by K. =K, FiK, butwe do not write down all
relations for these new operators that is easy to make and is diligent work.

We now consider the generation of the two-dimensional fundamental
representation of the group SL(2,C) by calculating the matrix with elements

(r,A,p,v) in the following relation
s(&n.¢)(a aT)(S(f,n,g“))fl =(a a*)[z j] =(xa+ua’, 2a+va'). (a.6)

This step is essentially a Bogolyubov transformation. It can be represented by
(e.g., [18])

{Sh () USh (¢) ' (A7)

& &
=& -1’

For £2>0, (& real) we call this transformation squeezing-like and for

£°<0, (& imaginary) rotation-like. In last case it is better to write the

hyperbolic functions by trigonometric functions. The special case ¢=0

Kk A (l-ip, & o
FAEI )

could be called cone-like. The matrices (A.7) are unimodular
Kk A
Hov

The inversion of (A.7) which is unique can be simply written

ASN(9) - _xovASh(9) - A

9 2 9 9

=kv—Au=1, (A.9)

but in general, not unitary.

with the following relations between the abbreviations ¢ and 4
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g=Arch(K;LVj=Arsh{ (K;rvjz —1J=Arsh[ (K;ij +/1,uJEArsh(,9),
A e, = an

From Arch(z) the sign of Arsh (\/ZZ —1) does not follow uniquely but

Arsh (\/ﬂ)

Jz? -1 in numerator and denominator.

We now write down some special correspondences between the operators

is then uniquely determined if one chooses the same sign of

S(&,m,¢) and its two-dimensional matrices in the fundamental representation

S(f,0,0):exp(fK)%exp(gazj, = [; fj

—in
S(O,n,O):exp(iUZKO)aexp{ig(aaT+a*a)} N (eo,, e?”]’

1, 0
‘ J. (A.12)
The triangular operators S(&,0,0) and $(0,0,¢) and their correspondent
two-dimensional matrices form a group for themselves and in the same way the
operators S$(0,7,0) together with its matrices. However, the operators
$(£,0,£) do not form a group its extension to a group needs all operators
s(&n.¢)-
We may decompose the matrices in (A.7) into products of special matrices, in

particular, in the following for us important ways

S(0,0,g)=exp(—§K+)—>exp(—%a”j, o (

e ) [1 01 an)(< 2
uv) £ 1lo 1 )0 =
K K
1 0Yx O 1 i}
=l u 1 K
2 1o =
i )0 1
© 01 o1 2
“lo Lflue 1 K
K 0 1
1 0|1 AVJ Lo
0 v 0 1 " 1
L AL o)t 0
= viv Ko (A.13)
0 1)lo v
1 A1 oyt o
= v 1Y , kv—Au=1
o 1)\ Hlo v
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As consequences we obtain the following disentanglements of the general

operator S(&,7,¢) into products of partial operators
S(&m¢)=exp(EK_+i2nK, —¢K, )
/; Jexp(/l;cK )exp(—2log (x)K,)

)
)

=exp(2log(v)K, )exp(AvK_ exp(—ﬁK ]

=exp

= exp(—ﬁ K, Jexp 2 Iog exp
K

Al xS

=exp(-2log(x)K, )exp(-uxK, exp(
5 v (A.14)
=exp| = jexp(ZIog exp[—ﬁK j
v |4
A
=exp(—Kjexp( uvK, )exp(2log(v)K, ).
14

For the operators (Kf,KO,K+) we may insert the realization (A.4) of
SU (1,1) but every other realization of SL(2,C) is also appropriate.
In the special case =0 of operators S(f,n,g) the matrices (A.7)

specialize
N
$(£,0¢) < (# VJ: sh(\/z) , (A.15)
¢ \/E ch(\/g)
that leads to the disentanglement relations
S(£,0,{)=exp(¢K_-¢K,) (
th(J&) NS ) 2K
:exp[—g \/g K+]exp[§ 2\/_ ](ch(\/g))
o <D Yo o 2
:(ch(\/g))moexp[ g\z/\/_i) Jexp[gthf/\é_i_g)&}
(o ] B Juf B,
(A.16)
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where again we may insert the realization (A.4). In addition to the operators
K_ and K, we have involved then on the right-hand side also the operator
Ko-

If we make in (A.15) the transition to the variables in the non-unitary approach

Arth(\/%) £0 Arth(\/g)

S(£,0,8)—>S ,0, ¢ |, (A.17)
S B
then the matrix in (A.15) makes the transition to
1 g
[K' lj—> o Vi (A.18)
v g 1

-8 1-&
as it is easily to see.
The next considerations are the effort to split the general operator S(&,7,¢)
into products of a proper squeezing operator S (é’, 0, ’) and a proper rotation

operator S(0,7',0) . The general two-dimensional matrix (A.7) can be split also
in the following two ways

[K,Z]MZS\EO

Y
# ,uK KV 0 Y

K K
\/E 0 || Vav z\ﬁ
14 K
0 \/Z u\ﬁ Jiv
K 1%

This corresponds explicitly to the two possibilities (& =+/& —7n? )

(A.19)
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(A.20)
(K /ljz Ch( f'é") f’_cf'é" (e—iqo Oj
#ov sh(V¢') 0 em
{—— ()
11 (A.21)

oh(JET) §”Sh(\'§"§”)
(e_iﬂo O j Igﬂéf!/
O eiﬂo Sh g”C”
4"—(? = ) oh(V2'2")
The rotation operators are the same in both cases and the squeezing operators

distinguish themselves only by phase factors in the non-diagonal matrix
elements. We have

eiirlo 0 i”—o(aaTJraTa)
(o ej & S(07,,0)=e2" (A.22)

The first possibility of the splitting in a squeezing and a rotation part is

Ch(g)—inSh(S) fSh(g)

VRS IREIERR
\/mz () (<) sh(z)
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" Arsh @Shig)j
\/%Sh(g) 7 sh(e¢)

& &

Ce. (A24)
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The parameters in the factorized matrices are ( x, 4, 1,v are such as in (A.7))

$(¢m.¢)

Arsh (@Shg(g)j h(z)~in shig)

=S ¢,0,
V& \/ch2(5)+772 Shzgg)
Afsh[@shgg)j h(e)+in 18
£E__¢
Ve \/chz(g)+772 Shzgg)
~S[O,iArsh[—MJ,0 .
&2+ &¢sh? (&) (A.25)

The second possibility with interchanged order of the splitting in a squeezing
and a rotation part is

s

oy S
o o) ME)

on(JET")
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(A.26)

\/E 0 VKV Kﬂ,
v K
0 \/Z \/E 1 NKV
K 1%

The diagonal matrix of a rotation with parameter 77, is the stable part in the
two factorizations (A.23) and (A.26). These considerations show that without
disadvantage for the generality we may use the special squeezing operators
S(&£',0,¢") which are equivalent to the general operators S(&,7,¢) after
splitting rotation factors. However, these special squeezing operators alone do

not form a group.

Appendix B

Influence of Displacement and Squeezing of States onto the
Wigner Quasi-Probability

The displacement of states and the squeezing make transformations of the
variables in the Wigner quasiprobability which can be given in a general form.
For the derivation we use the representation of the Wigner quasiprobability by
complex variables (a,a*) in the following form [22] [29] which is equivalent
to the definition given by Wigner [27] [28]

W(a,a*)=<pexp(— E)aa Tai*j>5(0!,0!*), (B.1)

where p is the density operator of the state. First we investigate the displace-

ment of a state with the density operator p, and the Wigner quasiprobability
W, (a, a*) according to

p=D(5.5)m(D(8.5)) (B2)

Then one finds for W («, a*)

W(a,a") :<D(Igﬁ*)po(D</3,ﬂ*))T exp(—a%—a+ %D&(a,a*)

(2

0 0 " .
<p0 exp[—aa—aT 6a*jD('B"B )>5(a,a )
<po "ex p( (a+,8|)%—(a*+ﬂ*l)6i*j>5(a,a*)(B.3)

.0 o .0 .
<p0ex ~a £J>exp(—ﬂ£ aa*jé( )
<p exp| — az j>§(a_ﬂ’0‘*—ﬂ*)'

Therefore we obtained
W (a,a") =Wy (a—p.a" - ). (B.4)

This means that the Wigner quasiprobability W(a,a*) for the displaced
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state is equal to the Wigner quasiprobability W, (a,a*) for the undisplaced
state with displaced arguments corresponding to the displacement parameters
( B, ﬁ*) . This displacement property is one of the minimal requirements for a
phase-space function F (a,a*) in quantum theory to be «called a
quasiprobability.

In widely analogous way one may treat the squeezing of a state with density

operator p, according to
P=S(é’*177=77*,é’)p0(5(§*,77=77*,§))T. (B.5)

Instead of the unitary squeezing operators S (cj ‘n=n".¢ ) we will calculate
the transformations first a little more general with the operators S(&,7,{) and

at the end we will specialize the result to &=¢" and 5 =5". Therefore, we

—>(s(&m.¢)) =8(=¢,-1,~¢) and

°az*j>5(a,a)
2 Jsen))olaa)
j>5(a,a*)

et ote

> vy —py',=Ay +xy") (B.6)

have first to substitute (S (g*, n=n", {))T
find

S(&m.8) po(S(Em, e“))lexp(—

~(-1a+xa )

0, EXP va ua )

)=
</30 (&m.¢)) exp(
|

0, EXP —a——

o _a(v__i
{

= <,00 exp| - >
7
Formally this can be written
W(a,a*)EWO(y,)/'), (B.7)
with the matrix elements in explicit form given in (A.7). This corresponds to the
transformation
« , O 0 0
y=ka+uo, a=vy—uy, —=v——»A—,
oy oa o
(B.8)
"=da+va, o =-Ay+xy —=—yi+x
4 ’ "oy da  oa

In the last step in (B.6) was used that the two-dimensional delta function
S(y,y'") is invariant with respect to a (complex) unimodular transformation of
the variables. This can be proved, for example, by transition to real variables and
transformation to principal axes (see below).

In the special case of unitary transformations with the operator

S(;’*,qzq*,/;) we can substitute x —>v',A— 4 and y'— " and (B.7)
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using (B.8) can be specialized to [35]
w (a, a*) =W, (V*a +ua’, wa+ va*) =W, (a’, a’*). (B.9)

We mention that a displacement relation of the form (B.4) is true for all
quasiprobabilities (e.g., Q(a,a*) and P(a,a*)) whereas for squeezing of
states the form (B.9) is only true for the Wigner quasiprobability. The reason is

. 0 0 .
that we do not have in other cases the operator —a——a'—= as a whole in

oa o

the exponent of only one exponential function.

The transformation of the variables (a’, a’*) © (a, a*) possesses the
property
danda’ = (v*da' + yda”) A (y*da +vda’*)

. . . . (B.10)
:(vv — )da'/\da' =da'Anda",
and therefore
dq/\dp:lda/\da*:lda'Ada'*:M. (B.11)
2h 2 2 2h

This means that each area element of the Wigner quasiprobability W, (a, a*)
is mapped in a new area element of W (a,a*) of the same area with
preservation of the topology but without preservation of angles such as for
transformations in classical mechanics. Therefore, for example, if the Wigner
quasiprobability possesses regions of negativity (squeezed coherent states do not
possess such regions) then after the transformation the area of negativity
remains the same as before the transformation. The similar property is true for
displacements and is here obvious.

A simple proof of the invariance of the two-dimensional delta function under

(in general, complex) unimodular transformations of the variables by a matrix

a b
(C dj with ad —bc=1 can be given by extension of coordinates (x,y) to

their own complex planes according to

5(ax+by)s(cx+dy)

- 5[(add;bc)x]5(d [§x+ yD - 5(85@ &H yD (B.12)
=5(dﬁj5(dy) =5(x)5(y), (ad—bc=1).

This is then also correct for the representation of the two-dimensional delta
function by complex variables.

Appendix C

An Identity between Jacobi Polynomials with Different Arguments

We derive here an identity between Jacobi polynomials which we used in

Section 5 in specialized form.
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Starting from the right-hand side of (5.1) we make a transformation of the

following more general expression

(1- yz)a% o1

1y (C.1)

nl o}
Y (n—jyem-

Il
N
|
[N
|
N
<
)
N—
=
§
|
|
|
?
N |
I
Nl
—~
N—

i=0

This is an operator identity which in the last line is written in the entangled

form derived in [32] and was given there in the following here slightly changed

[i_i’+ij”
oy 1l-y 1+
2

i o 1o
-3 - pla=ip=i) n_¢
j_O{ 1_ yzj ] (y)(n_ J)!aynfj

and can be proved by complete induction. With Prfa’ﬂ )(u) are denoted the

form

<

(C2)

Jacobi polynomials.
The operator identity (C.1) can be applied to arbitrary functions of the
variable y. If we apply it to the function f(y)=1 we find

(1_ y? )a% a_n;]_

8yn (1_y2)a+5
n 2 V(g 711%4 | ol
S LAt e (©
= Ll

Up to this point it may be considered as a transformation of the (Rodrigues-
kind) definition of specialized Jacobi polynomials given by Szeg6 [30] (see also
(31]).

The special case of Jacobi polynomials with equal upper indices Prfﬂ Z (y) is
called Ultraspherical polynomials and they are related to the Gegenbauer
polynomials C; (y) in the following simple way

50 (o 2B+ B) s
p! >(y)_mcn (y). (C.4)

They possess the following for us interesting expansions (Equations (4.5) and
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(5.2) in [32])

[ﬂ (—1)j(n+ﬁ)! o
:J':oj!(n—2j)!(j+ﬂ)!221(1_y) y"

1
Substituting in (C.5) f=-a —3" n and using transformation relations for

the factorials one finds the following representation of the Ultraspherical

polynomials involved in (C.3)

Ty
(a2 (nea) a
- 22”(2a)!(n+a)!kzok!(n—2k)!(k+a)!( e

(C.6)

In [32] (Equation (5.4)) it was derived an identity which can be written

(241447 ) Pﬁ“‘“)[\/lj = jj

or after the substitution X =iy

cevirlgs
& (e

Sk(n—2k)1(k+a)!

NS
i}

(D (n+a)t o
zok!(n—2k)!(k+a)!(zx) . (C7)

=

(C.8)

NE]

(2y)™.

An identity for these polynomials and their explicit representation is

421—y2”qm“[ iyZ]
I

(-1)" 2" (2a){(n+a)! _[-a—j-n-a—3-n
~ al(n+2a)! P”( ](

These relations were applied in Section 5 to get the representation of a™a*

by known polynomials.

Appendix D

Generating Functions for Hermite Polynomials

For easy use we collect here the most important generating functions for

Hermite polynomials. The basic generating function for Hermite polynomials is

i%Hn(z):exp(th—tz). (D.1)
n=0 '1:
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The basic generating function for products of two Hermite polynomials with
different arguments is the Mehler formula [31] (chap. 10.13, Equation (22))

» 1 n 1 2txy —t? (x* + y?
Z—(iJ H,(x)H,(y)= —exp (2 ) ) (D.2)
n=0 ni{ 2 (1—t2)5 1-t

(-1)" (2m)!

m!

By setting y=0 and using H,,(0)= and H, ,(0)=0 one

obtains for even Hermite polynomials and by its differentiation with respect to
variable z for odd Hermite polynomials the following non-trivial generating

SO0 )= p(fZJ

functions

m=0 m'

i(_l)m GJMHM(Z): tz 36Xp[—§t_zzzj- (D.3)

mo m! (1—t2)5

The generating functions for even and odd Hermite polynomials which may

be easily derived from (D.1) are different from the generating functions (D.3).

Appendix E
Expectation Values for Squeezed Vacuum States

We compile here expectation values for ordered operators calculated from the
formulae derived in the main text of Section 5.

For a few initial numbers of expectation values a'*aX we calculated by (5.2)
and (5.3) or from (6.7)-(6.11)

a.WLOaO :1,

ol 1

-l
¢ (1+2l¢F)
f-lef)
3¢l (3+ 2|g|2)
f-lef)
3|g|“(3+24|g|2 +8|;|“)
folef)
15[ (15+40[c [ +8J¢]")
B

aTZaZ —

13,3 _

a‘a

aT4a4 _

15,45

ava (E.1)
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The expectation values of symmetrically (Weyl) ordered operators calculated
according to (5.4) are

S{a”ao} =1,
S{aTlal} :ll+|§|z ,
21-|¢]
S{afzaz}:%M,
(-1T)
S{a*3a3 :%1+9|§|2 +9|f|: +|§|6 ,
(2-1T)
ST -2l e 16 +lef
(-eT")
1-f¢f

The coefficients in front of powers of || in the numerators can be obtained
forming the squares of the numbers in the Pascal triangle and, therefore, the
polynomials in the numerator are palindromic ones.

For the corresponding expectation values of powers N' of the number

operator Nwe found from (5.7)

N° =1
1 |4’|2 2 ’\_l
1P =Rt
— P2+ 2
_|§| ( +el ) AN = 2l¢] :2N(1+N)

o _l¢f (a+t0lef +[eT')
(-f)
54l (1+leT)

(1-lef)
—_ cf (s+ 60|¢| +36/¢]* +|;|6)
ey
- 4¢f (2+21fef +2)c])
oef)

= 4N (1+N)(1+2N),

= (AN)
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= ¢ 16+ 296|¢ " +516|¢]* +116]¢]" +|¢ )

f1-lef) |
2 2 4 6 (E.3)
ey el 101t 4K ]
(2-1¢T)

The photon distribution p, of squeezed vacuum states (2.8) is highly
asymmetric to the mean value N with a longer tail to higher values of 1 and,
therefore, (AN )k is nonnegative for all odd k (in addition to all even & for
which this is trivial).

We give yet the initial members of the sequences of expectation values a?
and a'a®? for squeezed vacuum states calculated by computer from the more
general formulae in Section 6. We found

a =1,
PO S o
1-¢¢ 1-¢¢
?: 3¢° a'ad =— 3¢
(1-¢¢) (1-c)
o 15¢° R 15¢7¢°
(1-&) -y
5:%, a*a7:—£§44, (E.4)
(1-¢¢7) (1-¢¢7)
o M50 g 9450
(1-¢¢7) (1-g7)

The expectation values a'®* and a'**'a follow from (E.4) using the

*

general relation a™a' —a'a* . The obvious relation seen from (E.4)
a'a?t=(0,¢|a"a?|0,¢) =—¢"(0,¢]a]0,¢ ) =—¢"a?,
o (-1) (21 -1)n¢’ (E.5)
-y
results from the eigenvalue Equation (2.12) written for the left-hand squeezed

vacuum states (0,¢| as follows
(0,¢](a" +¢™a)=0. (E.6)

We calculated some of the members in (E.4) in independent alternative ways

and did not find contradictions.

Notations

A pair of boson annihilation and creation operators (a, aT) is connected with
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h
the Hermitean canonical operators (Q,P) by (7= P with A PlancKk’s action
s

quantum)

 (Q+iP Q-iP R+
(a,a):( Ton E) (Q,P):\/;(a+a,—|(a—a )) W
[aa"]=1, [QP]=inl.

Corresponding pairs of complex conjugate variables (a,a*) and real

canonical variables (q, p) are related by

()[R ER), ()= [ (aa i),

« _dgadp
2n

(2)

Lda/\da
2

Furthermore: [A,B] denotes the commutator of operators 4 and Band (A)
the trace of an operator A (usually in Hilbert space) and [A] the determinant
of two-dimensional operators A. Expectation values of operators to pure states

|z//> or density operators p are denoted by overlining, i.e.

A=(y|Aly)=(pA).
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