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ABSTRACT 

The error-sum function of alternating Sylvester series is introduced. Some elementary properties of this function are 
studied. Also, the hausdorff dimension of the graph of such function is determined. 
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1. Introduction  
 For any  0,1x , let  :d d x N 1 1  and  

   : 0,1x T T  be defined as 
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where   denote the integer part. And we define the 
sequence  as follows:    , 2nd x n 
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where  denotes the nth iterate of . 

It is well known that from the algorithm (1), all 
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In the literature [2], (3) is called the Alternating 
Balkema-Oppenheim expansion of x and denoted by 

n   for short. From the algorithm, 
one can see that T maps irrational element into irrational 
element, and the series is infinite. While for rational 
numbers, in fact, we have 

 1x d x

0,1x
 1 , ,d x 



 is rational if and 
only if its sequence of digits  is terminate or 
periodic, see [1-3]. 

For any 0,1x 1n  and , define 
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From the algorithm of (1), it is clear that  
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For any 0,1x    = , , ,x d x d x  , let 1 n   be 
its Alternating Sylvester expansion, then we have  

      1 1j j jd x d x d x   1j  for any . On the other  

hand, any  , 1jd j   of integer sequence satisfying  

      1d x d x d x  1j 1j j j  for all  is a Sylvester 
admissible sequence, that is, there exists a unique 

   =0,1x  such that j j

The behaviors of the sequence n  are of interest 
and the metric and ergodic properties of the sequence 

d x d 1j 
 d x

 for all , see [9]. 

   , 1d x n  Tn  and  have been investigated by a 
number of authors, see [1-3]. 
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and we call S x
   

 the error-sum function of Alternating 
Sylvester series. By (4), since   1n n n  
for all , then 

1d x d x d x 
1n    1S x   and S x  is well defined. 

In this paper, we shall discuss some basic nature of 
 

 S x , also the Hausdorff dimension of the graph of 
 S x

 

 is determined. 

S2. Some Basic Properties of x

1n 

 

In what follows, we shall often make use of the symbolic 
space. 
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We use J  to denote the following subset of (0,1],  
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From theorem 4.14 of [8], we have  ,J A B    
when  is even, and 


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Proof. 1) Since j  and  
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I  , if  Proposition 2. For any x
   , ,1 2 1kx d x d x     

 
, then S x is left continuous 

but not right continuous. If  , ,1 2kd x d x    , then x
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 is right continuous but not left continuous.  

Proof. For any  and n  , write 1x A , 

2x B A B , where  ,    are given by (6) and (7). 
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where *
2 2

2 1 2

1

1k k

S S 
 

 


nD

.  

From the corollary, for any  

   

  

   ,sup
1x y J

n n

n
S x S y n J

 
    


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here  J Jw   is the Lebes easure of gue m  .  
Theorem 4.  S x on is contin s uou 0,1 \ I  .  
Proo ny f: For a 0,1 \x I   and 1x  ,  

x x r at y
let 

  n ing vester 
 n

nd

  1 , , ,d x d    be its Alte S l
1 , it

n

  1 , ,d x 
ex


pansion. For any e  
 n . By (Corollary 3), for any 

 ny J


 , we have  

   

 wr
 x

     0, as .nS y J    S x n




 0Write I C , where  

1 2 
 

2 1

1 1 1

k

C  

   

 Theorem 5. If  < <a S b , then 
t   .S c y   

0 < < < 1,a b S
there exists    0, \c a b I , such tha

 

y

Proof. Set  g x S x y  , then  g x  has the same 
continuity as  S x  . Write 

    0, , , sup .E x a b E    0x g x x 

trivially, a E , then the set is well defined. 
If  1 2 2 1, , , k    , then by the left continuity of 

ve

x

1 > 0

b 
 ha S b , we   

lim
x b

g


   0,g b   

As a result, there exists a   ch that for any 
 , ,b . 

su
  > 0g x1x b  

If  1 2 2, , , kb     , since  g b
en 2

 is not left con- 
tinuous, th > 0 such that any  , for 2x b b  , 
  0g x  , that is 0x b

sam
. 

Following th e line as above, we e e can prov

0 >x a . 
Now we shall prove that  0 0g x  . We can choose 

nx E  such that 0nx x , if  0 1 2 2 1k

th

m 0,   

, , ,x      , 
en  

 
0

n
x

g x g x


0 li
nx 

if  0 1 2 2, , , k   , then  x 

     
0

m 0
n

n
x xk k

g x g x
  

    

  0 0g x  . Following the sam  line as 
 0 0g x  , and  

0
2 2

1
li

1

In both case
above, we can 

e
prove 

 0 1 2, , ,   
Therefore, there e    0, \a b I , such that 
  = .S c y   

2 1

xists 
kx . 

c

Theorem 6.      
2

1

0 0

9 π
d d ,S x x x


    

1

1
1 6

k k
k

S x
 


0.1250.   

Proof.  

   

an
1

d  
0

dS x x  

  

  

1

1 1

1

1

1 1 1

1 1 11 1 1

1
1

1
1 1

1

1
1 111

1 1 1

1 1 1
1 1 111 1 1

d d

1
d

1
d d d

d

d d

d

d d

d d d

d d dd d d

S x x S x

x S T x x
d

0
x

x x x S T x x
d



 



 

  

    



  
       

  

 

 

    

 

Let 
 1

1
Tx u x

d x
   , then d du x   thus  


 

 
   

11 1

1 1

1 1 1

2 2
1

1

1
2 0

1 1 11 11

1 1
d

2 1

1 1
d

1

d

d d

d d d

x
d d

S u u
d dd





  


  

 
  
  

  




  
 

thus, 

   

1

0

1
S x

 
1

21
1

1
20

1 1 1

3 1 9 π
d d .

2 6
k k

k d

S x x S x x
d

 


 


       

Through the MATLAB program we can get the de- 
finite integration  

1

3. Hausdorff Dimension of Graph for 

0

 
0

d 0.1250.S x x    

 S x  

Write  

       , , 0,1 .Gr S x S x x   

Theorem 7. dim 1H Gr S  .  
Proof. For any 1n  ,   , nJ S J D     is a 

covering of  Gr S . From (Cor 3), J S J   can be 
co squares with side f length  vered by n  o J . For 
any > 0 ,  

      

   

 

1

1 1

1

liminf 2 2 2

liminf 2 2 0.

n

n

n D

n

n

S

n n

n





1
1 liminf 2

n
n D

H Gr n J




 



 



 


 








 

  

Thus, 




 

 

 dim 1H Gr S   
Since  

           , , , , ( ,Proj x S x Proj y S y d x S x y S y  , 

th

 
en 

          1 1 11 0,1 0,1 r rH ,H Proj G S G S     

 m 1H Gr Sdi . so 
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Figure 1. The graph of S(x).  
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