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ABSTRACT

In this paper, we prove introduce some fixed point theorems for quasi-contraction under the cyclical conditions. Then,
we point out that a common fixed point extension is also applicable via our earlier results equipped together with a
weaker cyclical properties, namely a co-cyclic representation. Examples are as well provided along this paper.
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1. Introduction

Since Banach [1] proved his contraction principle in
1922, many authors have improved, extended and gener-
alized Banach’s contraction principle in several ways and
applied the principle to differential and integral equations,
variational inequality theory, complementarity problems,
equilibrium problems, optimization problems, convex
analysis and many others.

Theorem 1.1 [1] Let f be a self-mapping on a com-
plete metric space (X,d). If there exists ke[0,1)
such that

d(fx, fy)<kd(x,y)

forall X,y e X, then f has a unique fixed point in X.

In 1971, Céiri¢ [2] generalized Banach’s contraction
principle theorem to a more general contraction as fol-
lows:

Theorem 1.2 [2] Let (X,d) be a complete metric
space and f: X — X be a mapping such that, for all
X,y € X , there exists «,f,7,6 >0 with
a+f+y+20<1 suchthat

d(fx, fy)<ad(x,y)+Bd(x, )+ yd(y, fy)
+8[d(x, fy)+d(y, &X)].

Then f has a unique fixed point.

Also, in 1974, Céiri¢ [3] generalized his own result [2]
by introducing the quasi-contraction and proved a fixed
point theorem under this condition as follows:

Definition 1.3 [3] A mapping f of a metric space
(X,d) into itself is said to be a quasi-contraction if
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there exists a number 0<a <1 such that

d( fx, fy)Samax{d(X,y),d (x, fx),d(y, fy),

a(x 1).d(y. %)}
forall x,ye X .

Theorem 1.4. [3] Let (X,d) be a complete metric
space and f:X — X be a quasi-contraction. Then f
has a unique fixed point in X.

In 2005, Rus [4] introduced the cyclical condition in
metric spaces. For some results on fixed point theory, we
refer the readers to [5-7]. Throughout this paper, we
denote the set {meNU{0}:m<n forsomeneN} by
NG .

Definition 1.5. [4] Let X be a nonempty set and
f:X - X be a mapping. The set UieNQ"Xi is called

a cyclic representation of X with respect to f if the
following conditions hold:

1 X :UieNQ"xi 5

2) X, isanonempty subsetof X forall ieNJ';
3) (X)) Xiiimoam forall ie NG

Definition 1.6. Let X =[0,2], X,=[0,1],

X, :[%,%} and X, =[1,2]. Now, we define a self-

mapping f on X by
x+l if Osxsl,
2 2
f(x)=11 if l<xsi,
2 2
x-1 if E<xsz.
2
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Now, we see that f(XO):[l l}c[l 3}:Xl,
2 2°2
F(X)={l} <

f (Xz)z(%,l} <[0,1]= X, . Therefore, the set UieN%A

[1,2]=X, and

is a cyclic representation of X with respect to f.
Definition 1.7. Let X be a nonempty set, f: X — X

be a mapping and the set U X, be a cyclic repre-

ieNf!
sentation of X with respect to f. If x eX, and
X" < Xii(moam) fOr some i€ N{™", we say that x, and X,
are descendants in Y.

The purpose of this paper is to extend Céirié’s quasi-
contraction to a cyclic quasi-contraction, establish some
fixed point theorems and give an example to illustrate the
main result. We also introduce the notion of co-cyclic
quasi-contraction and prove some common fixed point
theorems.

2. Fixed Point Theorems

In this section, we introduce a generalization of Céirié¢’s
quasi-contraction, say, a cyclic quasi-contraction, and
prove some fixed point theorems.

Definition 2.1. Let A, A,---,A,_, benonempty closed

d), Y :=Ui€N(T,,A and
f:Y ->Y be a mapping. If the following conditions are
satisfied:

1) UieNB"’IA is a cyclic representation of Y with re-

subsets of a metric space (X

spect to f;
2) there exists 0<a <1 such that

d(fx, fy)<amax{d(xy),d(x, fx),d(y, fy),
d(x, fy).d(y, fx)}
whenever X and Yy are descendantsin Y ,then f is
called a cyclic quasi-contraction.

Remark 2.2. To reduce a cyclic quasi-contraction to a
quasi-contraction, simply take each A =X and the
result directly emerges.

Now, we can construct some fixed point theorems,

which generalize the further results, as follows:
Theorem 2.3. Let A, A,---, A, benonempty closed

subsets of a complete metric space (X,d) and
Y ::UieNg,lA. Suppose that f:Y —>Y is a cyclic

quasi-contraction with « € [O%) . Then f has a unique
fixed point z° eﬂieNBn,IA and the sequence {f”xo};o:1

convergesto z° forany x,eY
Notice that the « -constant in the quasi-contraction is
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. 1 .
restricted to the set [O,Ej. Next, we can drop this re-

striction and develop a theorem in an ultrametric space.
The result follows from the additional assumption of an
ultrametric space. Before we give the result, we now give
the definition of an ultrametric space.

Definition 2.4. Let X be a nonempty set. A function
aed:XxX >R is called an ultrametric if it satisfies
the following conditions:

1) d(x,y)>0 and d(xy)=
forall x,ye X ;

2) d(x,y)=d(y,x) forall x,yeX;

3) d(x,y)< max{d (x,2),d(z, y)} for all
X, y,2e X .

A set X equipped with this ultrametric d, denoted
(X,d), is called an ultrametric space.

Remark 2.5. Note that an ultrametric space is also a
metric space. We can simply prove this. In fact, for any
X,y,2e X,

d(x,y)Smax{d (x,z),d(z,y)}
gmax{d (X,Z),d(z,y)}+min{d(X,Z),d (Z’y)}
=d(x,z),d(z,y),

which in turn is a metric.
Theorem 2.6. Let A, A,---, A, , be nonempty closed
subsets of a complete ultrametric space (X,d) and

Y = UieN(T,IA . Suppose that f:Y —»Y isa cyclic qua-

0 ifand only if X =y

si-contraction. Then f has a unique fixed point

. n +o0
2" e[, A and the sequence {f xo}n:1 converges

to z° forany x, €Y.

Now, we prove Theorem 2.3. The proof of Theorem
2.6 is quite similar to the proof of Theorem 2.3, we omit
to prove this theorem.

Proof of Theorem 2.3. Let x,€Y be arbitrarily
chosen. Define a sequence {x,}” by x,=f"x, for
all n>1. If there exists a positive integer N, such that
X, = fx, . the the proof is finished. So, assume that

X, %=X, forall n>1.Since X, €Y ,there exists
i eNm ' such that x,eA . Therefore, X, = fx, €A

o-+1(modm)
and, by induction, we have Xx,=f"x,€A

p+n(modm) *

Hence we have

d (X, X, )=d(fx,_, ;)
Samax{d(x %) 0 (X1 %0 )50 (Xos X1 )

n—1°>"n n-1>"n n> n+l (1)
d(Xn 1° n+l) ( n> n)}
:amax{ (X % )50 (X5 Xy )5 A (X, I’Xn+1)}
Assume that
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max{d(xn—l’xn)’d(Xn’xm—l) d(xn—l’xm—l)}
=d (X, Xy, )-

n> *n+l

Then we can see that d(X,_,X,)<ad(X,,X,,, ), which

is a contradiction. Therefore, from (1), it follows that
d (X, Xy ) S @max {d (X, %, ), d (X %)}

n> *n+l n-1>"n n-1>"n+l

<amax {d (X, ., ),d (X, %) +d (X, %)}

n-1°>"n n> *n+l

—a[d n-1> n)+d( n> n+1):|

Consequently, we can deduce that

d(X,, %, )< Ad(X,,X,), where Zzli<1. By re-

n> *n+l

peating this process, we have d(X,,X,,;)<A"d (X, %,).

Thus it is easily seen that {x,}” is a Cauchy sequence

in Y. Since Y is closed in X, Y is a complete subspace of
X and so {X,}” converges to some point X' €Y . De-

note Ze ﬂ g A . Now, we show that X" e Z . Since,

foreach n>1, we have x, €A it is easy to see

o+Ni modm)

that, for each ie N]', A contains infinitely many points
of {Xn}f::l . Since A is closed for each ie N, we can

construct a subsequence of {x "

. in A; which con-

verges to X". Therefore, X" €Z . In other words, Z is
nonempty.

Consider the restriction f| , of the function f . We
can see that it maps Z into itself, i.e., l‘|Z Z—>Z.
Then it is easily proved, by applying Theorem 1.4, that
f | , has a unique fixed point X" € Z . Thus z" isalso
a fixed point of f .

Now, assume that there exists another fixed point of
f denoted by XeY . Since XeY, we have Xe A
for some je Ny~ ', Therefore, X and z* are descen-
dants in Y . Hence we have

d(xz) (f‘fz)

Samax{( ) ( ) ( ),
d(fx, f2'),d(z", fx)|

:ad(Y,Z*),

which implies that d(X,
unique fixed point of f .

Next, we show that X" =z"
Z e Aﬂ+n+l mod m) * we have

d(x z) ( nl,fz*)

Samax{ ( i ),d(xn 1%, ).d (Z fz’ )
d(x0: 12°).d (1.2}
Samax{ ( _m ),d(xn X, ).d (X Z*)}

Z*)=O, that is, z" is the

. Since Z and

2
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We have a contradiction if
max{d (XH, z*),d (X5 X,).d (xn,z*)} =d (xn, z*).
So, we claim that
max{d (xnfl,z*),d (X%, ). d (xn,z*)}
:max{d (ann z*),d (X015 xn)}.
Hence, from (2), it follows that
d (xn,z*) < amax{d (xn_l, z*),d (X1 xn)}
< amax{d (anp z*),d (anp z*),d (xn, z)}

(50180507
</1d( n-1> )

Thus, by repeating this process, we obtain
d (Xn,z*?ﬁ/lnd (XO,Z*). Therefore, we have X =27,
that is, Xn}::1 converges to the unique fixed point z*
of f in Z for any initial X, €Y . This complete the
proof. ]
Proof of Theorem 2.6. Let X, € X be arbitrary. De-

fine a sequence {X,}'” as in the proof of Theorem 2.3.

1
Following the proof lines, we obtain

X} < crmax [ (%1%, (%1%}
Samax{d(xnfl,xn),max{d(x7 X),d(X X )}}

n-1>"n n> n+l
=ad (X, X, )

By repeating this process, we get
d(X,;.%,)<a"d(X,,X ). Then it is easily seen that the

+00 .
sequence {Xn }nzl is a Cauchy sequence and so, from the

completeness of Y, {Xn}f=l converges to some point

X" €Y . We can show, by using the proof of Theorem 2.3,
that Z €[, gt A is not empty. More precisely,
X'eZ.

Now, we consider the restriction f | ;L —>Z7Z ofthe
function f . Note that the strong triangle inequality also
implies the ordinary triangle inequality. Hence Theorem
1.4 can be applied to confirm the existence of a unique
fixed point z° of f|, in Z. By the proof of Theo-
rem 2.3, we can show that z" is also the unique fixed

point of f .
Now, we show that the sequence {f”x }w con-

verges to z° for any X, €Y . Since X, €A +n(mod m) and
Z € Ao+n+l mod m) we haVe

d(x,.2")=d(fx,,.12")
Samax{d(xnfl,z*),d (xnfl,xn),d(z*, fz*),
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d(fxn_,, fz*),d(xn,z* }
:amax{d (X 122),d (X 0%, ). d (xn,z*)}.
We can see that
max{d (xnfl,z*),d (X5 X, ).d (xn,z*)} #d (xn,z*) .
Otherwise, we have a contradiction. Hence we have
d (xn,z*)s amax{d (xnfl,z*),d (Xops Xy )}
< amax{d (anl,z*),max{d (xnfl,z*),d (xn,z*)}}
=ad(x,,.7").

Again, by repeating this procedure, we obtain

d (xn, z ) <a'd (XO, z ) Then the sequence {X,} con-

verges to the unique fixed point z* of f in Z for

any initial X, €Y . This completes the proof. |
Notice that our results do not only generalize Céiri¢’s

result, but also make it easier to determine the fixed point

of a given mapping as in the following example:
Example 2.7. Consider a weighted graph

G= {V (G) = {u,v, X, y} JE (G)} whose E (G) makes G

a complete K4 graph with weights w; ; for each

(i,j)€ E(G) given as follows:

(i.J) W,
) 3
(u,x) 1
(u.y) 2
(v.x) 2
(v.y) 1
(%) 3

For the understanding of the readers, we illustrate G as
a figure in the following:

Now, define a function d:V (G)xV (G)—>R by let-
ting, forall i,jeV(G), d(i,j)=0 ifi=jand
d(i,j)=w,; if i#]j (we can do this because the
graph G is complete). By this setting, it is easy to verify

Copyright © 2012 SciRes.

that (V (G),d) is a complete metric space. Set

A= {u,v, X} and A = {V, y} , we have Ay and A, being
two closed subsets of V (G). Suppose that the mapping
f:V(G)—>V(G) given by the following:

i f(i)
u y
v v
X y
y v

By a careful calculation, we may obtain that f is a
cyclic quasi-contraction on V(G)=A UA . Thus, f
has a unique fixed point ve A/nA and f"(i)>v
forevery ieV(G).

3. Common Fixed Point Theorems

In this section, we prove some common fixed points
theorems for the co-cyclic conditions. Before we can
prove our results, we also need the following, which is an
extension of Definition 2.

Definition 3.1. Let X be a nonempty set and

f,g:X —> X be two mappings. The set UieNgﬂ,lXi is

called a co-cyclic representation of X between f and g if
the following conditions are satisfied:

1) X :UieN(TAX ’
2) X; isanon-empty subsetof X forall ieNj™;
3) F(X) S 9 Xiouim) forall ieNg™.

Example 3.2. Let X =[0,2], X, =[0,1], X, =B,ﬂ

and X, =[1,2]. Now, define two self-mappings f, g on X
by

1 if 0<x<1,
fx= x—l if 1<x£§,
2 2

x—1 if §<x32,

Xx+— if OSXSl,
2 2
gx==+1 if l<x£§,
2 2
3
x—=1 if —<x<2.
2

Now, we see that

(%)= 3.1 |- 9()= {1} 9= 3.1]
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(X,) =111, f(Xl)z(%,l} f(Xz)z[%,l}.

Therefore, f(X,)cg(X,), f(X,)cg(X,) and
f(X,)c g(X,). That is, Uiengi is a co-cyclic rep-
resentation of X between f and g.

Definition 3.3. Let A),A,---, A, be nonempty closed
subsets of a metric space (X,d) , Y= UieN?’]A and

f,g:Y >Y be two mappings. If the following condi-
tions are satisfied:

1) UieN?_]A is a co-cyclic representation of Y be-

tween f and g;
2) there exists 0 <« <1 such that

d(fx, fy) <amax{d(gx,gy).d( fx,gx).d(fy,gy).
d(fx,gx),d(fy,gx)}

whenever X and y are descendants in Y, then we say that f
and g are ( f,g)-co-cyclic quasi-contraction.

Remark 3.4. The notions and results in this section
can be reduced from the results of the previous section if
the mapping g is the identity mapping.

Now, we are ready to give some extensions of the
results in Section 2.

Theorem 3.5. Let A, A,---,A,, benonempty closed
subsets of a complete metric space (X,d) and

Y = UieN(T,,A. Suppose that f,g:Y —>Y are (f,g)-
co-cyclic quasi-contraction with « e [Oéj ,

g ‘ N A — A isamappingand gA is closed for all

ieN{™". Then f and g have a unique point of coinci-
dence in ﬂier,lA‘.

Theorem 3.5 can be proved using the analogous ideas
of the proofs in Section 2. However, we prove Theorem
3.5 differently by using the following lemma ([8]):

Lemma 3.6. [8] Let X be a nonempty set and
f:X —> X be a mapping. Then there exists a subset
Ec< X such that f(E)=f(X) and f:E—X s
an injection.

Proof of Theorem 3.5. By Lemma 3.2, for each
ieNy™, there exists E <A such that g(E)=
g (A) and g:E — A isaninjection. Define
W= UEN?_IgEi and a mapping h:W —-W by hgx =

fx. It is easy to see that
h(g (EI ) < g(Ei+1(modm))
for each ieNJ™', which further implies that UieNgﬂ,l gE;

is a cyclic representation of W with respect to h. More-

Copyright © 2012 SciRes.

over, we can write the (f,g)-co—cyclic quasi-contrac-

. . 1) . . .
tion with o € O’E in terms of a cyclic quasi-contrac-
tion as follow:

d (hgx, hgy) < @ max {d (g, gy).d (hgx, gx),
d (hgy, gy).d (hgx, gy).d (hgy, gx)}.

Since W is complete, by using Theorem 2.3, we show
that there exists a unique fixed point gx* ofhin

(Nioun 9 (E;)- In fact, this means gx" =hgx" = X" =w.
ieN{

Furthermore, we can see that w is also the unique point
of coincidence of f and g in Z ::ﬂieNQ-‘A . This com-
pletes the proof.

Note that our conditions are not strong enough to show
the existence of a common fixed point of two mappings.
To guarantee the existence and uniqueness of a common
fixed point, we need an additional condition, namely, a
weak compatibility, which is defined as follows:

Definition 3.7. [9] Let X be a nonempty set. Two map-
pings f,g:X — X are said to be weakly compatible if
they commute at their point of coincidences, i.e., if
xe X issuchthat fx=gx,then fgx=gfx.

Theorem 3.8. Suppose that all the conditions in Theo-
rem 3.5 hold. If f and g are weakly compatible, then f and
g have a unique common fixed point.

Proof. Since all the conditions in Theorem 3.5 hold, it
follows that f and g have a unique point of coincidence w

of fand g, that is, w=fx"=gx" in Z:= ﬂieNQ-‘A I f

and g are weakly compatible, we have
fw= fgx" = gfx" = gw. This means fw=gw is also a
point of coincidence of f and g. Since the point of coin-
cidence of f and g is unique, we have that fw=gw=w,
that is, w is a common fixed point between f and g.
For the uniqueness of the point W, suppose that
fz=gz=1z. Hence z is a point of coincidence of f and g.
Since the point of coincidence of f and g is unique, we
conclude that z=w. Thus f and g have a unique com-
mon fixed point W in Z. This completes the proof.
Theorem 3.9. Let A, A,---, A, benonempty closed
subsets of a complete ultrametric space (X,d) and

Y::UieNOm,,A. Suppose that f,g:Y —»Y are (f,g)-

co-cyclic quasi-contraction, g‘/\_ A —> A is a map-

ping and gA is closed for all ieNJ". Then f and g
have a unique point of coincidence in ﬂieN@’lA' More-

over, if f and g are weakly compatible, then f and g have
a unique common fixed point.
The proof of this theorem can be completed using the
proof of Theorems 2.6, 3.5 and 3.8 and so we omit here.
Corollary 3.10. Let A, A,---,A,_, be nonempty closed
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subsets of a complete metric space (X,d) and
Y :=Uier,lA. Let f and g be two self-mappings on Y.

Suppose that there exist «, 3,7,8,& €[0,+) such that

d( fx, fy)<ad(gx,gy)+ Ad ( fx,g9x)+yd (fy,gy) ®
+6d (fx,gx)+&d ( fy, ox)

whenever X and Y are descendants in Y, where

a+,b’+}/+5+g<%, g‘A‘ :A > A is a mapping and

!, Suppose that UieNQ-‘A

is a co-cyclic representation of Y between f and g. Then f
and g have a unique point of coincidence in ﬂieNg-‘A .

g(A) is closed for all ieNj

Moreover, if f and g are weakly compatible, then f and g
have a unique common fixed point.

Proof. Since f and g satisfy the inequality (3), we can
deduce that

d(fx, fy)<(a+p+y+05+e)max{d(gx gy),
d(fx,gx),d(fy,gy).d(fx,gx).d ( fy,gx)}

Now, since (a+fB+y+5+¢&)e [0,%} applying Theo-

rems 3.5 and 3.8, we obtain the result.
Corollary 3.11. Let A, A,---,A,, be nonempty clo-
sed subsets of a complete ultrametric space (X,d)

and (X,d)Y :=Ui€Ng,lA . Let f and g be two self-map-

pings on Y. Suppose that there exist
a,B,y,6,¢ €[0,+0) such that

d(fx, fy)<ad(gx gy)+Ad(gxgy)+yd(fy.qy)
x+aod (fx,gy)+edf (y,0x)
whenever X and Yy are descendants in Y, where
a+p+y+o+e<l, g‘Aﬁ :A —> A and g(A,) is closed
for all ieN]™". Suppose that UieNg"lA is a co-cyclic

representation of Y between f and g. Then f and g have a
unique point of coincidence in neNg‘*‘A . Moreover, if f

and g are weakly compatible, then f and g have a unique
common fixed point.

Proof. Since f and g satisfy the inequality (3), it fol-
lows that

d(fx, fy)<(a+pB+y+5+e)max
d( fx,gx),d

{d(gx.ay).
(fy,9v).d(fx,gy),d (fy,gx)}.
e[o,

Now, since (a+f+y+5+¢)e
rem 3.4, we obtain the result.

If g is the identity mapping in Corollaries 3.5 and 3.6,
we have the following:

Corollary 3.12. Let A, A,---, A, , be nonempty closed

1), applying Theo-

Copyright © 2012 SciRes.

subsets of a complete metric space (X,d) and
Y= UieN(T’lA' Let f be a self-mapping on Y. Suppose

that there exist «, 87,8, €[0,+%) such that

d(fx, fy)<ad(x,y)+£d(x, &)+ yd(y, fy)
+6d(x, fy)+ed(y, x)

whenever X and Y are descendants in Y, where
a+pf+y+o+e< 5 Suppose that UieNﬂHA is a cy-

clic representation of Y with respect to f. Then f has a
unique fixed point in ﬂieNm_lA .

Corollary 3.13. Let A,A ---,A , be nonempty closed
subsets of a complete ultrametric space (X,d) and

Y :=UieN?_]A1. Let f be a self-mapping on Y. Suppose
that there exist «, 8,7,5,¢ €[0,+0) such that

d(fx, fy)<ad(x,y)+Ad(x, i)+ yd(y, fy)
+0d(x, fy)+ed(y, fx)

whenever X and Yy are descendants in Y, where
a+ f+y+0+e<l1. Suppose that Ui um A s acyclic
€lNo

representation of Y with respect to f. Then f has a unique
fixed point in ﬂieN(T’lA‘ )
Remark 3.14. Notice that Corollary 3.12 also gener-

alizes the condition a+ f+y+25 <% of Theorem 1.2.

4. Conclusion

For the single-mapping case, the existence and unique-
ness of a fixed points for a quasi-contraction in cyclic
sense is proved with a restriction that the contraction

constant have to be less than % We further showed that

if X is an ultrametric space, such a restriction may be
dropped. Further, with the notion of a co-cyclic repre-
sentation, we point out that the two-mapping case may be
extended from our results proved earlier.
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