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ABSTRACT

In this paper we introduced a definition for the primary radical of a submodule with some of its basic properties. We
also define the P-radical submodule and review some results about it. We find a method to characterize the primary

radical of a finitely generated submodule of a free module.
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1. Introduction

The prime radical of a submodule N of an R-module
M, denoted by rad,, (N) is defined as the intersection
of all prime submodules of M which contain N, if
there exists no prime submodule of M containing N,
we put rad, (N)=M [1].

We naturally seek a counterpart in the primary radical
of a submodule of module.

Firstly we introduced a definition for the primary radi-
cal of a submodule with some of its basic properties. We
also define the P-radical submodule and review some
results about it.

Finally, we find a method to characterize the primary
radical of a finitely generated submodule of a free mod-
ule.

2. Some Basic Properties of the Primary
Radical

In this section we introduce the concept of the primary
radical and give some useful properties about it.

2.1. Definition

The primary radical of a submodule N of an R-module
M, denoted by prad,, (N) is defined as the intersec-
tion of all primary submodules of M which contain
N . If there exists no primary submodule of M con-
taining N ,weput prad, (N)=M .

If M =R, since the primary submodules and the pri-
mary ideals are the same, so if | is an ideal of R,
pradg (1) is the intersection of all primary ideals of R,
which contain | . Now, we give useful properties of the
primary radical of a submodule.

Copyright © 2012 SciRes.

2.2. Proposition

Let N and L be submodules of an R-module M .
Then

1) Nc prady, (N)
2) prad,, (NNL)c prad, (N)N prad,, (L)

p

3) prad, (prad, (N))=prad, (N)

Proof.

1) Itis clear.

2) Let H be primary submodule of M containing L,
since NNLcLcH so prad, (NOL)cH . Thus
prad,, (NNL)c prad,, (L). By the same way
prad,, (NNL)c prad, (N). It follows
prad,, (N L)< prad, (N)N prad,, (L).

3) By 1) we have prad,, (N)< prad,, (prad,, (N)).
Now prad,, (N)=L where the intersection is over
all primary submodules L of M with LoN.

prad,, (prad, (N))
= prad,, (NL)< Nprad,, (L)=NL

In the following two propositions, we give a condition
under which the other inclusion of 2) holds, that is;
prady,, (NNL)=prad, (N)N prad, (L) provided that
every primary submodule of M which contains N (L
is completely irreducible submodule. Where a submodule
K of an R -module M is called Completely Irre-
ducible if whenever N(\L c K, then either N c K or
LcK where N and L are submodules of M .

2.3. Proposition

Let N and L be submodules of an R -module M . If
every primary submodule of M which contains N (L
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is completely irreducible submodule, then:
prad,, (NNL)=prad, (N)N prad, (L).

Proof. By proposition (2.2, (2))
prad, (NNL)c prad, (N)N prad,, (L)
If prad,, (NNL)=M, clearly
prad,, (N)= prad, (L)=M . If prad, (NOL)=M,
there exists a primary submodule K of M such that,
NNL<c K by hypothesis either Nc K or LcK
so that either prad,, (N)c K or prad, (L)c K, be-
cause every primary submodule containing N(L, so
either prad,, (N) < prad,, (NNL) or
prad, (L)< prad,, (NNL) therefore
prad, (N)N prad,, (L)< prad,, (NNL).

2.4. Proposition

Let N and L be submodules of an R -module M
suchthat ([N :M]+[L:M]=R, then

prady, (NNL)=prad, (N)N prad, (L).
Proof. If K is a primary submodule containing N(L,

then ([NNL:M]c[K:M].So
JIN:MINL:m] e INNL:M] 2 [K:M].
Since \[K :M] is a prime ideal, either
JL:M]c[K:M] or ([N:M]c[K:M].If
\/[N:M]g\/[K:M], then \/[L:M]¢\/[K:M] for

otherwise R:\/[N:M]+\/[L:M]g\/[K:M] which

is a contradiction. Therefore N < K. Now, applying
proposition (2.3), we can conclude that

prady,, (NNL)=prad, (N)N prad, (L). We conclude
the same result if \/[L:M]g\/[K:M].

Let N be a proper submodule of an R-module M .
Let P be a prime ideal of R. For each positive integer
n, we shall denote by K(N,P") the following subset
of

K(N,P”):{meM|cmeN+P"M for some ceP}

2.5. Proposition

Let N be a submodules of an R-module M and P
be a prime ideal of R. For each positive integer n:
K(N,P")=M or K(N,P”) is a P -primary sub-
module of M .

Proof. Let n be any positive integer, it is clear that

K(N,P”) is a submodule of M . Assume
K(N,P")=M . To show K(N,P") is P -primary,
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P"M c K(N,P") thatis P"c[K(N,P"):M |. Now,
let L be a submodule of M properly containing
K(N,P"),let re[K(N,P"):L], rLeK(N,P).
Since K(N,P")cL, let leL, but 1¢K(N,P")
thus rl e K(N,P"), there exists ce P such that

c(rl)eN+P"™M . If rgP, then crg P and this im-
plies | e K(N,P”), which is a contradiction. It follows

re P, therefore [K(N,P”): L]g P.

So K(N,P") isaprimary submodule
P= [K(N,P“) : MJ , we have proved above that
P"c[K(N,P"):M |, thatis P [[K(N,P"):M .

Let rc [K(N,P“):M] r'M c K(N,P") for

some teZ", thus c(r'M)eN+P"M forsome cgP.
If reP then cr'eP this implies M < K(N,P"),
which is a contradiction. Therefore r e P thus

[K(N,P"):M]cP.

The following theorem gives a description of the pri-
mary radical of a submodule.
2.6. Theorem

Let N be a submodule of a module M over a No-
etherianring R . Then

prad,, (N)
=N {K(N P
Proof. By proposition (2.2), for each positive integer n

and any prime ideal P we have K(N,P") is a
P -primary submodule containing N . Hence

prad,, (N)
N {K(N,P”)

P isaprimeideal of R,ne Z*}

P isaprime ideal of R, ne Z*}

For every primary submodule H containing N with
P=[H:M] there exists a positive integer r such
that K(N,P")cH .So
n{K(N.P)
cK(N,P")cH.
Thus
n{K(n.P)
c prad,, (N).

We will give the following definition.

P isaprime ideal of R,n e Z*}

P isaprime ideal of R,ne Z*}
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2.7. Definition

A proper submodule N of an R-module M with
prad,, (N)=N will be called P-Radical Submodule.

Now, we are ready to consider the relationships among
the following three statements for any R-module M .

1) M satisfies the ascending chain condition for p-
radical submodules.

2) Each p-radical submodule is an intersection of a fi-
nite number of primary submodules

3) Every p-radical submodule is the p-radical of a
finitely generated submodule of it.

2.8. Proposition

Let M be an R -module. If M satisfies the ascend-
ing chain condition for p-radical submodule of M is an
intersection of a finite number of primary submoules.
Proof. Let N be a p-radical submodule of M and
put N =0, N;, where N, isa primary submodule for
each iel, and the expression is reduced. Assume that
I is an infinite index set. Without loss of generality we
may assume that | is countable, then
N = ﬂlN c ﬂ N, < ﬂsN c-
p-radical submodules, since by proposition (2.2),

(i]Ni c prad,, (ONi)gQ(pradM (QNi)):ONi

- is an ascending chain of

By hypothesis this ascending chain must terminate, so
there exists jel such that (1iZ;N; =(;;N;, whence

i-jaN;i € N; which contradicts that the expression
N =N, isareduced. Therefore | must be finite.

2.9. Proposition

Let M be an R-module. If M satisfies the ascending
chain condition for p-radical submodules, then every
p-radical submodule is the p-radical of finitely generated
submodule of it.

Proof. Assume that there exists a p-radical submodule
N of M which is not the p-radical of a finitely gener-
ated submodule of it. Let m, € N and let

N, = prad,, (Rm;) so N,cN, hence there exists

m, e N-N,.Let N, =prad, (Rm,+Rm,), then
N,cN,cN, thus there exists m, e N—-N,, etc. This

implies an ascending chain of p-radical submodules,
N,cN,cN,c--- which does not terminate and this
# # #

contradicts the hypothesis.

2.10. Proposition

Let M be a finitely generated R-module. If every pri-
mary submodule of M is the p-radical of a finitely
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generated submodule of it, then M satisfies the as-
cending chain condition for primary submodules.

Proof. Let N,cN,cN,c-- be an ascending
chain of primary submodules of M . Since M is
finitely generated then, N =U;N; is a primary sub-
module of M .

Thus by hypothesis, N is the p-radical for some
finitely generated submodule L=R(m;,m,,---,m ),
hence L c prad,, (L)=N=U;N;, then there exists
jel suchthat L N, hence
N = prad,, (L)< prad,, (Nj)z N; . Thus UN; =N;
for some jel . Therefore the chain of primary sub-
modules N, terminates

3. The Primary Radical of Submodules of
Free Modules

In this section we describe the elements of prad, (N),
where N is a finitely generated submodule of the free
module F. Let n be a positive integer and let F be
the free R -module R"™

Let x, e F(1<i<m) forsome meZ",then
X = (X X202 X,y ), 1<i<m, forsome x; eR,

L 1]

1<i<m, 1<j<n.

We set
Xu o X o Xy
[% X, X, ]= Xa X:ZZ Yan | M (R)
Xml Xm2 an

Thus the jth row of the matrix [x, x, ---
of the components of the element X,
A=(a;)eM,.,(R). _

Bya txt minor of A we mean the determinant of a
txt submatrix of A, thatis a determinant of the form:

X, | consists
in F. Let

i) i() Ay i(r)
Bi(t)i(y) A(t)i(r)
where 1<i(1) < S|(t)<m 1<j@)<--<ij(t)<n.

Foreach 1<t<min

We denote by A the |deal of R generated by the
txt minorsof A.

Note that A =2>0,>7,Rayo2A DA DDA ,
where k =min(m,n).

The key to the desired result is the following two
propositions.

3.1. Proposition

Let R bearing and F be the free R-module R™
for some positive integer n. Let N :ZLRXi be a
finitely generated submodule of F where m<n. If
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reprade (N), then [rx x,---x,] in
N{P| for every maximal ideal Psuch that

[%, X, ], = P'forsome | eZ*},lstSm+1

Proof. Suppose r=(r,,,...,r,) e prad. (N) where
rreR, 1<i<n. Let P be any maximal ideal of R
and (eZ" suchthat [Ox,---X,] < P’. By proposition
(2), there exists ceR\P, s;eR, (1<i<m) and
p, € P* suchthat cr=sX +S,X, ++--+S X, +P,
where p=(p,, p,,--- P, ), that s, if
X =(Xq: %z, X, ) Where x; eR
(I<i<ml<j<n),then

3.1) o =SX; +S,Xy; A+ S X + Py 1<i<n

Suppose that
1<t<m+1 letl<i(1)<i(2)<---<i(t-1)<m,
1<j@)<--<j(t)<n

Let
N " M
X, = Xwiw Xwio
Xia-niw X

which is a txt minor of [r x X, ---x,]. Then by
(3.1)

Chiw - Cliw
eX, = Xwim Xwiw
Xit-0io Xi@-niw
n Xhi LT
:hzzsh Xwiw Xiwiw
Xia-ni@ X
Piw Piw
|
T Xwiw Xwin |€P-
Xit-ni@ X0

which is primary with ¢ ¢ P (note that, here
Pjw: - Pjy €P') hence X, e P'cPorXeP.It

follows [r % X, ---x, ] €P for every maximal ideal
P with [0 ¥ X, ---x,] P’ forsome /eZ" and
1<t<m+1.

3.2. Proposition
Let R be aring and F be the free R -module R,

m
for some positive integer n. Let N = Zin be a fini-
i=1

tely generated submodule of F where m<n . If

[rx x2~-~xm]t in
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ﬂ{P' | for every prime ideal P such that
[0x, -+ X, ], = P'forsome | € Z+}

1<t<m+1,then re prad. (N).
Proof. Suppose

[, ], e{P' |for every prime ideal P
such that [0x, -+, ], = P'forsome | € Z*}

and 1<t<m+1.Let P beany prime ideal of R and
k any positive integer. It is enough to show that
reK(N,P¥) forall keZz".

If [0x x,x,], €P*, then
relrx % - x,] €P*, hence
r=(nn, e F’kFgK(N,P"). Suppose SSS

[0% X, - X, ], € P.

Note that [0 x, X, ---x,] = 0eP“ forall k.

Thus there exists 1<t<m such that
[0% X, - X, ], € P, but [0 X, --- x,]_, isasubset
of P, there exists
1<i(l)<--<i(t)<m, 1< j(1)<--
that

< j(t)<n,such

4 =i
Xiwiw

Xiwiw 2P
Ximic
By hypothesis, foreach 1< j<n

T M " Fiw

%wi  XNoio Xiwio < p*
%o Xiwmio

Expanding this determinant by first column we find
k
that dr; + &y Xy ++ & Xiw; €P° where

i)

Mo " M
%iwiw Xiwim
3 = (-1)" X Xi(h-)j 1)
Xi(h+l)j(l) Xi(h+l)j(t)
Xi®i@ %i®ic

Foreach 1<h<t.
Note that d and a, (1<h<t) are independent of
j. Thus

- . k -
dr; +aig Xig); + + 8y Xe; > P 1< j<n
i.e. dr e Rx +Rx, +--+Rx, +P“F =N +P*F with
d ¢ P, hence reK(N,P"T.Thus re pradg (N).

3.3. Proposition
Let M, and M, be R -modulesand
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M =M, &M, ={(m,m,)[m eM,i=12}

Let N be a proper submodule of M, , then
x e prad, (N) ifandonlyif (x,0)e prad,, (N©®0).

Proof: Suppose first that x e prad,, (N). Let K be
any primary submodule of M such ‘that N ®0cK.
Let K'={meM,y(m,0)eK}. K' is a submodule of
M, and if K'= M, then K’ is a primary submodule
of M, since, if rmeK’ where reR and meM,,
then (rm,0)e K, so r(m,0) e K, which is primary sub-
module of M, hence either (m,0)eK thus meK’
or I'M c K forsome neZ" thatis,
r"(M,®M,)c K, so
r"(M, ®@0)cr" (M, ®M,) c K, therefore
(r”Ml(JaO)): r"(M, ®0)c K, thus r"M, cK' for

some neZ”, that is re [K':M,]. Hence K’ is a

primary submodule of M, containing N.Thus xe K",
so (x,0)eK. It follows (x,0)e prad,, (N@®?0). Con-
versely, suppose that (x,0)e prad, (N@0). Let Q
be a primary submodule of M, suchthat N c Q. Then
Q®M, is a primary submodule of M containing
N@O0.Hence (x,0)eQ®M,, that is

xeQ so x e prad,, (N

Now, we have the main result of this section.

3.4. Theorem

Let R be aringand F be the free R-module R™
for some positive integer n. Let N :ZLin be a
finitely generated submodule of F where m<n. If
reprade (N), then [r x x, --- x, ] in

ﬂ{ P| for every maximal ideal P such that

[0%,---%,] © P'forsome | € Z*};
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1<t<min(m+1n).

Proof. Letk = min(m+1,n). Suppose first k =m+1,
that is m<n, by proposition (3.1), if re prad. (N),
then [r x X, - X, ], in

N{P| forevery maximal ideal Psuch that

[0, X, ], = P'forsome | e Z*};

1<t<min(m+1,n).

Now suppose k=n, ie. n<m+1.Let G =R™Y,
r=(nnn), Xi = (X%, -, %, ) forsome r; eR
and x; R, (1<i<m, 1< j<n).By proposition (3 3),
reprad. (N) if and only if (r,r,,---,r,,0,0,---,0) in
"). Where

N’_Z R(Xll’XIZ’ : !Xm:O 0, 0)

Now apply proposition (3.1) to obtain the result.
The following example will illustrate application of
the proposition (3.2).

pradg (N

3.5. Example

Let R=Z,F =2% and N be the submodule
Z(1,3,5)+ Z2(LL1) of F.Then
(r.r,r)eprad. (N) if 3r—r,, 5r—r, 5r,—r, in
2Zand (r,—-2r,+1,)=0.
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