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ABSTRACT

In this paper we develop the orthogonal projections and e-projections in Banach algebras. We prove some necessary
and sufficient conditions for them and their spectrums. We also show that the sum of two generalized orthogonal pro-
jections U and V is a generalized orthogonal projection if, uv=wu=0. Our results generalize the results obtained

for bounded linear operators on Hilbert spaces.

Keywords: Generalized Orthogonal Projection; Orthogonal Projection; Generalized e-Projection; e-Projection

1. Introduction

Orthogonal projections on Hilbert spaces play important
roles in many applications in mathematics, science and
engineering including signal and image processing, in-
tegral equations and many other areas. In this article we
introduce generalized orthogonal projections, genera-
lized e-projections in Banach algebras and we show that
they share many useful properties with their corre-
sponding notions in C'-algebras. For more information
we refer to the articles by Berkson [1], Schmoeger [2],
Du et al. [3], Grob et al. [4] and Lebtahi et al. [5].

The paper is organized as follows: Section 1, contains
a few elementary definitions and results from Banach
algebras theory. In this section we introduce the concepts
of numerical range and the spectrum and the spectral
radius of an element and investigate their properties. In
Section 2, we introduce the generalized orthogonal pro-
jections, generalized e-projections in Banach algebras
and we study some necessary and sufficient conditions
for them and their spectrums.

Throughout this paper, A will denote a complex
unital Banach algebras (with unit 1) and A’ denote the
dual space of A. For xeA, ||X|| =1, define the
support set at X

D(Ax)={peA":(x0)=1=[o]
Then forall ae A define the sets
V(A,ax)={(ax.p):pe D(A,x)}
and their union, the numerical range of a

\4 (A’ a) = UXEA,HXH:IV (.A, a X)
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We also denote the spectrum and the spectral radius of
aby o(a) and r(a) respectively.
Lemmall. [6]. Let a,be A,4AeC then
1) V(A, a) is a compact convex subset of C.

2) V(A,a+b)cV(A,a)+V(A,b).
3) V .A,/Il+lua)=/1+yV(.A,a).
4) V(A,a)=V(A4,al).

5) o(a)cV(A,a).

The fundamental link between the numerical range of
ae A and the group {eta ‘te R} is as follows:

:t>0}

A~ N /S~

eta

max {Rel: 1€V (A,a)} = sup{%log|

1 all o)1

:tgrg¥log|et :1nf{z(||l+ta||—l):t>0}
.1

fjg}l{;(lllﬂall—l)}

By Lemma 5.2 of [6], an element ae . A is said to be
hermitian if V (.A,a)c R or equivalently "e‘a” =1

. .1
(teR), equivalently tlirg ¥(||l +tal|-1)=0.

We denote the set of all hermitian elements of A by
H(A). It is well-known that if he(A) then the
convex hull of the spectrum satisfies
co(a(h))=V(A,h) and r(h)=|jn|. Also H(A) is
closed real subspace of A and H(A)NiH(A)={0}
andif hkeH(A) then i(hk—kh)eH(A)

Furthermore, if A isa B’ -algebra, then by Example
53 0f[6], acH(A) ifandonlyif a =a.
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Anelement ae A is called positive if
V(A,a)cR". We denote the set of all positive ele-
ments of A4 by A". By Theorem 5.14 of [6], ac A"
ifand only if aeH(A) and o(a)c[0,%). In the real
Banach space H(A), the set A" is a normal closed
cone in which 1 is an interior point. Let
J(A)=H(A)+iH(A). Since H(A)nH(A)={0},
hence each element of J (A) has a unique representa-
tion of the form h+ik with h, kH(A) . If we define a
linear involution * from J(A) to itselfby
(h+ik) =h—ik then J(.A) with the norm of ae A
is a complex Banach space and * is a continuous linear
involution on 7 (A). In the general case J (A) is not
an algebra and *:7(A)— J(A) is not an involution
because in particular (ab) #ba’ (a,b € J(A)) .
However, if A=7(A) and for every ueH(A),
u’ =h+ik with hk=kh, h,kH(A) , then A is a
complex unital C’-algebra with continuous involution
* and H(A) is its set of self-adjoint elements [6].

We say that ue.A is normal if u=h+ik with
h ke H(.A) and hk =kh. Observe that ue A is nor-
mal if and only if ue 7 (A) and uu =u'u. An ele-
ment Ue J(A) satisfying u=uu'u is called a partial
isometry.

Definition 1.2. Let A be a complex unital C" -alge-
bra, then ae. A is called an orthogonal projection if
a’=a=a . Moreover ac. A is called a Moore-Pen-
rose invertible if there exists some be.A such that

aba=a, bab=b, (ab) =ab, (ba) =ba

In this case b is the Moore-Penrose inverse of a
and usually denoted by a'. If a is Moore-Penrose
invertible, then a' is unique.

Definition 1.3. Let A be a complex unital Banach
algebra. An element ae A is called an orthogonal pro-
jection if a’=a and aeH(A). Moreover ae A is
called a Moore-Penrose invertible if there exists be A
such that

aba=a & bab=bVab,abe H(A),

then the element b is called the Moore-Penrose inverse
of a, and it also will be denoted by a’. The Moore-
Penrose inverse of a is unique in the case when it ex-
ists.

If a is Moore-Penrose invertible then the equality
aa’ =a'a does not hold in general. Hence it is interest-
ing to distinguish such elements.

Definition 1.4. An element a of a unital Banach al-
gebra A is said to be e-projection if there exists a'
and aa’ =a'a.

If Sc. A ,we define the centralizer of S by

I(S)={aecA:as=saVse S}.
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We say that S commutes if any two elements of S
commute with each other. If Sc . A is commutes and
B:F(F(S)) then by Theorem 11.22 of [7] B is a
commutative Banach algebra (with unit 1), Sc B and
o,(a)=o05(a) forevery aeh.

Lemma 1.5. [7]. Let A be a complex unital Banach
algebra, let u=h+ike 7(A) be a normal element,
B(u):F(F({h, k})) If A, is the set of all nontrivial
complex homomorphisms of B(u). Then

1) G(b)z{r(b):reAu}.
2) r(h),z(k)eRVzeA,

3) r(u*)zm forall 7eA, and o-(u*)za(u)
4)If a,beB(u), then
o(a+b)co(a)+o(b),o(ab)co(a)o(b)

2. g-Orthogonal Projections and Generalized
e-Projections

Definition 2.1. An element ue 7 (A) is called gene-
ralized orthogonal projection or simply a g-orthogonal
projection if there exists a natural number Nn>2 such
that u"=u" Also u is said to be generalized e-pro-
jection if there exists u' and u" =u’

Theorem 2.2. Suppose that ue J(A) is a gor-
thogonal projection. Then

1) u isnormal.
2k

2) a(u)g{O}u{eI””:OSksn}

3) If h"2ieKi e H(A) for all 1< ] SLEJ then
(u*)n —u and U =u

Proof.

1) Since u" =u" hence we have

w’ =u™ =u'u.

2) Let Aeo(u), then by the Lemma 1.5 there is a
re€A, suchthat A= z'(u) , thus we have

Z:r(u*):r(u“):r(u)":ﬂ“.
Now if 2#0,then|4|=1 and hence A™' =1 which
2hen

implies that A = e™ with 0<k<n
3) Since u"=u" hence

EJ i N )22
—h+202 (—U'[th i
i [—k—zgﬂ(—l)j_l (2jn_1j hn_2j+1kzj—1}

Using the Lemma 1.6 (4) we have
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a[—mzﬁ?i(—l)i[z”jjh”-ﬂkﬂ]gR

and
{EJH i1 n N2 ialr i
a[—k—zj: 07 e IJQR
This yields
{EJH j-1 n n-2j+ j—
O_(_k_zjil (_1) (zj_l\Jh 2j 1k2J IJ
gRﬁiR:{O}.

Thus we have
By P Vg |2
r(—k—zjfl (—1) (Zj—l]h 22l IJ—O.

Since

—k—z#lﬂ(—l)u(ﬂn Jhnzjukzjl EH(.A),
hence

—k—z@%—l)*{ " e <o

2j-1

which shows that

s (e

2]
—k= ZEJH(—I)H (21.”_1] L S

Therefore

W =i [ e

F 41 . n ) )
- .2J -1 h" 21Kk = h—i(—k)=u
Z j=1 ( ) 21 _1 ( )

The second implication is obvious.

Theorem 2.3. Let ue j(.A) be a generalized e-pro-
jection. Then

1) u™ =u and u is an e-projection.

2) o(u)c {o}u{ein+1 [0<ks< n}

Proof.
1) Since u" =u" hence we have
u=uu'u=u™? and u’ =u™" =ufu.

2) This follows immediately from Theorem 2.2.
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Theorem 2.4.Let ue 7(A) and
. 2kn
a(u)g{O}u{eI”*' 0<k< n}.

Then the following statements hold:

1) If u is normal, thenr (u” —-u’ ) =0.

2) If hk,(h*ork®),h" k! e H(A) for all 1<j<n,
then u is a g-orthogonal projection.

Proof.

1) Put v=u"—u" Since U is normal hence hk = kh
and so veB(u) Now suppose that Aeo(Vv), then

there exists some 7eA, with A=7(v)= z’(u)rI —7(u).
Let 7(u)#0,since 7(u)eo(u) thus
r(u)n+l = |z’(u) =1. This shows that

Ar(u)=7(u)™ ~|r(u) =0, and so & (v)={0} From

this we have r(un —u*) =0.

2) By the Murphy’s Theorem [8], hk=kh so u is
normal. Now from v=u"—-u" we obtain

oS (e

2]

sy e

Using the Lemma 1.6(4) and applying (1) we have

G[MZEJH(—DJ1(2jn—1jhn_””k”_1]

c RniR ={0}.
Since h"’k! e H(A) forall 1< j<n,hence
k_,_ZEJH(_l)i-‘ n hn-2i+1 2
=t 2j-1 '
This shows that
EI TR
V=30 |k —he m(A),
B J
Since r(v)=0, thus v=0, which implies that
u"=u".
Theorem 2.5. An element ue .4 is a g-orthogonal
projection if and only if U is normal and

o(u) < {O}U{eifz‘ﬁ 0<k< n}

Proof. If u is a g-orthogonal projection then the im-
plication follows from the Theorem 2.2. Conversely
suppose that u is normal and
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o(u)c {o}u{eﬁ 0<k< n}.

For every Aeo(u) we define the Reiesz projection

of U associated with 4 by E(A4) :% I (ocl—u)_1 da
g

where C, is a smooth closed curve which A interior

to C, and o(u)\{4} exteriorto C,. Then by Propo-

sition VIL4.11 of [9], u has the representation as fol-
slows:

2kn 2kn
u=0E(0 )@Z@e"“E{e””]

k=0

where E(l)zO for all
2kn
Ae{o,e"” :OSkSn}—a(u)

and E(/l)2 =E(4) and

Y ®E(2)=

Aeo(u)

and E(A)E(u)=E(u)E(A) for A,ueo(u) and
A # u . Now we compute

=[OE @Z@e” (eljJ

=0E(0)® Z@e n+l E[e"“]
k=0
2kn

n 2kn

~0E(0)® > ®e ™E einﬂJ U
k=0
Theorem 2.6. Suppose that ue J(A) and
2l
o(u)c {O}u{e <k < n}.
If u has the representation

u= 2455(@\{0} G_M’E(/i) ’

where

1 -1
E(4)=7 C{(al u) ' da
is a Riesz projection of U associated with 4 and C, is
a smooth closed curve which A interior to C, and
o(u)\{0} exterior to C,. Then u is a generalized e-
projection.

Proof. Since for all 2eo(u) we have A"=21"
hence
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®1E(2))

( Aea(u)

= (0E(0)® X, B2E(2))
0 ( )®Z/lezr \{0}®ﬂ’nE(2’)
0E(0)®,. (04 'E(2)

-1
= OE(O)®(Zzga(u)\{0}®ﬂ’E(’l)) =u'

In the general case if he H(A) then it does not fol-
lows that h* ¢ H(A).

Example2.7. Let A =C’ with pointwise multiplica-
tionand let p:.A—[0,0) be defined by

p(aaﬂ’y)zsuplec /Ta+,8+/17/|

=1

Define the norm |||| on A by

|a]|=sup ., P(xa)vaeA.
p(x)=1

Then (.A,"”) is a complex commutative Banach al-
gebra with unit 1=(1,1,1). If h=(-1,0,1) then the
following properties are shown in [6].

Az{al+ﬂh+7h2 :a,ﬂ,ye(C},
H(A)={a1+,3h:a,,b’eR},
j(A)={§1+77h:§,776C},

and heH(A) but h*¢H(A) and each element of
j(A) is normal. Furthermore if u=¢l+nhe j(.A) ,
then U =Z&1+i7h.

Lemma?2.8.Let A asin Example 2.7. Then
ue H(A) is a g-orthogonal projection if and only if

o(u)c {o}u{e‘ifI 0<ks n}

Proof. Forall (a,f,7)e A we have
o(a.p.r)={a.p.r},
hence o (v)={0} ifandonlyif v=0. Now if
2
o(u)c {O}u{e o<k < n},
then by Theorem 2.4, we have o-(u” —u")={0} which
implies that u" =u’. The converse implication follows
immediately from Theorem 2.2.

Lemma29.Let A asinExample2.7and ue J(A).
Then the following conditions are equivalent:

1) o(u)c {o}u{eik; 0<ks 3}

2) U’=u".
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3) ue{(A.4.4).(-4,0,4): 1=0v 2* =1}

4) U =u

Proof.

1) = 2) follows from the Lemma 2.8.

2) = 3) Let u=¢&l+gheJ(A) Since u’=u’
hence

((e=n) &6 +n))=(E-7.E.8+7).

If =0 then 7’ =&, thus u=(-7,0,7) with
7=0 or n*=1. Let £#0 Since & =& hence
3En+3En* -’ =—i and 3En+3Ent+n’=n. It
follows &n” =0, therefore 77 =0. This shows that
u=(&,6,E) with & =1.

(3) = (4): Clear.

(4) = (1): follows from the spectral mapping theo-
rem.

Theorem 210. Let u,veJ(A) be g-orthogonal
projections such that uv=vu=0. Then u+v is a
g-orthogonal projection.

Proof. By the hypotheses

viuk =ulvk =0
forall 1< j,k<n-1 hence we have
(u+z))n =u"+0"+ D] (uiuj +Uiuj)
i>1]21
i+j=n
+ uiujuk+uiujuk)
i>1, 51kl
i+j+k=n

n time n time

+~~~+(uz)ua~~~u+uuz)u---uJ
\—W_/ \—W_J

=u +0 :(u+u)*.

Copyright © 2012 SciRes.
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