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Abstract

The derivation of the harmonic approximation of the Hamiltonian of a model of coupled three-
dimensional harmonic oscillator is presented. It is shown how the splitting of the total Hamilto-
nian into the intrinsic and collective Hamiltonians leads to the description of the mechanism for
energy dissipation in physical systems.
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1. Introduction

Investigation into the mechanism of energy dissipation in heavy-ion reactions has been carried out by different
authors from different approaches, an example is the quantum dynamical model of Diaz-Torres, Hinde, Dasgupta,
Milburn and Tostevin, which is based on the dissipative dynamics of open quantum systems in this model both
deep-inelastic process and quantum tunneling were treated with a quantum mechanical coupled-channels ap-
proach [1] and [2]. For some review papers and other approaches to heavy-ion collisions studies, see the following
refs. [3]-[11].

Mshelia, Scheid and Greiner formulated a nuclear energy dissipation theory to account for energy dissipation
that occurs in heavy-ion collisions [12]. This was described quantum mechanically as resulting from the coupling
of collective degrees of freedom to intrinsic excitations. The formalism has been tested on several analytically
solvable models of oscillators coupled to free motion in one-dimension [13] [14]. Recently, Ibeh and Mshelia
presented a realistic but complex model for investigating the energy dissipation in physical systems [15], which
was an extension of the one-dimensional models of previous work [13] [14]. The results obtained showed a
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marked improvement to the previous models comparative to the exact results.

In this paper, we consider some of the salient features in the complex model of Ibeh and Mshelia which consists
of three-dimensional coupled oscillators located at the corners of a tetrahedron, three oscillators at the corner of
the triangular base representing intrinsic motion while the one at the apex represents the collective motion [15]. In
Section 2, we present the derivation of the potential energy and the kinetic energy, leading to the equation of
motion of the system. Section 3 deals with the quantization of the Hamiltonian of the dissipative system. In Sec-
tion 4, the solution of the total and intrinsic Schrdédinger equations is presented, while Section 5 consists of the
method of determining the probability distribution function.

2. The Classical Hamiltonian

By the symmetry consideration of the arrangement of four particles in space Figure 1 gives the schematic of the
vibrating system, consisting of three-dimensional coupled oscillators located at the corners of a tetrahedron-
three oscillators at the corners of the triangular base representing intrinsic motion while one at the apex
representing collective motion. All oscillators are coupled to each other elastically. Their equilibrium positions
are as follows: the particle of mass M is at the point (0,0,h) at the apex of the tetrahedron while the other

. . | | | | | .
three particles are positioned at | -~—,———,0{(, | —,———=,0|, | 0,—,0| located at the corners of the tri-
P P (ZMJ[ZMJ(@]

angular base.
For harmonic vibration recall that in classical mechanics [16]-[19], it is shown that near the equilibrium posi-
tion the potential energy of the system may be developed in a Taylor series i.e.,

2( v 2( v
2V =2V0+22(a—] G+, Py q;q; +---+ higher terms (1)
EANCE I NANCE TR

in this the only term of interest is the third term, which is sufficient for small amplitude of vibration, so that the
harmonic potential energy is approximated to

1 3N
V= E;Vijqiqj )
in which the V; ’s are constants given by
2
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The quantities V; =V; form a symmetric matrix. Thus the potential energy of the system of Figure 1 about

the equilibrium positions of the particles, becomes,
243

_ 3 ol e 43° 2 N3 _
S LSS VR R SURH e ORI

9

48 4ﬂ\/§
+?(Xl_X)X(Zl_Z)+T(yl_y)(zl_z)}

+ 43:2 {(XZ _X)z +%(y2 - y)2 +49£(22 - Z)Z _¥(Xz _X)(yz - Y)
Ll 0, (a0 @
Jrso%{3(y3 —yY B2 (z—2) —2B83(ys - ) (2 —z)}+c'(xl —X,)

o

+Z{(X1—Xs)2 +3(y1—y3)2 +2\/§(X1_X3)(yl_y3)}

+%{(X2 _X3)2 +3(y2 - ys)z _2\/§(X2 _Xa)(yz - ya)}



G.]. Ibeh, E. D. Mshelia

m, (xz’ywzz)

o
O)V ¥

0
m, (xl,yl,zl) L L m, (xl,yz,zz)
2 2

Figure 1. A system of three small mass coupled to each other
and each coupled to a large mass.

2
where the constants, g :3Th and o’ = [1+%j .

Similarly the quadratic kinetic energy of the system is

1 .2 1 .2 1 .2 1 .2 1 .2 1 .2 l .2 1 .2 1 .2 1 .2 1 .2 1 .2
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where, %, V¥, z and X, y, z arevelocities.i=1,2, 3.

3. The Quantum Energy Dissipation

In Ibeh and Mshelia [15] the quantized Hamiltonian describing the dissipation of energy from the collective mo-
tion into intrinsic degrees of freedom is given as:

H=H;, (le Y10 213 %51 Y1 255 X5y Y35 23, X, sz)+ Heon (X, y,z) (6)
where the intrinsic and collective Hamiltonians are explicitly stated as:
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and
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The collective Hamiltonian is assumed to be that of a free particle with mass, M and described by coordinates
(x,y,z). The three oscillators in Figure 1 described by the coordinates (X, y;, 2, X,,Y,,2,, %, Y3, 2;) have the
same mass m and are elastically coupled to each other and to the collective motion. Energy can be dissipated

from the collective degree of freedom into intrinsic excitations.

3.1. Normal Modes of Vibration

The total Hamiltonian in Equation (6) is given in terms of Equations (7) and (8) as
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H=e o ottt ottt ot ot o ot Tt
2m{ ox, oy, o1, Ox, oy, 0z, OX3 Oy, 0Ozz; ) 2M\ox™ oy° oz
3c 482 23
o SR TURY  SCRE R ORI
4 453
+?ﬁ(x1—x)x(zl—z)+ ’39 (%, y)(zl—z)}

24/3
_T(Xz_x)(yZ_y) (9)

+ ol -y 87 (2 28833y (- D)+ S (0 x)
#0430 1)+ 298 (0 1) (-3

’

=) +3(3, =y, ~2VB (- x)x (3, ~y,)}
8

From the above consideration we observe that the kinetic energy matrix is diagonal while the potential energy
matrix is non-diagonal due to the products xX, XX, V¥, Y,Y. YoV, ZiZ, Z,Z, Z,Z, XX,, XX;, €ic.
these off-diagonal terms give rise to the coupling of the collective and intrinsic motions and the coupling of the
intrinsic oscillators to each other. By a transformation to normal coordinates the quadratic forms of the kinetic
and potential energies in Equation (9), can be reduced simultaneously to sums of squares in these coordinates
and their derivatives and hence make the coupled-oscillator problem separable into independent motions, each
with a particular normal frequencies [16]-[22].

The normal frequencies are determined by the secular equation

det(V; —Q°T; ) =0 (10)

where the coefficients T; and V; are the elements of the kinetic and potential energy matrices, respectively.
Using the matrices of the kinetic and potential energies according to Equation (9), we obtain from Equation

(10) the following twelve eigenfrequencies:
C(B—\/D2+E) C(F+\/GZ+H)
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where, the constants appearing in the eigenfrequencies above are defined as follows:
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’

F :3+9%a2+ﬂ2(,u+1); G :3+9%a2—ﬂ2(,u+1); H =124 (u +1).

Note the two double degenerate frequencies namely Q; = Q3 and Q, = Q4 and the two non-degenerate eigen-
frequencies Qs and Qg describing the motion in which all the four particles vibrate about their common equili-
brium configuration. The six eigenfrequencies: Q7; Qg; Qq; Q10; €1 and Q;, which vanish are assumed to con-
sists of the three zero eigenfrequencies Q;, Qg, Qq, corresponding to the eigenmodes describing a uniform trans-
lational motion of the system as a whole, while the remaining three zero eigenfrequencies Q44, Qi; and Qg have
no direct bearing on the theory of energy dissipation in this work. The corresponding transformations to normal
coordinates are obtained as:
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In terms of the normal coordinates the quantum mechanical total Hamiltonian is

__ne nd no & n & nd  h & h &
2maog? 2maog; 2mag; 2mog; 2mag: 2mog: 2(3m+M)aogs  2(3m+M)aogs 13
h * 1

—W@Jram(gfgf +Q5g3 + Q393 + il + Qlgl + %t )

3.2. The Solutions of the Schrodinger Equation for the Total and Intrinsic Hamiltonians

We now obtain solutions of the time-independent Schrédinger equation with the decoupled total Hamiltonian H
given by Equation (13).

H\P(gvgz-"'-gg):E\P(gvgz-""gg) (14)

Since H describes a free translational motion of the centre of mass and the decoupled harmonic oscillators in
the g1, 92, 03, U4, Us and ge degrees of freedom the eigenvalues and eigenfunctions are obtained as,

hz 2 2 2 d 1
Ek'rhnznanzxnsne = m(kx + ky + kz )+ IZ::L:hQI ni + E (15)

and
6
‘kakykznlnznanAnSnG (91’ CPIRAAE gg) = ka (97)Uky (gs)ukZ (QQ)HV/W (gi) (16)
il

where, the quantum numbers are n;,n,,n;,n,,n;,n; =0,1,2,---.and k,, k,, k, are the wave numbers of the
plane-wave functions for the centre of mass, normalized by means of the Dirac d-function [23] [24] are given by

1 .
U, (97):Eexp[lkx97];

U, (6)= - op[ k01 1

1 ;
U, (gg)=Eexp[lkzgg],

The normalized, bound state, wave functions of the harmonic oscillators are written as

1 .
vo (9)=N, exp{—gﬂfgf}m (49), =126 (18)
The quantity H, is a Hermite polynomial of order n, and the A s are the inverse oscillator lengths given
by
1
mQ; \2
A=l—1, 19
() @

the normalization constant N, occurring in Equation (19) is defined by

1
2
N oA : (20)

n 1
n22"n,!

The total wave function in Equation (16) is normalized as follows:

dg, -+-dgy = 5 (K, —k. )-8 (K, =K, )8y -5

X X z )%y ngNg

N
J.. ’ J. LPkxkykznl”2n?>n4”5r‘6‘Pkxkykz”1”2”3"‘4“5”6 (21)

The intrinsic Hamiltonian can be stated in terms of intrinsic coordinates defined as following
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The resulting eigenvalue equation of the intrinsic Hamiltonian is
i(—%aa—22+;m r]CDH(r1r2-~-r6)=gCD[i(r1r2-~-r6) (23)

where 1, are the intrinsic normal coordinates defined in terms of the intrinsic coordinates given in Equation
(22).
Solving Equation (23) results in the eigenvalues

5=Z6:ha)i(ti+%j, t =012, (24)

i=1

And the following set of eigenfrequencies and eigenfunctions:
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2 _ 2 _
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where, the constants appearing in the eigenfrequencies above are defined as follows:
_ ¢ 2. _ ¢ 2. _ 2\.
b=6+9—a’+24% d=9-_—a’ 25", e=12(3+24%);

f :3+9%a2 + % h=128% g :3+9%a2 _ B

the normalized intrinsic oscillator eigenfunctions:

(pti( ) 771, exp|:_57| i :|Hti (7iri)' (26)
where, the intrinsic inverse oscillator lengths and normalization constants are respectively,
1
M, 2
7i :(_h ] . 27)
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mo=| —L—| , =0123- i=123-6 (28)
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From Equation (26) the total intrinsic wave-function becomes
thi (rv [ PYRRRN re) =o, (r:l)@tz (r2)¢t3 (r3)§9t4 (r4)(/’t5 (rs)(ote (re) (29)

4. The Probability Density Functions

The fact that the intrinsic Hamiltonian eigenfunctions obtained form a complete set, by use of the completeness
relation the total wave function ¥y, \ »0.n0nn, (&.&,+, &%y, 2) is expanded in terms of the complete or-
thonormal set of oscillator functions @, ... (&4, &, % ¥, 2). The normalization of Yk gives

2MN2N3N4NsNg
f] W W,d6dE,d8,dEd4ds =0 £ (x Y. 2) fi (XY, 2) f [oi®,dsds,dgdg,dsds
—0 I ] —0

- Z| f,(xy, z)|2

since the @, ’s are orthonormal. The expansion coefficients f;(x,y,z) represent the probability amplitude for
excitation of the intrinsic motion [25].

On the other hand,_ the normalization of ik onnanunsns (&.&.+. &% Y, Z) with respect to the variables g,
92, 93, 94, s and g gives

(30)

[] ¥} ,dg,dg,dg,dg,dg.dg,

©

=i (9)wi (97)v, (96) v, (98)wi, (9e) v (95) [ v (91)w,, (9:)dg,
- 31)

X J. V’:z (QZ)V/nZ (gz)dgz _[ V/;; (gs)‘//n3 (gs)dgs J. '//:4 (94)V/n4 (94)dg4

1

< [ v (9w, (96405 [ v (86w (85)d0, =

The relationship between the left hand and the right hand of Equations (30) and (31) is given by the transfor-
mation

(1% (9,995 94: 5. 96 97 95 96 ) ¥ (91 92 93 04 05, O 07 B G ) g, dg,dg, g, dg g,

Ty 0(91,9,:95. 9495, 9
= L[‘Ps (51752’ 31641851861 %0 Y, Z)\Pe (51152:&3:9?:4755’9&5: XY, Z)I (3((41‘:1,(;2,52,5:, é::: éee))Idfldfzdedédfsdfe
(32)
When values are substituted the Jacobian is
(91,9, 85 9:.95.9)| _, -
|0(6.5.5.6.6.5) |
Comparing Equations (31), (32) and (33) the normalization condition
N2,N3,N4,Ng, Ny 2 N2 ,N3,N4,N5, N, 2 1
Z ftlrtlt;,fg,ti:t5,t6 ® (X, Y, Z)| = Z ftln,ltz,f3,ti,t5,t6 ® (X’ Y Z)| = 8_3 (34)
My,N2.N3.N4,N5.Ng 4.t t3.tg.t5.t T

Equation (34) gives a measure for the probability for intrinsic excitation from collective motion [15]. It should

1838
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be noted that the derivation of Equation (34) demonstrates that the form of the collective amplitude,
fourzfe (x,y,z) satisfy the normalization condition for the total wave function.
The collective amplitude is the expansion coefficient of the total wave function
i ke mmonangnens (&8, &, % Y, 2) when expanded in terms of the complete orthonormal set of oscillator func-
tions Dy, (51,§Z,~~~,§6,x, Y, z), and its form can be obtained by using Equati2c>ns (12), (16), (17), (18) and
(22), which then leads to the probability distribution 87r3|f”1'”2’”3'”4’”5”nG (x, y,z)| as functions of interesting

.t t3..t5.1

physical parameters for example, energy, intrinsic and collective quantum numbers, etc.

5. Conclusions

This work has shown that the harmonic approximation of the Hamiltonian of coupled oscillators leads to a
Schrédinger equation which describes the coupling of collective degree of freedom, represented by free motion
with intrinsic degrees of freedom, represented by three coupled oscillators. This model explains the mechanism
for energy dissipation in a physical system, based on the coupling of intrinsic and collective degrees of freedom.
The model can be extended to nuclear fission and heavy-ion reactions, where the collective degree of freedom is
the relative coordinates of the two heavy-ions and the intrinsic degrees of freedom are the single-particle degrees
of freedom [22].

Furthermore, of current interest and one which is an extension of the above model is the cluster model con-
sisting of a dinuclear system which is not easily solvable analytically because it includes other degrees of free-
doms such as butterfly, belly-dancer-type motions, y-and g-vibrations, etc., of individual nuclei, this model is
based on the assumption that cluster-type shapes are produced in the mass asymmetry of nuclear molecules.
Theoretical and experimental evidences exist that show that this model is capable of explaining many of the
features of deformed heavy nuclei [26]-[38]. An example of such features is the resent work of Adamian, Anto-
nenko and Lenske, in which the linear response theory was used to calculate the mass parameters for collective
variables of the dinuclear systems formed in cold fusion reactions and found that the microscopic mass parame-
ter in the neck is larger than the one obtained using the hydrodynamical model [39].
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