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Abstract
Let {X, }

almost sure central limit theorem, containing the general weight sequences, for the partial sums

.y be a strictly stationary sequence of p~-mixing random variables. We proved the

S,/o,,where S = Zi"=lxi , o> =ES’. The result generalizes and improves the previous results.
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1. Introduction

Let ~ be aclass of functions which are coordinatewise increasing. For a random variable X, define
ip
Ix[, =(EIXI")"-
p

For two nonempty disjoint sets S,T < N, we define dist(S,T) tobe min{|j—k|;jeS keT}. Let o(S)
be the o -field generated by {X,,k €S}, and define o (T) similarly.
A sequence {Xn ,n> 1} is called negatively associated (NA) if for ever pair of disjoint subsets S, T of N,

cov{f(xi,ieS),g(Xj,jeT)}SO,
where f,gev . {X,,n>1} iscalled p"-mixing, if

P (k)=sup{p(S,T);S,T = N,dist(S,T) >k} >0,k >,

ne
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where

plsim)-s| O e ets) e (o)

|F-Eff,-Jlo-Egl, "
Definition 1. [1] A sequence {X,,n>1} is called p -mixing, if
p(K)=sup{p™(S,T):dist(S,T)=k,S,T <N} >0,ask >,
where
cov{f(X,ieS),g(X,teT)}
\/var{f(xi,ieS)}var{g(Xj,teT)}

The definition of NA is given by Joag-Dev and Proschan [2], and the concept of p"-mixing random variables
is given by Kolmogorov and Rozanov [3]. In 1999, the concept of p -mixing random variables was introduced
initially by Zhang and Wang [1]. Obviously, p_-mixing random variables include NA and p"-mixing random va-
riables, which have a lot of applications. Their limit properties have received more and more attention recently,
and a number of results have been obtained, such as Zhang and Wang [1] for Rosenthal-type moment inequality
and Marcinkiewicz-Zygmund law of large numbers, Zhang [4] for the central limit theorems of random fields,
Wang and Lu [5] for the weak convergence theorems.

Starting with Brosamler [6] and Schatte [7], in the last two decades several authors investigated the almost
sure central limit theorem (ASCLT) for partial sums S,/o, of random variables. We refer the reader to Bro-
samler [6], Schatte [7], Lacey and Philipp [8], Ibragimov and Lifshits [9], Berkes and Csaki [10], Hérmann [11]
and Wu [12]. The simplest form of the ASCLT [6]-[8] reads as follows: let {Xn;n 21} be i.i.d. random va-
riables with mean 0, variance o >0 and partial sums S, . Then

P (S.T)=0vsup f.ger

1 &1 (S ey
n»wlognkz_‘{kl(o-\/?_xj ®(x) as.forany xeR. ()]
where | denotes indicator function, and <D(x) is the standard normal distribution function. For other version of
p -mixing sequences, see [13]-[15].

The purpose of this article is to study and establish the ASCLT, containing the general weight sequences, for
partial sums of p -mixing sequence. Our results not only generalize and improve those on ASCLT previously
obtained by Brosamler [6], Schatte [7] and Lacey and Philipp [8] from the i.i.d. case to p -mixing sequences, but
also expand the scope of the weights from 1/k to exp(log" k)/k , 0<a<1/2.

Throughout this paper, a, ~b, means lim,_,_ a,/b, =1; and set the positive absolute constant ¢ to vary
from line to line.

Theorem 1. Let {X,} _ be astrictly stationary p -mixing sequence with EX, =0, 0<E|X,| < fora
certain r>2,anddenote S, =>"" X,, o =ES]. Assume that

n—oo

(8) o’ =EX; +2§: cov( Xy, X, )>0,
k=2
(b) >Jcov(Xy, X, )| <,
k=2

© iL(k)@o

K
Suppose 0<a <1/2 and set

———=,D,=>4d,. 2

then
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IimLdel[S—"sx]:d)(x) a.s. forany x e R. (3)
n%wD k=1 O-n

Remark 1. By the terminology of summation procedures (cf. [16], p. 35), Theorem 1 remains valid if we re-
place the weight sequence {d, } , by any {dk} _, suchthat 0< dy<d, and Y _di=o0.

Remark 2. p -mixing random variables inclide NA and p -mixing random variables, so for NA and
p -mixing random variables sequences Theorem 1 also holds.

Remark 3. Essentially, the open problem that whether Theorem 1 holds for 1/2 <« <1 still remains open.

2.Some Lemmas
Lemma 1. [4] Let {Xn,n 21} be a weakly stationary p~-mixing sequence with EX, =0, 0< EXl2 <00, and

o’ =EX? +2icov(xl, X,)>0, i|cov(xl, Xk)| <o, then
k=2 k=2

2

o S

e, 5 N, asn o,
n

On

where A denotes the standard normal random variable.

Lemma 2. [5] For a positive real number q>2, if {X,,n>1} is a sequence of p_-mixing random va-
riables with EX; =0, E|X;|'<o for every i>1, then for all n>1, there is a positive constant
c=c(q,p () suchthat

E(max
1<j<n

sj|q)g c(iqxir‘ +(2Exqu/z].

Lemma 3. [17] Let {Xn,n 21} be a weakly stationary p~-mixing sequence. Assume supE|Xn|r <oo, Then

for any bounded Lipschitz function f: R — R, We have n
S. S. 1 i 2l ] o
cov|f | =, f | |<c|-—— cov(X,, X, )+8p (i)+2-2
G; i 0;0; Izzl:m:ZZi:ﬂ ( I m) ( ) O

Lemma 4. Let {5, & }neN be a sequence of uniformly bounded random variables. Assume that

- p (k)
k

k=1

< oo, and existing constants ¢>0 and & >0 such that

[E&&|< c[p‘ (k)+(|£)gJ forl1<2k <,
then

lim-—-3'd,& =0as, @

n—oo n k=1
where d, and D, are defined by (2).
1 on
Proof. Set T, :D_Zkzldk‘fk , we get

2
1 n 1 1
ETnZZ_zE(deSEk) <= Y dd[E&G[+=r Y dd B4
D; k=1 D, 1<ksinket Dy seksin 2k
1 1
= FTM + ?Tﬂz.

Firstly we estimate T, . Since & isabounded random variable, we get
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n 2k n 2k
T, <c)>d,d, <cexp(log”n)Yd Z% cD, exp(log® n).
k=1l=k k=1 I=k

Now we estimate T, ,. By the conditions |E¢ &| < C(p (k)+(|5j J for 1> 2k, we get

T,= Y dd |E§k§,|<czn:Zd 4,0 (K)+c3 S, d[ j

1<k<l<n,2k<I 1=2k=1 1=2k=1

SCIZ:‘fd,kZ:;dkp (K)+c3 34, d( j ZA+A,

1=1k=1

“(k
By condition Zf_lpT() <o, we obtain

A< cexp(log" n)zn:d,zn:pT(k) <cbh, exp(log“ n).

I=1 k=1

and

exp(loga|) exp(log” k)gcexp(l()ga n)iM E<cD exp(log” n).
&

|l+£ ’ kl—s = |1+s
Since D, ~£Iogl‘“ nexp(log“n) and logD, ~log“n for 0<a <1/2 from the proof of Lemma 2.2 in
o

Wu [18], we have,as n— o,

aD

aD, 5 N
l-a

(logD, )" log"“n

exp(log“ n) ~

Thus

exp(log* n) _ ¢
D, ~ log"“n

1
ETn D (Tn1+A1+A2):
Let n =exp(k’), 7>1/(1-a), we get

iP(T

Nk

> g) <SCYET! < CZ%
k=1 prl
By Borel-Cantelli lemma,

T, 2> 0as, k- o

Forany n, existing n, and n,,, suchthat n <n<n,,, then by |&|<c foranyi,

[Ta| <

1 nkd
D_nk; G|+

= S afal<lr

nk i=n+1

Dn - Dn
— k1 s0as.n— oo,
an

Nk

D, exp((k +1) ) ] KO _ _
from —L o ~exp| (k+1) 1—(—) —1. i.e., (4) holds. This completes the proof of
D exp(k’) k+1

Nk
Lemma 4.

@)
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3. Proof

Proof of Theorem 1. By Lemma 1, we have

S
k94 5N, ask o> .
0,

k

This implies that for any g (x) which is a bounded function with bounded continuous derivatives,
Sk
Eg| = | > Eg(N),ask — o,
O

Hence, by the Toeplitz lemma, we obtain

Ilm—Zd Eg(GJ Eg(N).

n—oo nkl

In the other hand, from Theorem 7.1 of Billingsley [19] and Section 2 of Peligrad and Shao [20], we know
that (3) is equivalent to

iS5 )- a0

n—l

Hence, to prove (3), it suffices to prove

(13 ol

forany g (x) which is a bounded function with bounded continuous derivatives.

Let k >1, define
S S
Oy Oy

Forany 1<2k <I, we get,

[E&E|= cov(g(s—k]
Oy

ICACR ! ik e

=1L +1,.

Firstly we estimate 1,. By Lemma 1 %0, 52, we note that certain neN, O<e<o exist such that
n

i< ! asn>n,. Since g is a bounded Lipschitz function, i.e., there exists a constant ¢ > 0 such that

o, (o——g)\/ﬁ

|g( )|<c, |g(x)—g(y)|$c|x—y| for any x,y e R . By Jensen inequality, Lemma 2 and o < oo, we obtain
that

She)  ((Zrex

N 1)9(%@ 0

Now we estimate |,. Note that g is a bounded function with bounded continuous derivatives, so, by Lemma

l,<c
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3, we have

I, <cp (k). €))

So if | > 2k, combining with (6), (7), (8), we obtain

|E:ka|sc(($j”+p-(k>]-

By Lemma 4, (5) holds.
This completes the proof of Theorem 1.1.
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