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Abstract

Let {X (t);t= O} be a Gaussian process with stationary increments E {X (t+5)- X (t)}2 =0’ (s).
Let a, (t > 0) be a nondecreasing function of t with 0<a, <t. This paper aims to study the almost

sure behaviour of lim sup sup ﬂ(tk,m)|x(tk +s)—X(tk)| where

koo  Osss<ay

By = [20-2 (atk )(Iog(tk/atk )+a loglogt, +(1-a)logloga, )J 12

with 0<a<1 and {tk} is an increasing sequence divergingto .
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1. Introduction

Let {W (t); t> 0} be a standard Wiener process. Suppose that a, (t >0) is a nondecreasing function of t such
that O<a, <t with a/t is nonincreasing and {tk} is an increasing sequence diverging to . In [1] the
following results are established.

i) If lim sup(t,., —t.)/a, <1, then
k—o

limsup sup 4, |W(t +s)-W(t)|=1 as. 1)

k—oo  O<s<ay

and
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Ilrp_)swup A )‘W(tk +atk)—W (tk)‘zl a.s. 2)
where 0<a <1 and
=
At :[ZaIk (Iog (tk/aTk )+alog logt, +(1-a)logloga, )J i
ii) If I|m |nf (tea —t)/a, >1, then
lim sup A ‘W t,+a, ) W (t, )‘—Ilm sup sup A, oWt +s)-W(t)|=&"  as,
k—o k—>o O<s<at

where 0<a <1, 5*=inf{7>0: Zk(ga (tk))fy <oo} and g (t)=t (logt,)” Iogat /a(

In this paper the limit theorems on increments of a Wiener process due to [1] are developed to the case of a
Gaussian process. This can be considered also as an extension of the results to Gaussian processes obtained in
[2]. Throughout this paper, we shall always assume the following statements: Let {X (t); t> 0} be an almost

surely continuous Gaussian process with X (0)=0, E {X (t)} =0 and E{X(t+s)-X (t)}2 = o (s), where

o(s) is a function of s>0. Further we assume that o (t), t>0, is a nondecreasing continuous concave,
regularly varying function at exponent r(0< T <1) at © (e.g, if {X (t); t 20} is a standard Wiener pro-
cess, then o (t)=+t).

Let a (t>0) beanondecreasing function of t with 0<a, <t. For large t, let us denote

B oy = [20'2 (axk )( logh, (t))} A
where 0<a <1 and h,(t)=t(logt)" (Iogat)lfa/at is an increasing function of t.
We define two continuous parameter processes Y, (t) and Y,(t) b

Y, (t) = sup |X (t+s)= X (t)|

0<s<a

and

Y, (=[x (tra)-X (1)

2. Main Results

In this section we provide the following two theorems which are the main results. We concern here with the de-
velopment of the limit theorems of a Wiener process to the case of a Gaussian process under consideration the
above given assumptions.

Theorem 1. Let a,(t>0) be a nondecreasing function of t where 0<a, <t with the nonincreasing func-
tion a /t and let {tk} be any increasing sequence diverging to oo such that

I|m sup ca—t)/a, <1, A3)
then
lim sup 4 ( )=1 a.s. (4)
k —o0
and
lim sup g, ) Y, (t)=1 a.s., (5)
k—o
where g, :[Zaz(at )(logh, (t))} w2,
We note that ,B ( o) for large k in case of the Wiener process. It is interesting to compare (1) and (2)

with (4) and (5) respectlvely
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Theorem 2. Let a (t>0) be a nondecreasing function of t where 0<a <t with the nonincreasing
function a /t andlet {t } be an increasing sequence divergingto co such that

lim inf (t,,, -t,)/a, >1, (6)
k—o
then
lim sup £, ,Y: (L )=¢" a.s. )
k—w
and
lim sup Y. (t )=¢" a.s., (8)
k—o

where 0<a <1 and g“=inf{y>0: Zk(ha(tk))_yz <

——

3. Proofs

In order to prove Theorems 1 and 2, we need to give the following lemmas.
Lemma 1. (See [3]). For any small &'>0 there exists a positive C_ depending on &' such that for all
X (t+5)-X (1)

u>0
P3 su
{Ossgpm o-(m)
where m is any large number and {X (t); t> 0} is defined above.

Lemma 2. (See [4]) Let {X(t);teT} and {Y(t);teT} be centered Gaussian processes such that

EX?(t)=EY?(t) for all teT and E{X(t)X(s)}<E{Y(t)Y(s)} for all s;teT . Then for any real
number u

>u}<C ue /)

P{sup X(t)< u}sP{squ (t)< u} .

teT teT
Proof of Theorem 1. Firstly, we prove that
Iir:] sup B, . v(t) <1  as. 9)

Forany {t.} withthe condition (3), we define an increasing sequence {u,} by
O<u <t <y, anda, <t -t k1.

For instance, let t, =k” forsome A>1,

kY k+1Y
=|——| t and = t, .
h [k+1) X %, (k+2) X

The condition (3) is satisfied, and for large k, u, <t, <u,,, and a, <a, <t..ByLemmal, we have, for any
small >0,

X (ug +5)—X (uy)
P{ﬁ(tk‘a)Yl (uk)§1+g}: P{ OsssliEUk k0'<auk) k

<(1+¢)(2logh, (t))yz}

>1-2C, (h, (u, ))72(“5)2/(2”) > exp(—C'(ha (u)) _1)
zexp[_c'/((loguk (19, ) ) (10)
( '(logu, /loga, ) a(j/IOguk))

p( Iogu /|Oga )VlOQUk))

Iogau )

IV
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where k is large enough and C' is a constant. By the definition of a, , S= Zexp(—C'(log a, )_1) =,
k
We shall follow the similar proof process as in [5]. Set
-1 -1
S= Zexp(—C’ (loga,, ) )+Zexp(—C’(log a,, ) ) =S, +S,.
k k

Since {auk} is an increasing sequence, the fact that S =o implies S, =S, =oo. Consider the odd subse-
quence {t,_,} of {t.} and define the sequence of events {A } in the following form

Ak - {ﬁ(‘qu, o) Yl (tZkfl) <1+ g} .
By (10), for large k we have

P(A)2 exp(—C"(Iog a, )_1)

where C”" isa constant. From the fact u,, _, <t, ; <u,,, itis clear that

P(A)> exp(—C”(Iog a,, . )71).
Since S, =0, weget Y P(A)=cw.Also,

tZk’l + a‘zm S Uy + aUzk < t2k + aqu = t2k+1 . (11)
Setting
A :{ofip Bryer.a) (X (tast+s)=X (t2k71))ﬁ 1+ g}
<s< 21
and
A :{milj(p ﬂ(tZKfl: a) (X (t2k—1 + 5) -X (tZH)) > 1_5} ’
o 1
we have
YP(A)=2P(A) =
Let
s 0<SS<L:’rp (X (s +8)=X (t2k—1))= (X (tyr +8)= X (tzk—l)) ,
Tk
and

X, = sup (X (t2k+1 +S)_ X (t2k+l)) = (X (t2k+1 + 52)_ X (t2k+l))'

oss<a
Then, by (11) and the concavity of o (t) we find that
Cov( Xy, Xy ) = E{X (tyey +5,) X (tyy +5)} = E{X (tyey +5,) X (ty )}
- E{X (toesa) X (tyes + 51)} +E {X (o) X (tZk—l)}
=1/2{0" (tyeos ~ty 1 +5,) =0 (tyees ~ty s +5, =5}
“Y2{0" (e ~ties) = 0" (e ~taa =)}
This implies that Cov(X,, X,)<0. Using Lemma 2, we obtain
P(ACNA)<P(A)P(A) and P(A'NA)<P(A) P(A)

where k =1 . It follows from the Borel-Cantelli lemma that
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“l-g<limsup sup B . (X(tyy+5)=X(tyy))<l+s, as.

k—o Osssatzk_l
Also, the same result for the even subsequence {t, } of {t } is easily obtained. Therefore we have (9).
To finish the proof of Theorem 1, we need to prove
lim sup B, Y. (t)=1 a.s. (12)
k— o

The proof of (12) is similar to the provided proof in [1]. Thus the proof of Theorem 1 is complete.
Proof of Theorem 2. Firstly, we prove that

lim sup . Y (t)< g a.s. (13)

k—o

According to Lemma 1, we have

B X (t +8)=X(t
P{ﬁ(tk,a)Yl(tk)Zf +5}:P oi‘i‘ik (ka(f)i[k) (k)

<2, (ha (tk )) 72(5*1.9)2/(2”)

2(5“ +5)(2 logh, (t,))¥?

<2, (n, (1) )

provided k is large enough, where &>0 and 0<g <&¥?.
From the definition of ¢, it follows that

Zk:P{ﬂ(tk,a)Yl(tk)Zg**_Fg} <o,

Thus, (13) is immediate by using Borel Cantelli lemma.
To finish the proof of Theorem 2 we need to prove

*k

Iirpiupﬂ(tk'a)(x(tk+atk)—x(a[k))25 , as. (14)

Let

®(u)= ! jme’xz/zdx, u=0.

Jx -

Using the well known probability inequality
1 —u?f2 4 1 -u?/2
—€ <P(U)f——=
J2m(u+1) (v) 32m(u+1)

(see [6]), one can find positive constants C and K such that, for all k > K,

P(By)=P X +a{k)_x(a‘k)2(5”—5)(2logha (t)"”

o(a,)
{(£7-#)(210gh, (t, ))1’2+1}’1 (h, (t)) ")

(o)

u=>0

1

N

Zc<ha (tk ))
where 0<&'<e<g and B, :{ﬂ(tkya)(x (tk +a, )—X (atk ))2(5”—5)}. By the definition of &, we have

zk:P(Bk):oo.

The condition (6) implies that there exists K >0 such that t,, >t, +a,  forall k>K . So, using Lemma 2
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and the concavity of o7 (t), we obtain
P(B, "B )<P(B,)P(B),

where k =1 and Borel-Cantelli lemma implies (14). If &~ =0, then Theorem 2 is immediate. Thus the proof
of Theorem 2 is complete.

4. Some Results for Partial Sums of Stationary Gaussian Sequence

In this section we obtain similar results as Theorems 1 and 2 for the case of partial sums of a stationary Gaussian
sequence. Let {X } be astationary Gaussian sequence with X, =0, E{X;}=0, E {Xf} =1 and
E{X,X,,}<0 forall n=12-. Wedefine S(n)=3" X; with S(0)=0 andset o’(n)= E{Sz(n)} :
Assume that o (n) can be extended to a continuous function o (t) with t>0 which is nondecreasing and

regularly varying with exponent 7(0<7<1) at oo. Suppose that {an} is a nondecreasing sequence of posi-
tive integers such that 0 <a, <n. For large n, we define

Bio.oy =| 20° (3)(logh, (n))] 2,

where 0<e<1 and h,(n)=n(logn)”(loga, )H’/an is an increasing function of n and also we define dis-
crete time parameter processes by

1+n

Yl(nk):omif( s(n+i)-S(n)]|
<)<y,
and
Yl(nk)zogljgz( S(nk+ank)—8(nk)‘,
<j<an,

respectively, where {nk} is an increasing sequence of positive integers diverging to oo . By the same way as in
the proofs of Theorems 1 and 2, we obtain the following results.

Theorem 3. Under the above statements of {X,}, A&, ,, and Y,(n,), i=12, for 0<a<l we have the
following:

i) If limsup (n,, -n,)/a, <1,then

K— o0
limsup B, Yi(n)=1 as, i=12

k—ao
ii) If lim inf (n, —n,)/a, >1, then

k—o0
limsup A, ,Yi(n)<e

k—o

>k

a.s., i=12,

where

2
g“:inf{y>0: > (h(n))” <oo}.
Example. Let {X (t); 0<t< oo} be a fractional Brownian motion with the covariance function

E{X(t)x(s)}:{t’+ sT—|t—sT}/2, 0<7<1.Then

T

E{X(t)-S(s)} =t—s| .

Define random variables

Then
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o-z(n)zE{Sz(n)}zE{Xz(n)}zn’
and {X,;n=12,} isastationary Gaussian sequence with E{X,}=0, E{Xf}zl and E{(X,X,,,)}<0
forall n=1,2,---. So we have Theorem 3.
%n p}articular if 7=1/2, then {X_ ;n=12.---} is an iid. Gaussian sequence with E{X,}=0 and
E{X2l=1.

5. Conclusion

In this paper, we developed some limit theorems on increments of a Wiener process to the case of a Gaussian
process. Moreover, we obtained similar results of these limit theorems for the case of partial sums of a stationary
Gaussian sequence. Some obtained results can be considered as extensions of some previous given results to
Gaussian processes.
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