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Abstract

The boundary value problem (BVP) for parameterized singularly perturbed second order nonli-
near ordinary differential equation is considered. The boundary layer behavior of the solution and
its first and second derivatives have been established. An example supporting the theoretical
analysis is presented.

Keywords

Parameterized Problem, Asymptotic Bounds, Singular Perturbation, Boundary Layer

1. Introduction

In this paper, we are going to obtain the asymptotic bounds for the following parameterized singularly perturbed
boundary value problem (BVP):

Lu=cu"(t)+a(t)u'(t)- f(tu(t),2)=0, 0<t<T, (1)

u(0)= st W(0)=2, u(T)= s, @

where 0<e&<1 is a perturbation parameter, x; (i=0,1,2) are given constants and O<a <a(t)<a” is a
sufficiently smooth function in [O,T]. Further , the function f(t,u(t),ﬂ) is assumed to be sufficiently
continuously differentiable for our purpose function in {0 St<T,—o<U<mw,—0< A< oo} and

Os(;isMi*, 0<mlsaf <M, <. 3
u

oA
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By a solution of (1), (2) we mean pair {u (t),/l} ec! [O,T]x R for which problem (1), (2) is satisfied.

An overview of some existence and uniqueness results and applications of parameterized equations may be
obtained, for example, in [1]-[10]. In [11]-[14], some approximating aspects of this kind of problems have also
been considered. The qualitative analysis of singular perturbation situations have always been far from trivial
because of the boundary layer behavior of the solution. In singular perturbation cases, problems depend on a small
parameter ¢ in such a way that the solution exhibits a multiscale character, i.e., there are thin transition layers
where the solution varies rapidly while away from layers it behaves regularly and varies slowly [15] [16]. In this
note we establish the boundary layer behaviour for u(t) of the solution of (1)-(2) and its first and second de-
rivatives. Example that agree with the analytical results is given.

Theorem 1.1. For p=1-a"'m*M;'T >0 the solution {u(t), 2} of the problem (1), (2) satisfies,

|2 <c,, 4
lu[<c,, ()
where
6 =p" (|| 4|+ @ T|F], +a T |
T-(a") (1—e @ )
C, =|up|+|ts| + & T|F|, +ac,M,T,  F(t)=f(t,0,0)
and
at
‘u(k)(t)‘sc(1+gike€} k=12, te[0,T] 6)

provided aeC'[0,T] and 8ft <C for te[0,T] and |u/<c, |4|<c,.

Proof. We rewrite Equation (1) in the form

eu"(t)+a(t)u'(t)=b(t)u(t)-Ac(t)-F(t)=0, te[0,T], @)
where,
of ,, _ » of /, _ s ~ . .
b(t):a(t,u,l), c(t):a(t,u,l), G=yu, 2=y4 (0<y<l)—intermediate values.

’ M & &
t)= 0 =|b dr+= d
u'(t) e +g.([ (r)u(r) T+ .[ T
(8)
t ,,ja
=|F(zr)e °r d .
+8J; (r)e” T
Integrating this equality over (0,t) we get
(z)dr ]_t t 71fa(77)d77
,uo-i-—J.e o d§+—fdrb(r)u(r)_|.e fe dé&
80 T
9)

1t L fatnen ——Ja(n)dn
+;‘([drF(z')J-e d§+—_[dz'c fe &,

T

from which by setting the boundary condition u(T )= z,, we obtain,

1989
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T e T T La(n)e
e e [de(c)u(r)]e de
A= 8(/10—/12) 4 0 y 40 z
T T _tad T T —lja d T T —[a(n)dn
Idrc(r)je ¢ d& Idrc(r)fe fr d& IdTC(T)Ie d&
0 T 0 T 0 T (10)
t t _ig}a( dn
IdrF(r)Ie o dé
+O T
T T “Liap)
Jd‘rc(r)je i &
0 T

Applying the mean value theorem for integrals, we deduce that,

t t ,lfa() tt ,lfa()
[dzF(z)[e ‘9{ ”d"dg IF|, [[dz[e gl "d"dg
0 T

0 T

-1
T T 7£fa(q)dr7 = T T 71fa(q)d7y S"F”w ml l (11)
jdrc(r)je oodEl my Idr_[e oo dE
0 T 0 7
and
J'drb je Jull, Idrb je
T —la) - T T Lag <m171'\"i*||“||oo- (12)
Idrc Je s de m|[defe " de
T 0 T

‘9|/“ /“z|

jdrc J'e

(13)

It then follows from (11)-(13)

1 a*
|/1|S m ( ) . )[|ﬂo_ﬂ2|+a1|:Lﬁ|:|+mll"|:"oo+mllM1*”u"oo (14)

T —g(a*)fl (1—e’a T

Next from (9), we see that
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lul., <lo|+|eso| + & T [F, +a{A[T,

Under the conditions O<a <a(t)<a and 0<b(t)<M, theoperator Lv:=ev"(t)+a(t)v'(t)-b(t)v(t)
admits the following maximum principle: Suppose v(t)e c? [O,T] be any function satisfiying
Lv<0(0<t<T), v(0)>0 and v(T)>0, then v(t)>0(0<t<T).

Using the maximum principle whith barrier functions y, (t)=+v(t)+a ™ (T —t)|Lv], +|v(0)|+|v(T )| we
have the inequality

lull, <ol el + @ T[], +a AT (15)

The inequlities (14), (15) immediately leads to (4), (5). After taking into consideration the uniformly boundnees
in ¢ of u(t) and 4, itthen follows from (8) that,

a(t-7) a(t-7) t  a(t-7)

. L e P —
u(t):me ‘+;‘31M1.([e ¢ dr+;||F||w£e ¢ dr+;cOM1£e ¢ dr,

&
which proves (6) for k =1. To obtain (6) for k =2, first from Equation (1) we have

(o)< PQYO)-F0u(0).4)

&

from which after taking into consideration here u'(O) - and 4
&

()= (16)
Next, differentiation (1) gives
ev'(t)+a(t)v'(t)+e(t)=0, 0<t<T, (17)
v'(0)=0(&?) (18)
with
v(t)=u'(t),

p(t)=2 V(1) - (Lu(0).2) -2 (1u(t).2),

and due to our assumptions clearly,

which proves (6) for k=2.
Example. Consider the particular problem

su”(t)+2u'(t)+A+tanh(t+4)=f(t), 0<t<l,
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u(0)=1, u'(0)=%, u(1)=o,

where, 4, and f(t) selected so that the solution is

with

2
u(t)=y+7.e A +ie‘, A2=05

2
e+(l+e)e l+e+e

g :_(2+g)(1—e'ij’ . (2+g)[1—e'§j.

First and second derivatives have the form

Koo
u(k)(t):(—gj 7,8 6‘+21 e, k=12

Therefore we observe here the accordance in our theoretical results described above.
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