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Abstract

The aim of this paper is to establish some new common fixed point theorems for generalized con-
tractive maps in fuzzy metric space by using property (E.A.), common property (E.A.), JCLRsy prop-
erty and CLRs property. Our results improve and extend the results of Chauhan et al. [1] and Sedghi
et al. [2] besides several known results. We also furnish an illustrative example in support of our
results.
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1. Introduction

Aamri et al. [3] generalized the concept of non compatibility by defining the notion of property (E.A.) and
proved common fixed point theorems under strict contractive conditions. Many authors have proved common
fixed point theorems in different settings for different contractive conditions. For details, we refer to [4]-[13].

In 2005, Liu et al. [14] further improved it by common property (E.A) while proving common fixed point
theorems under strict contractive conditions. Recently, Sintunavarat et al. [13], defined the notion of (CLRy)
property which is more general than (E.A) property.

Very recently, Manro et al. [15] introduced the notion of (CLRs) property and Chauhan et al. [4] introduced
the notion of (JCLRst) property.
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The aim of this paper is to establish some new common fixed point theorems for generalized contractive maps
in fuzzy metric space by using property (E.A.), common property (E.A.), JCLRsy property and CLRs property.
Our results improve and extend the results of Chauhan et al. [1] and Sedghi et al. [2] besides several known re-
sults.

2. Preliminaries

Definition 2.1. [16] Let X be any set. A fuzzy set in X is a function with domain X and values in [0,1].

The concept of triangular norms (t-norms) is originally introduced by Menger [17] in study of statistical me-
tric spaces.

Definition 2.2. [18] A binary operation*: [0,1]x[0,1]—[0,1] is continuous t-norm if * satisfies the follow-
ing conditions:

i) * is commutative and associative;

ii) * is continuous;

iiija*1=aforall ae[0,1];

iv)a*b<c*dwhenevera<candb<dforall ab,c,de[0,1].

Examples of t-norms are:

a*b=min{ab}, a*b=abanda*b=max{a+b-1,0} forall a,be[0,1].

Definition 2.3. [6] A 3-tuple (X,M,*) is a fuzzy metric space if X is an arbitrary set, * is a continuous
t-norm and M is a fuzzy set on X? x [0, o) satisfying the following conditions for all x,y,ze X ands,t>0

i) M(x, y, t) >0;

i) M(x,y,t) =1 forallt>0ifand only ifx = y;

i) M(x,y,t)=M(y,xt);

iv) M(xy,t)*M(y,z,5)<M(X,2,t+s);

V) M(x,Y,.):[0,0) >[0,1] is continuous.

The function M(x, y, t) denote the degree of nearness between x and y with respect to t.

In all that follows (X, M,*) is a fuzzy metric space with the following property:

Vi) lIimM(x,y,t)=1 forall x,yeX andt>0.

Now we give some interesting examples of FM-spaces:

Example 2.1. Let (X, d) be a metric space. Definea*b=a+b, forall a,be [0,1]; x,ye X andt>0.
Define M (x,y,t)= t/(t+d (x,y)). Then (X, M, *) is a FM-space.

Moreover, fuzzy metric M induced by a metric d is often referred to as the Standard fuzzy metric.
Definition 2.4. [6]. A sequence {x,} in fuzzy metric space (X,M,*) is

i) convergent to a point xe X if

limM (x,,x,t)=1 forallt>0,

ii) Cauchy sequence if
!L”JCM (x xn,t):l

forallt>0and p > 0.

Definition 2.5. A pair of self maps (S, T) of a fuzzy metric space (X,M,*) is
i) compatible [19] if

lim M (STx,,TSx,,t)=1

n—owo

for all t >0, whenever {x.} isasequence in Xsuchthat limSx =limTx =z forsome ze X .

n—oo n—oo

n+p?

i) non-compatible if there exists at least one sequence {x,} in X such that limSx, =IlimTx =z for some

n—o n—w

ze X buteither limM (STx,,TSx,,t)#1 or non-existent.
n—w

iii) weakly compatible [20] if S and T commute at coincidence points, that is, STx = TSx whenever Sx = Tx.
iv) satisfy the property (E.A) [3] if there exist a sequence {x } in X such that limSx =IlimTx =z for

n—w n—w
some zeX.
v) satisfies the common limit in the range of T property (CLRy) [13] if there exist a sequence {x,} in X such
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that limSx, =limTx, =Tz forsome ze X .

n—oo n—o0
Definition 2.6. Two pairs of self maps (A, S) and (B, T) of fuzzy metric space (X,M,*) is
i) satisfy the common property (E.A) [14] if there exist two sequences {x,} and {y,} inXsuch that
lim Ax, = lim Sx, =limBy, =limTy, =z forsome ze X .
n—oo n—oo

n—oo n—o

ii) satisfy the (JCLRsy) property (with respect to maps S and T) [4] if there exist two sequences {x,} and {y,}
in X such that
lim Ax, = lim Sx, = limBy, = limTy, =Sz =Tz forsome ze X.

iii) satisfy the (CLRs) property (with respect to maps S) [15] if there exist two sequences {x,} and{y,} in X
such that
lim Ax, = lim Sx, =lim By, =limTy, =Sz

for some ze X.
Lemma 2.1. [7] If forall x,ye X, t>0and foranumber qe(0,1), M(x,y,qt)>M(xy,t) thenx=y.

3. Main Results

Let @ be the set of all increasing and continuous functions ¢:(0,1] — (0,1] suchthat #(t)>t forall

te (O,l].
Example 3.1: Let ¢:(0,1] — (0,1] defined by ¢(t)= Jt forall te (0,1]. Clearly, ge®.
Theorem 3.1: Let A, B, S and T be self mappings of a fuzzy metric space (X, M, *) satisfying the following:
31

M (Ax, By,t)2¢[min{M (Sx,Ty,t),supt 2 min{M (Ax,Sx,t,),M (Ty, By,t, )},
1*2:?

sup_ max{M (AX,Ty,t,),M (By,Sxt, )}H
3 4*k
forall x,ye X ,t>0andforsome 1<k<2, ¢gcd;
(32) A(X)cT(X) and B(X)c=S(X);
(3.3) pair (A,S) or (B,T) satisfies the property (E.A);
(3.4) the range of one of the maps A, B, S or T is a closed subset of X.
Then pairs (A, S) and (B, T) have coincidence point. Further if (A, S) and (B, T) be weakly compatible pairs of
self maps of fuzzy metric space (X, M, *) then A, B, S and T have a unique common fixed point in X.
Proof: If the pair (B,T) satisfies the property (E.A.), then there exist a sequence {x,} in X such that
limBx, =limTx, =z forsome zeX.

n—o n—o

Since, B(X )< S(X), therefore, there exist a sequence {y,} in X such that Bx, = Sy, . Hence, limSy, =z.

Also, since A(X )< T(X), there exist a sequence {z,} inXsuchthat Tx = Az .Hence, limAz =z.

n—o
Suppose that S(X) is a closed subset of X. Then z = Su for some u e X . Therefore,
lim Az, =lim Sy, = limBx, = limTx, =z = Su.

n—ow n—w n—ow

We first claim that Au = z.
If Au # z, then there exist ty > 0 such that

M(Au,z,%toj>M(Au,z,to). (3.5)

The inequality (3.5) is always true when Au # z. To support our claim, we suppose on contrary that (3.5) is not
trueall t>0, i.e.,

M(Au,z,%t):M(Au,z,t). (3.6)

Now, using equality (3.6) repeatedly, we get

)
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M (Au,z,t)=M [Au,z,%t): M (Au,z,(%}thz--- =M {Au,z,(%)nt]—ﬂ

as n—oo. This gives, M (Au, z,t) =1 forallt> 0. Hence, Au = z, which gives contradiction.
Therefore, inequality (3.5) is always true for some t > 0.
Using (3.1), take x = u, y =y, we get

+lp =—t,
1+2=1

M (Au, Byn,to)2¢[min{M (Su,Tyn,tO),supt o, min{M (Au,Su,t),M (Ty,,By,.t,)},

5=l

sup max{M(Au,Tyn,t3),|V|(Bynysuah)}}j

let t,=t,=¢ then t1:t3=Eto—g where ee(o,%toj and n— oo, we get
M(Au,z,to)2¢[min{M(z,z,to),min{M [Au,z,%to—gJ,M(z,z,g)},

maX{M (Au, z,%t0 —EJ. M (z, M)H]
M (Au,z.t,) > q{min{l,min{lvl (Au,z,%tc —g],l},max{M (Au, z,%to —gj,l}}}

M (Au,z,t,)> ¢[M (Au, z,%t0 —gD >M (Au, Z,Et0 —ej.
As &—0, we get
M (Au,z,t,)>M (Au,z,%toj

which gives contradiction, hence
Au =1z

Therefore, Au = z = Su which shows that u is a coincidence point of the pair (A, S). As A and S are weakly
compatible. Therefore, ASu = SAu and then AAu = ASu = SAu = SSu.

On the other hand, since A(X )< T (X)), there exist v in X such that Au = Tv.

Now, we show that Bv = z.

If Bv # z, then again, as done above, there exist ty > 0 such that

M(Bv,z,%toJ>M(Bv,z,t0). (3.7)

The inequality (3.7) is always true when Bv # z.
Using (3.1), take x = u, y = v, we have

M (Au, Bv,to)zq{min{M (Su,Tv,tO),supt . min{M (Au,Su,t;),M (Tv,Bv.t,)},

+ty =—t,
172 kO

t3+ty :Eto

sup max{M(Au,Tv,t3),M(Bv,Su,tQ}}]

let t =t;=¢ then t2=t4=EtO—g where ee(o,%toj,weget
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M (2 Bv,to)zq{min{M (z,z,to),min{M (2.2,6)M [z, B, 2, —gj},

S
M (z,Bv,t,)> ¢[min{1, min{l, M (z, Bv,%to —g)}, max {1, M [z, Bv,%to _SJ}H

M (z,Bv,ty)> ¢(M (z, Bv,%to —gD >M [z, Bv,%tO —gj.
As &—0, we get
M (z,Bv,t;)>M (Z,Bv,%toj
which gives contradiction, hence Bv = z.
Therefore, Bv = z = Au = Tv which shows that Bv = Tv, i.e., v is a coincidence point of the pair (B, T). As B

and T are weakly compatible, therefore, BTv = TBv and hence, BTv = TBv = TTv = BBv.
Next, we show that AAu = Au, if not, then again as done above, there exist t, > 0 such that

M[AAu,Au,%toj>M(AAu,Au,tO). (3.8)
Using (3.1), take x = Au, y = v, we have

M (AAu,Bv,t)) > q{min{M (SAu,Tv,to),supt o, Min{M (AAu,SAu,t,),M (Tv,Bv,t, )},

t, =%
h+tp k‘o

sup, max{M (AAu,Tv,t;),M (Bv,SAu,t4)}j

ty+ty =—t
stla=to

let t,=t,=¢ then t1:t3=Eto—g where ge(o,%toj,weget
M(AAu,Au,to)2¢(min{M(AAu,Au,tO),min{M (AAU,AAU,%tO—gj,M(z,z,g)},

S PRSP |
M (AAU, Au,t ) > ¢(min{M (AAU, AUt ), L, max{M (AAu, Au,%to —ej, M (AAu, Au,«s)}}]

M (AAu, Au, ty) > ¢(M (AAu, Au,%tO —SD > M [AAu, Au,%t0 —5).

As &0, we get M(AAu,Au,tO)zM(AAu,Au,EtOJ which gives contradiction, hence AAu = Au.

Therefore, AAu = Au = SAu and Au are a common fixed point of A and S. Similarly, we can prove that Bv is a
common fixed point of B and T. As Au = Bv, we conclude that Au is a common fixed point of A, B, Sand T.

The proof is similar when T(X) is assumed to be a closed subset of X. The cases in which A(X) or B(X) is a
closed subset of X are similar to the cases in which T(X) or S(X) respectively, is closed since

A(X)T(X), B(X)=S(X).
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For uniqueness; let w be another fixed point of A, B, S and T. Then by (3.1), we have

. min{M (Az,Sz,t,),M (Tw,Bw,t, )},

ty+ty =2t
1782 kO

M (Az,Bw,ty) > ¢[min{M (Sz,Tw,t,),sup

t3+ty =—t,
374 kO

sup , max{M(Az,Tw,t,),M (Bw, Sz,tﬁ}}}

M (z,w,t0)2¢[min{M (zwt).sup min{M (z,2,4,),M (w,w,t,)},

+ty==
g+t kto

sup max{M(z,w,t3),M(w,z,t4)}}J

t+ty ==t
374 kO

let t,=t;=¢ then tzztdzéto—g where ge(o,étoj,
M(z,w,tO)Zq{min{M(z,w,to),min{M(z,z,g),M(w,w,Eto—s]},
2
max{M (z,w,&),M (W,Z,Eto —SJ}H

M (z,w,t)> ¢(min{'\/' (zwt), LM (W’ Z’%%j}]

M (z,w,t0)2¢(M (w,z,to)) >M (w,z,to)

as £—0, we get

a contradiction, hence, w = z. It implies that A, B, S and T have unique common fixed point in X.
Hence the result.
Now we attempt to drop containment of subspaces by replacing property (E.A.) by a weaker condition com-
mon property (E.A.) in Theorem 3.1.
Theorem 3.2: Let A, B, S and T be self mappings of a fuzzy metric space (X, M, *) satisfying condition (3.1)
of Theorem 3.1 and the following:
(3.9) the pair (A, S) and (B, T) share the common (E.A.) property;
(3.10) S(X) and T(X) are closed subsets of X.
Then the pairs (A, S) and (B, T) have a point of coincidence each. Moreover, A, B, S and T have a unique
common fixed point provided both the pairs (A, S) and (B, T) are weakly compatible.
Proof: In view of (3.2), there exist two sequences {x,} and {y,} in X such that
lim Ax, = limSx, =limBy, =limTy, =z
n—oo n—oo n—oo n—w
forsome ze X.
Since S(X) is a closed subset of X, therefore, there exists a point u in X such that z = Su.
We claim that Au = z. If Au # z, then there exist t; > 0 such that

M(Au,z,%t0]>M(Au,z,to). (3.11)

The inequality (3.11) is always true when Au # z. To support our claim, we suppose on contrary that (3.11) is
nottrueall t>0,i.e.,

M(Au,z,%tj:M(Au,z,t). (3.12)

Now, using equality (3.12) repeatedly, we get
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=N

M (Au,z,t)=M (Au,z,

el
:...:M[Au,z,(gj"t}l

as n—oo. Thisgives, M (Au, z,t) =1 forall t> 0. Hence, Au = z, which gives contradiction.
Therefore, inequality (3.11) is always true for some t, > 0. Using (3.1), take x = u, y = y,, we get

M (Au,By,.t))

. min{M (Au,Su,t,),M (Ty,.By,.t,)},

4+e= o

> q{min{M (Su,Ty,.t,),sup

sup max{M(Au,Tyn,t3),|V|(Byn,sulh)}}]

tatta=lo

2
let t,=t,=¢ then t1:t3:§to—g where ge[O,Etoj and n— oo, we get

M (Au,zt,)> q{min{M (z,z,to),min{M [Au, z,%tO —g), M (z, z,s)},

max{M (Au, z,%to —8], M (z, 215)}}]
M (Au,z.t;)> q{min{l,min{M (Au,z,%tc —aj,l},max{M (Au,z,%to —g),l}H

M (Au,z,t,)> ¢(M (Au,z,%t0 —gn >M (Au, z,%tO —gJ.

As ¢—0,weget M(Au,zt)=M (Au, z,%toJ which gives contradiction, hence Au = z.

Therefore, Au = z = Su which shows that u is a coincidence point of the pair (A, S).

Since T(X) is also a closed subset of X, therefore lim Ty, =z in T(X) and hence there exists v in X such
that Tv =z = Au = Su. Now, we show that Bv = z.

If Bv # z, then again as done above, there exist t, > 0 such that

M(Bv,z,%t0j>M(Bv,z,to). (3.13)

The inequality (3.13) is always true when Bv # z.
Using (3.1), take x = u, y = v, we have

M (Au,Bv,t,)

> q{min{M (Su,Tv,tO),supt . min{M (Au,Su,t;),M (Tv,Bv.t,)},

+ty=—,
1782 kO

sup max{M(Au,Tv,t3),M(Bv,Su,t4)}}j

ty+ty ==t
3T kO

let t =t;=¢ then tzztdzéto—g where ge[o,étoj,weget
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M (2 Bv,to)zq{min{M (z,z,to),min{M (2.2,6)M [z, B, 2, —gj},

S
M (z,Bv,t,)> ¢[min{1, min{l, M (z, Bv,%to —g)}, max {1, M (z, Bv,%to _SJ}H

M (z,Bv,ty)> ¢(M (z, Bv,%t0 —gD >M (z, Bv,%tO —gj.
As &—0, we get
M (z,Bv,t;)>M (Z,Bv,%toj
which gives contradiction, hence Bv = z.
Therefore, Bv = z = Tv which shows that v is a coincidence point of the pair (B, T).
Since the pairs (A, S) and (B, T) are weakly compatible and Au = Su, Bv = Tv, therefore, Az = ASu = SAu = Sz,
Bz=BTv=TBv =Tz
If Az # z, then again as done above, there exist t, > 0 such that
M(Az,z,%toj>M(Az,z,t0). (3.14)

Using (3.1), take x =z, y = v, we have

M (Az, Bv,to)2¢[min{M (Sz,Tv,tO),supt o min{M(Az,52,t,),M (Tv,Bv,t,)},

+ty =—t,
172 kO

sup max{lvl(Az,Tv,ts),M(Bv,Sz,tQ}H

t3+l= o

let t,=t,=¢ then t1=t3=Eto—g where ee(o,%toj,weget
M(Az,z,to)2¢[min{M(z,z,to),min{M[Az,z,%to—gJ,M(z,z,g)},

max{M (Az,z,%to —ej, M (z, Z’f)}})
M (Az,2,t)> q{min{l,min{M (Az, Z,Eto —gj,l},max{M (Az, Z,Eto —gj,l}}]

M (Az,z,to)z¢(M [Az,z,%to —gjj> M [Az,z,%tU —5).

As &—0, we get

M (Az,2,t,)> M (Az,z,%toj
which gives contradiction, hence Az = z.
Therefore, Az=z=Sz.
Similarly, one can prove that Bz = Tz = z. Hence, Az = Bz = Sz = Tz, and z is common fixed point of A, B, S

and T.
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Uniqueness easily follows by the use of inequality (3.1).

Hence the result.

Now we attempt to drop containment of subspaces by using weaker condition JCLRst property in Theorem
3.2.

Theorem 3.3: Let A, B, S and T be four selfmaps in fuzzy metric space (X,M,*) satisfying condition (3.1)
of Theorem 3.1 and (3.15) (A, S) and (B, T) shares the JCLRst property.

Then pairs (A, S) and (B, T) have coincidence point. Further if (A, S) and (B, T) be weakly compatible pair of
self maps of X then A, B, S and T have a unique common fixed point in X.

Proof: The pairs (A, S) and (B, T) satisfy the (JCLRst) property, then there exist two sequences {x,} and {y.}
in X'such that lim Ax, = lim Sx, = lgn By, = !En Ty, =Su=Tu forsome ue X .

n—oo n—o0

Firstly, we claim that Tu = Bu. Suppose not, then there exist t, > 0 such that
M (Tu, BU:E%) >M (Tu,Bu,t,). (3.16)

The inequality (3.16) is always true when Tu # Bu. To support our claim, we suppose on contrary that (3.16)
isnottrueallt>0,i.e.,

M (Tu, Bu,%t] =M (Tu,Bu,t) (3.17)
Now, using equality (3.17) repeatedly, we get

M (Tu,Bu,t)=M (Tu, Bu,%t)= M (Tu, Bu,(%)th= =M [Tu, Bu,(éjntj—ﬂ

as n—oo. Thisgives, M (Tu, Bu,t) =1 forall t>0. Hence, Tu = Bu, which gives contradiction.
Therefore, inequality (3.16) is always true for some t; > 0.
Using (3.1), take x = X,, y = u, we get

2. min{M (Ax,,Sx,,t,),M (Tu,Bu,t,)},

ty+ty =2t
172 kO

M (Ax,,Bu,t,)> q{min{M (Sx,,Tu,t, ), sup

sup max{M(Axn,Tu,t3),M(Bu,an,t4)}}]

5=

let t =t;=¢ then t2=t4=EtO—g where ge(o,%toj and n— oo, we get

M (Tu,Bu,ty) > gz{min{M (Tu,Tu,tO),min{M (Tu,Tu,&),M (Tu, Bu,%tO —g]},

(o)
M (Tu,Bu,t,) > ¢(min{l' min{l’ v [Tu’ Bu’ét‘) _gj}’ max{l’ . (Tu' Bu’%o _EJ}H

M (Tu,Bu,ty) > ¢[M (Tu, Bu,%t0 —gn >M (Tu, Bu,%t0 —5)
As &—0., we get
M (Tu,Bu,ty,) > M (Tu,Bu,%toj

which gives contradiction, hence Tu = Bu.
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Next, we show that Au = Tu. Suppose not, then again as done above, there exist t, > 0 such that

M(Au,Tu,%toj>M(Au,Tu,to). (3.18)

Using (3.1), take x = u, y =y, we get
M (Au,By,.t))

> q{min{M (Su.Ty,tp).sup min{M (Au,Su,t,), M (Ty,, By,.t,)},

1+ =1t
sup max{M(Au,Tyn,t3),M(Byn,Su,t4)}H
13+{4:I10
2 2
let t,=t,=¢ then t =t, :Kto_g where ¢ e O,Et0 and n— oo, we get

M (Au,Tu,ty) > ¢(min{M (Su,Su,to),min{M [Au,Tu,%t0 —gj, M (Tu,Tu,g)},J

max{lvl (Au,Tu,Eto —aj, M (Fu,Tu,s)}}J
M (Au,Tu,t,) > ¢(min{1,min{M (Au,Tu,%to —gj,l},max{M (Au,Tu,EtO —g),l}}J

M (Au,Tu,ty) > ¢(M (Au,Tu,%t0 —ED >M (Au,Tu,%t0 —5)

As &£ —0, weget M(Au,Tut))>M (Au,Tu,Etoj which gives contradiction, hence Au = Tu. Hence, Au

= Bu = Su = Tu = z (say). Since the pair (A, S) is weakly compatible, ASu = SAu and then Az = Sz. Similarly, as
the pair (B, T) is weakly compatible, BTu = TBu and then Tz = Bz.
Next, we claim that Az = z, suppose not. Then by (3.1), take x = z, y = u, we get
M (Az,Bu,t,)

2¢{min{M (Sz,Tu,ty),sup , min{M(Az,Sz,t),M (Tu,Bu,t,)},

ty+ty =2t
172 kO

t3+ty=—
34k10

sup , max{M(Az,Tu,t,),M (Bu,Sz,tQ}}J
2 2
let t,=t;=¢ then tzztdzgto—g where ge[O,Et j
M (Az,z,to)Zgz{min{M (Az,z,to),min{M (Az,Az,¢),M (z,z,%to —g]},

i

As &—0, we get
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M (Az,2,t)> q{min{M (Az,2,t),1M [Z’ AZ’%‘JB

M(Az,2,t,)> (M (z,Az,t,)) > M (z,Az,t;)

a contradiction, hence, Az = Bz = z. Therefore, z is a common fixed point of A and B. Similarly, we prove that Sz
=Tz =zbytaking x = u, y =z in (3.1). Therefore, we conclude that z = Az = Bz = Sz = Tz this implies that A, B,
S and T have common fixed point in X.

Uniqueness easily follows by the use of inequality (3.1).

Next we attempt to drop closedness of range of maps and relax containment of two subspaces to one subspace
by replacing property (E.A.) by a weaker condition CLRs property in Theorem 3.1.

Theorem 3.4: Let A, B, S and T be four selfmaps fuzzy metric space (X, M, *) satisfying condition (3.1) of
Theorem 3.1 and
(3.19) (A, S) and (B, T) shares the CLRs property (CLRy property)
(3.20) A(X)cT(X) (B(X)=S(X)).

Then pairs (A, S) and (B, T) have coincidence point. Further if (A, S) and (B, T) be weakly compatible pair of
self maps of X then A, B, S and T have a unique common fixed point in X.

Proof: Proof of this theorem easily follows on same lines of Theorem 3.2.

On taking A=B and S =T in Theorem 3.1 then we get the following interesting result which is improved ver-
sion of Theorem 1 of Sedghi et al. [2].

Corollary 3.1: Let A and S be self mappings of a fuzzy metric space (X, M, *) satisfying the following:

(3.21)

M (Ax, Ay,t)> ¢[min{M (Sx, Sy,t),supt . min{M (AX,Sx,t,), M (Sy, Ay,t, )},

+lp =—
12k

sup , max{M (AxSy,t;),M(Ay, Sx,t”}}]

3+t =t

forall x,ye X ,t>0andforsome 1<k<2, ¢gcd;

(322) A(X)<=S(X);

(3.23) pair (A, S) satisfies the property (E.A)

(3.24) A(X) or S(X) is a closed subset of X.

Then pair (A, S) has a coincidence point. Further, if pair A and S be weakly compatible self maps of fuzzy
metric space (X, M, *), then A and S have a unique common fixed point in X.

On taking A=B and S =T in Theorem 3.4 then we get the following interesting result which is improved ver-
sion of Theorem 3.3 of Chauhan et al. [3].

Corollary 3.2: Let A and S be self mappings of a fuzzy metric space (X, M, *) satisfying the following:

(3.25) (A, S) satisfies the CLRs property.

Then pair (A, S) has a coincidence point. Further if pair A and S be weakly compatible self maps of X then A
and S has a unique common fixed point in X.

Finally, we conclude this paper by furnishing example to demonstrate Theorem 3.3 besides exhibiting its su-
periority over earlier relevant results.

Example 3.2. Let (X,M,*) be a fuzzy metric space wherea *b=a.bforall abe [0,1] and X = [3, 19).
Let 4:(0,1] > (0,1] be definedas ¢(t)= Jt forall te (0,1], Clearly, ¢ e ® . Define A, B, Sand T by

A(X):{l x e {1}U(3,15) B(X):{l x e {1}U(3,15)

x+11  xe(L3] ' X+5 xe(13]
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1 x=1
S(X)— 6 Xe(l,3]
XT+1 x e (3,15)
and
1 x=1
T(x)=411 xe(13] .
X—2 x €(3,15)

Take {x,}={y,}= {3+%} , Clearly

lim Ax, =limSx, =limBy, =limTy, =1=T1=S1

for some le X.

Thus, (A, S) and (B, T) satisfies JCLRsy property.

Also, AX ={1}U(12,14], BX ={1}U(6,8], SX =[1,4)U{6}, TX = (1, 13) and condition (3.1) is satisfied
by maps A, B, S and T. Thus, the maps A, B, S and T satisfy all conditions of Theorem 3.3. Hence, A, B, Sand T
have a unique common fixed point x = 1.Moreover it should be noted that AX, BX, SX and TX are not closed
subsets of X. Also, AX ¢ TX and BX & SX . Also, A, B, Sand T are all discontinuous maps at fixed point x =
1.

Definition 3.1 [21] Two families of self mappings {A }Ir":

) AA =AA,ije{l,23-,m},

i) BB, =BB,i je{l23n},

iii) AB,=B;A, ie{l,23,n},je{1,23,n}.

As an application of Theorem 3.2, we prove a common fixed point theorem for four finite families of map-
pings on fuzzy metric spaces. While proving our result, we utilize Definition 3.1 which is a natural extension of
commutativity condition to two finite families.

Theorem 3.4: Let {A,A,,-- A}, {B.B,,-,B}, {Sl,Sz,m,Sp} and {Tl,Tz,--~,Tq} be four finite fam-
ilies of self mappings of a fuzzy metric space (X, M, *) such that A=A -A---A,, B=B,-B,---B,,
S$=S,-S,---§, and T=T,-T,---T, satisfying the conditions (3.1), (3.9), (3.10) and (3.26) the pairs of families
({A}.{S.}) and ({B}.{T,}) commute pairwise.

Then the pairs (A,S) and (B,T) have a point of coincidence each. Moreover, {A}" .{S,} . {B/}
and {T,}', have a unique common fixed point.

Proof: By using (3.26), we first show that AS = SA as

AS=(AA A )(SS, S, ) =(Ak A L) (ASS, S, ) = (AA A, )(S:S, S, A,)
(AR A (ASS S, A ) = (AR AL ) (5SS ALA, )
o= Ai(slsz"'SpAz"'An>=(Slsz"'Sp)(AlAz“'An)=SA

Similarly one can prove that BT = TB. And hence, obviously the pair (A, S) is compatible and (B, T) is weakly
compatible. Now using Theorem 3.1, we conclude that A, S, B and T have a unique common fixed point in X,
say z.

Now, one needs to prove that z remains the fixed point of all the component mappings.

For this consider

A(AZ) =((AAA)A)Z=(AA A L) (AA)Z=(AA A L) (AA,)Z
(AR AL ) (AiAA) 2= (AR AL ) (AALLA,)Z

= A (AR A)Z=(AR)(A A2

(AA)(A A )2=A(AA A )z=AAZ=AZ

. and {B, }:71 are said to be pairwise commuting if
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Similarly, one can prove that
S.z)=S,(Az)=S,z,
=S

kZs

- Az,
(B,z)=B,(Bz)=B,z,
B(T,z)=T,(Bz)=T,z,
T(Tz)=T,(Tz)=T,z
and
T(B,z)=B,(Tz)=B,z,

which show that (for all i, r, k and t) A;z and S,z are other fixed point of the pair (A, S) whereas B,z and T,z are
other fixed points of the pair (B, T). As A, B, S and T have a unique common fixed point, so, we get

z=Az=51z2=Bz2=Tz,

forall i=12,---,m k=12,-,p, r=12,---,n, t=12,---,q.which shows that z is a unique common fixed
pointof (A} {S)7. [B.J7, and [T},.

Remark 3.2: Theorem 3.4 is a slight but partial generalization of Theorem 3.2 as the commutativity require-
ments in this theorem are slightly stronger as compared to Theorem 3.1.

Remark 3.3. From the above results, it is asserted that for the existence of common fixed point of two pairs
of self maps in fuzzy metric spaces satisfying JCLRs; property the following conditions are never required:

a) the containment of ranges amongst the involved maps;

b) the completeness of the whole space/subspace;

c) the closedness of space/subspaces;

d) continuity requirement amongst the involved maps.
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