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Abstract

The combination of fuzzy logic tools and multi-criteria decision making has a great relevance in
literature. Compared with the classical fuzzy number, Z-number has more ability to describe the
human knowledge. It can describe both restraint and reliability. Prof. L. Zadeh introduced the
concept of Z-numbers to describe the uncertain information which is a more generalized notion
closely related to reliability. Use of Z-information is more adequate and intuitively meaningful for
formalizing information of a decision making problem. In this paper, Z-number is applied to solve
multi-criteria decision making problem. In this paper, we consider two approaches to decision
making with Z-information. The first approach is based on converting the Z-numbers to crisp
number to determine the priority weight of each alternative. The second approach is based on
Expected utility theory by using Z-numbers. To illustrate a validity of suggested approaches to de-
cision making with Z-information the numerical examples have been used.
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1. Introduction

Decision making is constantly needed in the real world. In many situations, making choices depending on nu-
merous factors limited to human ability is very difficult to deal with. In a fuzzy environment, a standard method
to express experts’ preferences usually uses numerical values assessed in an interval from zero to one. However,
there are some difficult decisions where experts are not able to give exact numerical values to their preferences.
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In such cases, linguistic assessments are alternatively used instead of numerical values to express preference
[1]-[3]. In [4] a new characterization of consistency based on the additive transitivity property of fuzzy prefe-
rence relations has been proposed. This new characterization allows us to easily check the consistency between
the experts’ opinions. Experts’ opinions are represented by using if-then rules. In [5] one of the knowledge dis-
covery approach-linguistic summarization [6]-[8] approach to generate if-then rules for causal databases is pro-
posed. Both type-1 and interval type-2 fuzzy sets are considered. In a lot of technical literature [9]-[13] five-
quality measures—the degree of truth, sufficient coverage, reliability, outlier and simplicity are defined. Among
them the degree of reliability is especially valuable for finding the most reliable and representative rules.

In [14] Zadeh introduced the concept of Z-numbers to describe the uncertain information which is a more ge-
neralized notion. A Z-number is an ordered pair of fuzzy numbers (A, B).Here A is a value of some variable
and B represents an idea of certainty or other closely related concept such as sureness, confidence, reliability,
strength of truth, or probability. It should be noted that in everyday decision making most decisions are in the
form of Z-numbers. Zadeh suggests some operations for computation with Z-numbers, using the extension prin-
ciple. On Z-valuation using Zadeh’s Z-numbers problem is discussed in [15] by R. Yager. It was shown how to
use these Z-numbers to provide information about an uncertain variable in the form of Z-valuations, assuming
that this uncertain variable is random. Yager offers an illustration of a Z-valuation, showing how to make deci-
sions and answer questions. It has also been discussed the relationship between Z-numbers and linguistic sum-
maries [16]. Author of [15] has provided for a representation of Z-valuations in terms Dempster-Shafer belief
structures [17], that made use of type-2 fuzzy sets. In [18] a method of converting Z-number to classical fuzzy
number has been discussed. Decision making using Z-numbers under Uncertain Environment is discussed in [19].
Authors for solving multi-criteria decision making problem using Z-numbers have converted Z-numbers to clas-
sical fuzzy number and a priority weight of each alternative is determined.

The paper is organized as follows. Section 2 discusses required definitions. The algorithm of proposed de-
cision making method is presented in Section 3. Description of portfolio selection-real-life business problem
and the experimental results of calculations are described in Section 4. Section 5 gives basic steps of the op-
erational approach (OA) to solving the problem selection of a vehicle. The conclusion is presented in Section
6.

2. Mathematical Definition and Notation

Definition 1. A Z-number [14] o

A Z-number is an ordered pair of fuzzy numbers, (A, B). A is a fuzzy restriction on the values which a
real-valued uncertain variable is allowed to take. B is a measure of reliability of the first component (Figure
1).

Definition 2 [9]. A triangular fuzzy number A can be defined by a a triplet (ai,az,as), where the mem-
bership can be determined as the following equation:

0, Xe[—oo,ai]
ﬂ, Xe[amaz]
a—q
H (x) = a, - X
, Xela,,
a3 -, [ ? as]
0, x €[ag,+]

Definition 3 [9]. A fuzzy set A is defined on a universe X may be given as:

Az{(x,,uA(x))|x e X}

where 1, : X —[0,1] is the membership function. A membership value 1, (x) describes the degree of be-
longingness of xe X inA.

Definition 4. Let A=(a,a,,a,) and B :(bl,bz,b3)~be two triangular fuzzy numbers. The graded mean
integration representation of triangular fuzzy numbers A and B can be obtained [20], respectively, as fol-

lows:
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Figure 1. A simple Z-number.
P(A):l(a1+4a +2,)
6 2 3

P(B):%(bl+4b2+b3)

The canonical representation of the multiplication operation on triangular fuzzy numbers A and B is de-
fined as:

P(A@ é): P(A)P(é)zg—l(s(al+4a2+a3)(bl+4b2+b3)

Definition 5 [19]. The priority weight of each alternative can be defined as follows:
priority = > w(Z,)w(Z, )

where Z, is the weight of the criteria, and Z; is the value of each criteria.
Definition 6. Sum of two independent normal random variables [21]. Let X and Y be two independent

normal random variables with probability density functions
2 2
1 z(x=my) 1 —(y-my)
X) = e , and = e
P ()= e O e
and Y isarandom variable whose density function p, is defined as follows:

, respectively. The sum Z = X + Y of X

2+0'2
b, (2)= 1 . 2o} +of)

27r(0>2< +GY2)

Definition 7. Product of two normal density functions. The product p,, (x)= p,(x)p,(x) of two density
2 2
—(x-m —(x-m
_ 1 e ( 21) , and pz(x): 1 e ( 22)
\2no; 20, \2no, 20,
mean and variance given by

functions p, (x) is a normal density function with

m,oZ +m,o;
m, = 2 2
o, +0;

2 2
0,0,

O,, =
12 2 2
o, t0,

1 (emy

For simplicity we will denote X)= e
plicity p(x) N
Definition 8. Fuzzy probability [22] [23]. Let a discrete random variable S takes a value from the set
{S,,+++,S,} . The fuzzy numbers P(S;)e Ey ., are called the fuzzy probabilities of S if for any

0.4]

D, e[Pl“ (S)). P (S, )] there exist p, e[Pl" (S,).P) (Sl)] Py E[Pla (Sit). Py (SH)],

()

, as p(m,o).
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Pin e[Pla (Si+1)' Ry (Si+1):|v"" P, e[Pla (Sm)’ R (Sm)] such that

where [Pl“ (S;). P (S, )] isan o -cut of a fuzzy number P(S;)e E;

0]’ 1=1---,m.

3. Algorithm of Decision Making Method Using Z-Numbers

Algorithm of decision making method using Z-numbers under uncertain environment is as follows:
Step 1. Construct the fuzzy decision making matrix for decision making problem.
Step 2. Transform the linguistic value to numerical value.
Step 3. Normalize the fuzzy decision making matrix.
Step 4. Convert the Z-numbers to crisp number.
Step 5. Determine the priority weight of each alternative.

4. Statement of the Decision Problem

As it is known, portfolio selection problem is one of standard and most important problems in investment and
financial research fields. Portfolio selection—real-life business problem is characterized by the following three
conditions:

1. Economy declines;

2. No change;

3. Economy expands.

Let us give formal description of the portfolio selection problem as a problem of decision making with impre-
cise probabilities described as Z-numbers.

1) State of nature. States of nature are represented by the three economic conditions. During the portfolio se-
lection it is very important to properly identify the economic condition. Taking this into account it is adequately
to describe the economic condition by using Z-numbers. The set of states of nature S ={s,,s,,s;} described
Z-numbers are

Economy declines—s; : Z ) Iow very hlgh)

(P(s).B
No change—s, : Z (P(s,).B,)=Z (middle, very high);
(P(s:).B

Economy expands—s, : Z: ) = Z (very low, very high).

2) Alternatives.

Alternatives are represented by the three acts (selection A, B, C).

3) Utilities.

Utility of an alternatives for each state is described by Z-numbes. So, we will formulate portfolio selection
method by using Z-numbers as a determination of the priority weight of each alternative.

Portfolio Selection—Real-Life Business Problem

Here we give an example portfolio selection—real-life business problem. An investor has a certain amount of
money available to invest now. Three alternative portfolio selections are available. The estimated profits of each
portfolio under each economic condition are indicated in the following payoff Table 1 by using Z-valuation:

Let A be afuzzy set of the universe of discourse X subjectively defined as follow:

fon (X) = %, ~7.000 < x < —6.400
%, ~2.400 < x < ~2.000
fa()=1_1 600 x
—————, —-2.000<x<-1.600
0.400
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Table 1. Payoff table for Portfolio selection-real-life business problem.

{s.} {s.} {s.}
Economy declines No change Economy expands
(Low, Very high) (Middle, Very high) (Very low, Very high)
(0.3 VH) (05,vH) (02 VH)
((below norm), (Very middle low)) ((Very middle norm), (Very middle)) ((norm), (Middle))
A ((0.450,0.560,0.660),VM|_) ((0.960,1.060, 2.060),VM) ((1.660, 2.000,2.400), M)
((very below norm), (Very low)) ((norm), (Middle)) ((high norm), (High))
B ((72.460, ~2.000,-1.600), VL) ((1.660, 2.000,2.400), M) ((4.060, 5.000,6.000), H)
((very very below norm), Very very low) ((low norm), (Low)) ((Very very high norm), (Very very high)
c ((77.000, ~7.000,6.400), VVL) ((71.260, ~1.000,-0.800), L) ((16.060, 20.000,20.000), VVH)
%‘580, 1,200 < X < ~1.000
i ()=1 0800 x
—————, -1.000<x<-0.800
0.200
%, 0.450 < x < 0.500
fan () =1 0 600 ¢ W
————, 0.500<x<0.600
0.100
%, 0.900 < x <1.000
fom (X) = '
2:000=X 4 500 < x <2.000
1.000
X=1600 4 600< x<2.000
fn (x) = 2%180
220X 2000 < x < 2.400
0.400
X=4000 4 500 < x <5.000
B0~ ono-x
—————, 5.000<x<6.000
1.000

1-16.000
fan () =500

where f,, T, T, fums fums Ts frs fun - @re the membership functions of the fuzzy sets.

Fuzzy restriction part of Z-numbers by Scale data is given as Table 2:

The problem is to determine portfolio selection. On the basis of his own past experience, the investor assigns
the following probabilities to each economic condition:

, 16.000 < x <20.000

P (economy declines) = {low; very high} =((0.2,0.3,0.4),(0.8,1,1));
P(No change) = {middle; very high} =((0.4,0.5,0.6),(0.8,1,1));

P (Economy expands) = {very low; very high} =((0.1,0.2,0.3),(0.8,1,1)).

There are three different choices, namely A, B, C.

)
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Table 2. Scale data.

{s,} {s.} {s,}
e
(020304 VH)  ((0.40506)vH) (©10203)VH)

A ((0450506),VML) ((0.9,1,1.2,VM)  ((1.8,2,2.4),M)
B ((-24-2-16)VL)  ((1.6:2,2.4),M) ((4,5,6),H)
C ((-7-7-64)VVL) ((-1.2-1-0.8),L) ((16,20,20),VVH)

Alternative 1: Z(A)=(((0.45,05,0.6), VML);((0.9,1,12),VM);((18,2,2.4),M)).
Alternative 2. Z(B)=(((-24,-2,-16),VL);((16,2,24),M);((4,5,6),H)).

Alternative 3: Z(C)=(((~7,~7,-6.4), VVL);((~12,-1,-0.8),L);((16,20,20),VVH)).

Take the three main criteria (Economy declines, No change, Economy expands) into consideration.

At second step according to the membership function denoted by Equation (1) the linguistic variable can be
converted to numerical value.

Decision variables with numerical values is described as the following form:

Z(s,)=((0.2,0.3,0.4),(0.8,1,1));

(
Z(s,)=((0.4,05,06),(0.8,11));
Z(

z(A,)=((045,05,0.6),(0.26,0.27,0,28));

( (
s;)=((0.1,0.2,0.3),(0.8,1,1));
)
(

(0.9, 1,1,2),(0.28,0.29,0.298));

)=

((18,2,2.4),(0.32,0.33,0.38));
-2.4,-2,-16),(0.16,0.18,0.2));
(

(
)=(
16,2,2.4),(0.32,0.33,0.38));
BSS) (
)=((-7.-7,-6.4),(0,0.1,0.15));

)=
(-

)=((
(4,5,6),(0.42,0.44,0.46));
(-

)=((-

(
((-12,-1,-0.8),(0.20,0.22,0.23));

z(c,,)=((16,20,20),(0.8,11)).

And the third step is to normalize the fuzzy data to avoid complexity of mathematical operations in the deci-
sion process. The normalized data for decision variables are:

Z(s,)=((0.2,0.3,04),(0.8,11));
Z(s,)=((0.4,05,0.6),(0.8,L1));

Z(s;)=((0.1,0.2,0.3),(0.8,1.1));



L. A. Gardashova

Z(A,)=((0.27593,0.27778,0.28148),(0.26,0.27,0,28));
Z(A,)=((0.29259,0.2963,0.3037),(0.28,0.29,0.298));
Z(A,)=((0.32593,0.33333,0.34815),(0.32,0.33,0.38));
Z(B, )=((0.17037,0.18519,0.2),(0.16,0.18,0.2));
Z(B,,)=((0.31852, 0.33333,0.34815),(0.32,0.33,0.38));
Z(B, ) =((0.40741,0.44444,0.48148),(0.42,0.44,0.46));
z(c,)=((0,0,0.02222),(0,0.1,0.15));
z(c,,)=((0.21481,0.22222,0.22963),(0.20,0.22,0.23));

z(c,, )=((0.85185,1,1),(0.8,1,1)).

Values of decision variables which combine the restraint and reliability will be described as follows:
Alternative 1:

Z(A)=(((0.27593,0.27778,0.28148) ®(0.26,0.27,0,28)),
((0.29259,0.2963,0.3037) ®(0.28,0.29,0.298)), @)
((0.32593,0.33333,0.34815) ®(0.32,0.33,0.38) ));
Alternative 2:
Z(B)=(((0.17037,0.18519,0.2) ®(0.16,0.18,0.2)),
((0.31852,0.3333,0.34815) ®(0.32,0.33,0.38)),
((0.40741,0.44444,0.48148) ®(0.42,0.44,0.46)) );
Alternative 3:
Z(€)=(((0,0,0.02222)®(0,0.1,0.15)),
((0.21481,0.22222,0.22963) ®(0.20,0.22,0.23)),
((0.85185,1,1)®(0.8,11))).

The fourth step is convert Z-number to crisp number. After normalizing the weight of criteria, we can get the
final priority weight of the three Portfolio denoted by matrix 4 which is getting by using matrix 3.
By using definition 4 decision matrix with crisp number obtained with the following form:

0.29 0.48333  0.19333
0.075083 0.086006 0.112638
0.033333 0.112222 0.195556

0.00034 0.048519 0.942798

®)

Matrix of the priority weight is represented by (4):
0.075083 0.086006 0.112638 0.088056
0.033333 0.112222 0.195556 0.105222 4
0.00034 0.048519 0.942798 0.212921

Finally, we calculated the priority weight for each alternative and obtained the following results:
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3
priority(A) =" w(Z, Jw(Z,, ) =0.088056

i=1

Mo ZMe

1
LN

priority(B) =" w(Z, Jw(Z,, ) =0.088056

priority(C) = W(ZSi )W(ZCi ) =0.088056

So, the best alternative is C as one with the highest priority weight.

5. Application of OA to Solving Decision Making Problem with Z-Numbers
5.1. Statement of Problem

Let S={S,,--,S,} bea set of states of nature, X = Z_X|ZX =(A.B,), A eE",B € E[lo’l]} be a set of Z-
number-valued outcomes. Linguistic information on likelihood Z, of the states of nature ‘is represented by
Z-valued probabilities Z, =(AH,BH) of the states S;:

2, =2 [S+Zp [S,++Z; [S,

The problem of decision making with Z-valued information on the base of EU consists in determination of an
optimal act " e A:

Find f"eA forwhich Z . =maxZ,

(1) Trea U
is a Z-valued expected utility defined as
Zypy=Zy Lyt +Zy Zp

Here Zu(f)
u(f)

where multiplication and addition are defined as in [14].

5.2. Basic Steps of Operational Approach

Operational approach to solving decision making problem with Z-numbers is described in [22]. Basic steps of
operational approach is shown below:
Step 1. Given Z-valued outcome

Z, =(AX“,BXU), i=1.-n, j=1--m

ij
of an alternative f; at a state of nature S; and a Z-valued probability Zp = (APJ 1By, ) of a state of nature
S;, calculate

Zij :inj ’ZP,- :('Aﬁj’Bij)

The calculation of Z; is done as follows.
Step 2. Convert Z numbers Zy, and Z, 1o Z" numbers:

2,2 25,2}
(A, By, ) (AXij p(my, 0, ))
(APJ ! BPi ) - (APJ ' p(mPJ 1Op, ))

m :M :M
U [, au T (u)du

2.1 Caleulate Z; =275 -2 =(A;, p(m;,0))

2.2. Calculate A .
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For calculation of A; we have to solve the following problem:

Ha, (aij)zsup(min(,uAxij (axij )w“Ap,- (apj )))

subject to
2.3. Calculate p(m;, oy )
p(mij’o-ij = p(mX”’O—X”)O p(rnpJ ,O-Pi) 1
mxu ng + mPJ O-iu O'>2<” O'g]
p(m"'o-) PIm = 2 0 =" 2

For simplicity, we denote p; = p( i1 O )
2.4. Calculate Hy, (pu)

For calculation of Hp, (pij) it is need at first to calculate the following expressions:
-[’UAX. p(mxlJ oy, ) u)du, ijPj (u)p(mpl,apj)(u)du
and
ts,, (I”Axij (u) p(mXij %, )(u)du), s, (I/“Am (u) p(mpl_ 0%, )(u)du)

Then Hp, (pij) is calculated by solving the following optimization problem:
Hy, (Py) = min(uBxij (IyAxij (u) p(my, .0, )(u)du),
My, (.[”Apj (u) p(mpji 1Cp, )(U)dU)) — max
subject to
P = P(mxij 1Ox; )o p(mpl_ ,apj)

2.5. Calculate B
B, is calculated by solving the following optimization problem:

Hg; (W) = Hy,; ( Pij ) — Max

subject to
W= I#A pu ( )d
As aresult of calculations at step 2, Z; =Z, - (AJ , ” ) is obtained.
Step 3. At this step, given Z-numbers Z,J, i —l N, J= ,m obtained at the previous step, the Z-valued

Expected Utility

Z :ZXMZH+-~-+ZX”_ZF,J_+~--+inmZF,m

u(f)

is calculated as it is shown below:

3.1. Convert Z numbers Z; to Z" numbers.

Zij—>Zi*
(A 8y) > (A p(my, 7)),
.[ﬂA udu

()
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3.2. Caleulate Z, Zg +--+Z, Zy +-+Zy Z, =(A,p(m,0)))
3.3. Calculate A
A is calculated by solving the following optimization problem:

A (ai ) = jgﬂ,i.r,lm(’u’\'i (aij )) — max ,
subject to
& =+ + @,

3.4. Calculate p(m;,o;).
p(m;,o;) is calculated as follows.

p(m,oi)= p(m =My +-+M,,0 = ~/0i21+"'+0i$n)- For simplicity, we denote p; = p(m;,o;)

3.5. Calculate 4, (p;)-
For calculation of 4, (p;)., we need to calculate the following values:

Tty (8) Py (w)du, =L
And

Mgy (J"u/*j (u)pij (u)du), j=1--m

Then , (p;) iscalculated by solving the following optimization problem:
w, (P)= ,-Df.i,rjm(ﬂﬁu (.[/“Ai,- (u)p; (u)du))—> max
3.6. Calculate B,
B, is calculated by solving the following optimization problem:
s, (W) =ty () —> mx
subject to
W= J.‘u/\ pl( )

As a result of calculations at stage 3, Z-value Z,,,, = (A.B;) ofthe EU for alternative f; is obtained.

5.3. Example. Selection of a Vehicle

In this section, we provide an example of selection of a vehicle for journey to illustrate application of the opera-
tional approach to solving decision making problem with Z-information. Three alternatives are considered: car,
taxi and train. Three states of nature are considered at which the alternatives are evaluated taking into account
price, journey time, comfort. The payoff table for the considered decision problem with Z-valued information is
given in Table 3.

The obtained Z-values of the utility function for alternatives f,, f,, f, are the following:

Z,(f) :((20,37,55),very small);
Z, (f,)=((20,34,6.59), high);

Z, (f,)=((19.6,32.3,48.34), medium).

6. Conclusion

Z-number is a new notion proposed by Zadeh which has more ability to describe the uncertain knowledge. In
this paper, we solve the multi-criteria decision making using Z-number and an algorithm is proposed to deal
with the Z-number. At last, a numerical example is used to illustrate the procedure of the applied approaches. The
present work generalizes the Expected Utility theory to the case of Z-valued information. An operational ap-

()
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Table 3. Payoff table for selection of a vehicle problem.

S, S, S,
P, =((0.4,0.5,0.6),(0.25,0.5,0.75)) P,=((0.2,0.3,0.4),(0,1,1)) P, =((0,0.2,0.3),(0.75,1,1))
f ((9,10,12),(0.75,1,1)) ((70,100,120),(0.25, 0.5,0.75)) ((4,5,6),(0.5,0.75,1))
f, ((20,24,25),(0,1,1)) ((60,70,100),(0,1,1)) ((7,8,10),(0.5,0.75,1))
f, ((14,15,16),(0.1,0.5,0.9)) ((70,80,90),(0,5,0.75,1)) ((1,4,7),(0.5,0.75,1))

proach with detailed computational procedures is developed for this purpose. The operational approach is ap-
plied to solve a problem of decision making on a selection of a vehicle for journey with Z-valued information.
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