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ABSTRACT 

In this note, the ideas employed in [1] to treat the problem of an ellipsoid intersected by a plane are applied to the analo-
gous problem of a hyperboloid being intersected by a plane. The curves of intersection resulting in this case are not only 
ellipses but rather all types of conics: ellipses, hyperbolas and parabolas. In text books of mathematics usually only 
cases are treated, where the planes of intersection are parallel to the coordinate planes. Here the general case is illus-
trated with intersecting planes which are not necessarily parallel to the coordinate planes. 
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1. Introduction 

The problem of a hyperboloid being intersected by a 
plane is described in Section 1. The means to treat the 
problem are provided in Sections 2, 3 and 4. In the end of 
Section 4 first results can be formulated in Corollaries 3 
and 4. Further results concerning the center of the conic 
of intersection are given in Section 5. Finally in Section 6 
the case of a parabola as intersecting curve is treated. 

Let a hyperboloid be given with the three positive semi 
axes a, b, c 

22 2
31 2

2 2 2
1,

xx x

a b c
                   (1) 

where  on the right hand side of (1) corresponds to a 
hyperboloid of one sheet,  on the right hand side of 
(1) to a hyperboloid of two sheets. Let furthermore a 
plane be given with the unit normal vector 

1
1

 T

1 2 3, , ,n n nn  

which contains an interior point or a boundary point 
 of hyperboloid (1). A plane spanned by   T

1 2 3, ,q q qq
r rr


vectors ,  T

1 2 3, , r  T

1 2 3, ,s s ss  and containing  

the point  is described in parametric form by q

 T

1 2 3  with  , , .t u x x x   x q r s x        (2) 

Inserting the components of x  into the Equation of 
hyperboloid (1) leads to the line of intersection as a 

quadratic form in the variables  and u . Let the scalar 
product in  for two vectors  and 

 be denoted by 

t
3R

3

T
w

 T

1 2 3, ,v v vv 



 1 2, ,w ww

  1 1v w v v w 2 2w 3v 3, .w  

With the diagonal matrices 

1 1
diag , ,D

a b
1

c
   
 

 

the line of intersection has the form: 
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        (3) 

As  is an interior point or a boundary point of hy-
perboloid (1) the right-hand side of Equation (3) is non-
negative. Since  ,D D x y

2 2
 need not be a scalar prod-

uct in , the 3R   matrix in Equation (3) is in gen-
eral no Gram matrix. If the  matrix in (3) is posi-
tive definite, then the line of intersection is an ellipse. 

2 2

Let  and  be unit vectors orthogonal to the unit 
normal vector  of plane (2) 

r s
n
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         (5) 

and orthogonal to eachother 

  1 1 2 2 3 3, 0r s r s r s   r s           (6) 

Furthermore vectors  and  may be chosen such 
that 

r s

  3 31 1 2 2
2 2 2

,
r sr s r s

D D
a b c     r s 0

0

0

       (7) 

holds. This will be shown in the next Section. Condition 
(7) ensures that the  matrix in (3) has diagonal 
form. 

2 2

In case   and  the line 
of intersection reduces to 

, 0D D  r r  ,D D  s s
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and 
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In case  Equation (8) can be written as a conic 
in translational form 

1d  

   2 2

0 0

1 2

1
t t u u

 
 
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in the variables  and u  with t

   1 2

1 1
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For  and  , 0D D  r r  ,D D  s s 0

 

 the line of 
intersection is of the form 
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If  holds, (13) represents a parabola in 
the variables  and u . This will be discussed further in 
Section 6. 

 ,D D  q r
t

0



In order to show that the expression  in (10) is in-
dependent of the choice of  this vector may be de-
composed orthogonally with respect to : 

d

n
q

  with  ,      q n r s q n          (14) 

where   is the distance of plane (2) from the origin. 
Substituting  into (10) one obtains employing (4), (5), 
(6) and (7) 

q

   
 
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The following rules of computation for the cross 
product in  ([2], p.147) will be applied repeatedly 
later on. For vectors  of  the identity of 
Lagrange holds 

3R
, , ,x y z w 3R

        , , , ,   x y z w x z y w y z x w,      (16) 

and the Grassmann expansion theorem for the double 
cross product 

     , ,   x y z x z y x y z.         (17) 

2. Construction of Vectors  and  r s
Let  be a unit vector orthogonal to the unit normal 
vector  of the plane, so that Equations (4) hold. A 
suitable vector  is obtained as a cross product 

r
n

s
. s n r  

Then Equations (5) and (6) are fulfilled:  is a unit 
vector, as can be shown by the identity of Lagrange (16), 
utilising 

s

 , 1n n ,  , 1r r  and   : , 0
2
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Furthermore one obtains according to the rules apply-
ing to the spar product: 
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In case Equation (7) is not fulfilled for the initially 
chosen vectors  and , i.e. , the fol-
lowing transformation may be performed with 

r s  ,D D  r s 0
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The transformed vectors  and  satisfy the fol-
lowing conditions: 

r s
 , 1 r r ,  and ( , n r) 0   s n r , 

which imply conditions (4), (5) and (6). The expression 
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becomes zero, when choosing   such that 
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holds. 
Corollary 1: For the unit vectors  and  ortho- r n
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gonal to each other and  the following state-
ment holds: 

 s n r

2 1  for  i i

, 1

2 2 1,2,3.i ir s n    

This statement follows by substituting the definition of 
 and utilising , s   n n  ,r r 1  and  , 0n r . 
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3. A Quadratic Equation 

Theorem 1: Let  be the unit normal vector of the plane 
and let vectors  and  satisfy , 

n
r s  , 1r r  , 0n r , 

 and condition (7). Putting  s n r
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1  and 2  are solutions of the following quadratic 
Equation: 

2 2 2 2
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Proof: Utilising Corollary 1 one obtains: 
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For the cross products 

 

Applying diagonality condition (7) and the identity of 
Lagrange (16) leads to: 

  
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, , ,
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 
 

      
 

   
 

 

r s

r s

   (21) 

with the diagonal matrices 




1 1
diagD

  1
, , .

bc ac ab
 

 
          (22) 

According to Grassmann’s expansion theorem for the 
double cross product (17) 

    
    , ,D D 


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,
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follows, since 

D D    r s r n

 , 1r r  and  , 0r n . Applying (20), 
(21), (23) one o

 
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orollary 2: Under the assumptions of Theorem 1 the 
fo

r

The first pair of Equations was verified in the proof of 
Th

r d 

sumptions of Theorem 1 with 

  
C
llowing three pairs of Equations are valid: 

  ,D D D D       r s r s n  

  ,D D D D       n r n r s  

  .D D D D       s n s n  

eorem 1. The second and the third pair of Equations 
follow analogously. 

4. A Formular fo

Theorem 2: Under the as

1 0   and 2 0   the expression for d  in (15) is 
give y: n b

2

2 2 2 2 2 2
1 2 3

,d
a n b n c n




 
            (25) 

where   is taken from (14). 
f: 5) consists of three steps. 

fo




     (26) 

Proo  The verification of (2
Step 1: Applying the identity of Lagrange (16) the 
llowing statements hold: 
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 

   
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2

2

,
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 one obtains: 
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With Corollary 2 and the diagonal matrices 

c                 (27) 

one obtains: 

 diag , ,D a b    
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   
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   
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2
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2
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,
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,
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 

 
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      (29) 

Introducing expressions 

2 3

2 3 ,
     (30) 

one obtains from (29) using (18) and (30) 
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Dr
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
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    n s n n .

     (31) 

Combining both Equations (31) for 1 0   and 

2 0   leads to 
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 
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Step usly to the verification of (24) the ap-
plication of the identity of Lagrange (16) yields: 

2

With the diagonal matrices 

ab

for the cross products  holds: 

n

Therefore one obtains 


or 

.   (33) 

In contrast to the verification of (24), where diagonal-
 the analog ssion 

  n n

2: Analogo

  
      

1 2

2

, ,

, , , ,

D D D D

D D D D D D D D

     

       



  

r r s s

r r s s r s r s  

   2
, , .D D D D D D        r s r s r s

 diag , ,D bc ac     

D D r s

  .D D D D      r s r s   

   2

1 2 , ,D D D D      n n r s   

2 2 2   2

1 2 , ,a b c D D D D   
   n n r s

ity condition (7) holds, ous expre
 ,D D r s  

Step 3: Applying 
in (33) need not be zero. 

the identity of Lagrange (16) again 
leads to 

    
  

, ,

, ,

D D D D D D D D

D D D D

       

   

  



n r n s n n r s

n s r n
 

,

.
Substituting the involved cross products accor

Corollary 2 and considering diagonality condition 
ob

ding to 
(7) one 

tains 

    , , , ,D D D D D D      s r n s n r  

or 

 
 2 2 2

,
, ,

D D
D D D D

a b c

 

    
s r

n s n r  .    (34) 

Squaring both sides of (34) and substituting the ex-
pressions from (31) leads to: 

    2 2 2 2, ,D D a b c D D

  
 

   

2 1

2 2 2
1 2

24 4 4
1 2

2 2 2
1 1 2 2 1 2

,

,

, .

a b c D D

a b c D D

a b c D D

 

 

 

     

 s r n n 

 

 

 

 

 



 

n n

n n

n n

 



Substitution of (33) results in Equation 

 2 2 2 ,a b c D D

 2 2 2
1 2 1 1 2 2, ( ) 1a b c D D      

 

   0,     n n
 

n n

or 

. 2 2 2
1 1 2 2 1 21 ,a b c D D         n n    (3 ) 

Substitution of (35) in (32) leads to: 

5

 
 

 
 

 

2 2

2 2 2
1 2

, ,

1
, .

D D D D

D D
a b c

, ,D D D D

 

   

   


r r s s

  

n r n s

n n
          (36) 

(24) Because of 

 2 2 2 2 2 2 2 2 2
1 2 1 2 3a b c a n b n c n          

holds and with (15) one finally obtains relation (25) 

   (37) 
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   
   

 

2

2 ,D D 
 n r 2

2

2 2 2 2 2 2
1 2 3

,
,

, ,

.

D D
d D D

D D D D

a n b n c n





 
 

   


   
 
 


 

n s
n n

r r s s
 

r the assumptions of Theorem 1 and 
in case of a hyperboloid of one sheet assu

  
Corollary 3: Unde

ming > 0i  
o sheets as-for , in case of a hyperboloid of tw1, 2i 

suming > 0i  for 1, 2i   and < 1d  , the intersec-
it normal 

is an ellipse, 
tion o oid ( d a pla n
vector distance from t

f hy
n  a

the area 

perbol
nd 

1) an
  

ne with u
he origin 

F  of which n by:  is give

2
2 2 2 2 2 2

1 22
1   with  .t

tt

abc
3F a n b n c n

 


 
       

 
 

In this formula 1  corresponds to a hyperboloid of 
one sheet, 1  to a hyperboloid of two sheets. 

Proof: With > 0i  for 1,2i   both sides of Equa-
tion (37) are positive. Thus d  according to (25) is 
negative for 0  , and zero for 0  . In case of a 
hyperboloid of one sheet the numerator 1 d  of i  
for 1, 2i   in (12) is positive. In case of a hyperboloid 
of two sh ts the numerator 1ee d   of i  for 1,2i   
in (12) is positive for < 1d  . Substituting i  for 

1,2  accoi  rding to (18), i  for 
efore the cu

1,2i 
rv

 are 
e of inter

positive. 
sIn both of these cases ther ection 

(1 th 1) is an ellipse wi the semi axes 

1 2

1
  and .

d d
A B

 
 

   

The area of the ellipse is given by: 

1 
  

1 2 1 2

1 1 1d d d
F AB  

   
     

    

pplying (25) and (37) one ob the formula in 
Corollary 3.  

Remark 1: In the special case that the plane of inter-

By a  tains 

section of the hyperboloid is parallel to the x-y-plane, i.e. 
the normal vector  with  and  

furthermore osen 

satisfying (4

 T
0,0,1n

 T
1,0,0 , s

  3, q  q n
 T

0  can be chr

), (5), (6), (7

0,1,

) and 1 2

1

a
  , 2 2

1

b
  , the  

formula for the area of the ellipse of intersection duces 
to: 

re

2
3q
2

1 .F ab     
c 

The same result is obtained from (1) putting 

 

3 3x q  
and calculating the llipse w es  area of an e ith the semi ax

2 2
3  a .

c c
 3

2 2
1 nd  1

q q
a b   

As stated above in case of a hyperboloid of two sheets  
2
3q

d
2

< 1
c

    has to be assumed. 

Remark 2: Assuming for i = 1, 2 and > 1d   
so result 

< 0i  
in case of a hyperboloid heet would al
in positive 

 of two s s 
 for 1,2i   accordii ng to (18) a

H
nd (12). 
 condi-owever for two vectors r  and s  in 3R  the

tions < 0i  for 1,2i   and  , 0D D  r s  cannot 
be fu ltanlfilled simu eously. 

< 0i  for 1,2i   would imply 
2 22 2 2 2

3 31 2 1 2
2 2 2 2 2 2

< , < ,
r sr r s s

a b c a b c
   

and thus 
2 22 2 2

3 31 2 1 2
2 2 2 2 2 2

< .
r sr r

a b a b c c

  
   

  
 

Because of 

2s s

 ,D D  0r s  

3 31 1 2 2
2

r ss

a
 

2 2

r s r
 

holds. Substituting this Equation into the above inequal-
ity gives 

b c

22 2 2 2
1 2 1 2 1 1 2 2
2 2 2 2 2 2

< .
r r s s r s r s

a b a b a b

          
   

 

Deleting equal terms on both sides of e inequality 
finally results in 

th

 2

1 2 2 1

2 2
< 0,

r s r s

a b


 

which is impossible for vectors  and  with real 

ry 4: Under the assumptions of Theorem 1 and 
assuming 

r s
components. 

Corolla
 and 2 < 01 > 0  the intersection of hy-

perboloi lan it normal vector  and 
distance 

d (1) and a p e with un n
  from the o  a hy bola 

an
rigin is for 1d   per

d for 1d    a pair of straight lines. 
Proof: With 1 > 0  and 2 < 0  

us d  acc
1 > 0d

both sides of Equa-
tion (37) are negative

. In case 
. Th ording to (25) is 

positive or zero   holds for a hyperbol-
oid of one sheet with the semi axes 

1 2

1 1
 and  .

d d
A B

 
 

   


the line of in ction is rbola of the form 

 

terse a hype

 2 2

0 0

2 2
1.

t t u u

A B

 
   
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In case 1 d olds for erboloid of one sheet 
with the semi axes 

 

<  0 h  a hyp

 
1 2

.


 

the line of intersection is a hyperbola of the form 

1 1
  and  

d d
A B


   

 

   2 2

0 0

2 2
1,

A B
    

t t u u 

with the axes interchanged. 
Since is positive or zero,  is fulfilled, 

so that for a hyperboloid of two sheets with the semi axes 
d  1 < 0d 

   
1 2

  and  .B
 




 

the line of intersection is a hyperbola of the form 

1 1d d
A

     


   2 2

0 0

2 2
1,

t t u u 
    

A B

with the axes interchanged, as in the prev us case. 
In case of 0 according to (8), after substi-

io
1 =d   

tuting 1  and 2  from (18), the line of intersection is 
a pair of straight lines of the form 

   2 2
0  t t u u      1 0 2 0

or 

 2
0 0 .t t u u


     

1

  
Remark 3: For 1 < 0  and 2 > 0  the roles o

variables t  and u  have to be interchanged. 
f the 

Substituting according to (14) in formulars (9) for the 
coordinates of the center of the conic in the 

e span  and one obtains using (7): 

5. The Center of the Conic 

q  
,

 by
 0 0t u  

ned  rplan s  

 

 

0
1

0
2

The center m  of the conic in 3R  is given 

,
,   

,
 .

D D
t

D D
u

 


 

 

 

  

  

n r

n s
          (38) 

by: 
   

   
0 0 0

,

t u t

D D D

      



m q r s n

n r n
0

1

,

u

D

 



r s

s    (39) 

m  ful-
filled with

2

.
 

      
 

n r s

Theorem 3: Let the assu ptions of Theorem 1 be
 1 0   and 2 0 

n in 3R  ho
. For the center  of 

the conic of lds: 
m

 intersectio

 T2 2 2
1 2 32 2 2 2 2 2

1 2 3

, ,a n b n c n
a n b n c n


 

 
m  .   (40) 

Proof: With diagonal matrices  from (27) and D

D
  from (22) utilising 

2 2 2

1
D D D D

a b c
 

      

an ob ent 
to (40

d (37) one tains a representation of m  equival
): 

2 2 2 2 2 2
1 2 3

1 2 1 2

.D D D D
       


   n n

It is sufficient to show tha or the diff

D D
a n b n c n



 

 
 



m n
       (41) 

t f erence 

1 2

D D


    m  Δ  n

     , , , 0  n r s    holds. Thus the coeffi-
ts in the expansion oci  in with respect to the 

ort
en f Δ
honormal basis 

 3R  
 , ,n r s  are 

vector. 
zero, i.e., is the zero 

Applying representation (39) and (24) one obtains: 

Δ  

     

  
1 2

1 2
1 2

, , ,

, 0

D D

D D .

 
  

 

 

 

 


   

n m n n n

n n



 

Furthermore one obtains: 

 

     

    
1 2

1 2

, , ,D D D D D D


           n r s s n r
 

le



, , ,D D


      r m r n r

and by interchanging the ro s of r  and s : 

     

     
1 2

1 2

, , ,D  s m s n s

, , , .

D

D D D D D D


 

 

 

       



n s r r n s
 

Both previous expressions are zero; this f ws by 
applying diagonality condition (7), the identity of La-
grange (16) and Corollary 2: 

  

ollo

  , ,D D D D   n r s s

    
   

, , , ,

, ,

D D D D D D D D

D D D D D D

       

     

 

    

n r s s r s s n

r s n s n r 
 

.

Interchanging the roles of  and  leads to: r s

  , ,D D D D   n s r r

     
   

, , , ,

, ,

D D D D D D D D

D D D D D D

       

     

 

    

n s r r s r r n

s r n r n s 
 

.
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  
Corollary 5: Under the same assumptions as in Cor-

ollary 3 the line of intersection of hyperboloid (1) and a 
plane is an ellipse with the semi axes A  and , given 
in the proof of Corollary 3, and the apexes 

B

and .A B m r m s  

Proof: Clearly Am r  and Bm s  are points of 
the plane cutting the hyperboloid. In order to show that 
they are belonging to the ellipse of intersection, it has to 
be verified that they are situated on hyperboloid (1) i.e. 
the following equalities hold: 

, 

    , 1D A D A  m r m r   

    , 1D B D B  m s  .

This can be verified using in the form (39) and 
employing condition (7) and Eq ion (15). 

Corollary 6: Under the same assumptions as in Cor-
oll ry 4 the line of intersection of hyperboloid (1) and a 
plane is in ca  

 m s

m  
uat   

a
se of 1d a hyperbola with the semi

axes 
   

A  and B  given in the proof of Corollary 4. The 
center of the hyperbola given in (9) is equal to the point 
of intersection of the asymptotes of the hyperbol

Proof: The asymptotes of the hyperbola a
a. 

re given by 

   2 2

0 0

2 2A B

with 

0  
t t u u 

   

1 2

1 1
  and  

d d
A B


   

   


or 

 2
0 0

1
The point of intersection of the asymptot

 .t t u u


     

es  ,S St u  
fulfills the following linear system 

   2
0 0

1

0S St t u u




    

 



 2
0 0 0.S St t u u


     

1

As this homogeneous linear system for the unknowns 
 and  has a nonzero dete inant, it can 
ve th lution, which implies 

0St t
only ha

0Su u
e trivial so

rm

       
0 0

1 2

, ,
, , ,S S

D D D D
t u t u

 
    

    


.
q r q s

 

orollary 7: 

Proof: This can be verified, as in the proof of Corol-
lary 5, using in the form (39) and e ploying condi-
tion (7) and Equation (15). 

holds, if and only if is an interior point of 
a hyperboloid of one sheet, 


  

C

 ,D D d  m m  

m  m

  
Because of Corollary 7 

< 1d  m  

< 1d   holds, if and only if is an interior point of 
a hyperboloid of two sheets, 

holds, if and only if is an ex int of 
a hyperboloid of one sheet, 

m  

> 1d  m  terior po

> 1d   holds, if and only if m  is an exterior point 
yperbol wo sheets. 

In case of 1d
of a h oid of t

   one obtains from (25)  

 2 2 2 2 2 2
1 2a n b n c n     . 2

3

The center (40) of the conic of intersection therefore 
becomes a tangent contact point 

 T2 2 2
1 2 3

1
, ,t a n b n c n


m   m  

of hyperboloid and plane, where the -sign corresponds 
to

o
line of intersection of hyper-

bo d (1) and a plane, having the normal vector 
an , situ
interior 


 a hyperboloid of one sheet and the  -sign to a hy-

perboloid of tw  sheets. 
Example: Determine the 
loi  T

, ,i j k  
ated in the d containing the point  T

1, ,q q qq
): 

2 3

or on the boundary of (1

    1 2 3 0.x q i y q j z q k       

The unit normal vector of the plane has the form: 

 T1
n

2 2 2i j k 

The distance of the plane from

, , .i j k           (42) 

s given by:  the origin i  

  1 2 3

2 2 2
.,

q i q j q k 

i j k
  

 
q n         (43) 



  

According to (25) d  can be written as: 

 2

1 2 3

2 2 2 2 2 2
.

q i q j q k
d

a i b j c k

 


 
           (44) 

re

 

Substituting (18) into (12) the exp ssions of 1  and 

2  are given by 

1 2
1 2

 and  ,
 

       (45)

where 1 2,

1 d   


1 d
 

  , satisfying 1 0   and 2 0  , are solu-
tions of Equation (19) after substitu vector n  from 
(42): 

ting 

 2 2 2 2

2 2 21 1 1 1 1 1
i j k

2 2 2 2 2

2 2 2

2 2 2 2 2 2
0.

i j k

b c a c a

i j k

b c a c a b



2b


 

                       

   

(46)   
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With Theorem 3 one obtains by substituting n  from 
(42) and from (43) the formular for 
the conic given by: 

  the center m  of 

 2 2 21 2 3
2 2 2 2 2

, ,
q i q j q k

a i b j c k
 

 m
T

2
.

a i b j c k 
     (47) 

In the special case of a plane conta
nd

ons 

ining the origin, i.e. 
q
tha
therm

 is the zero vector, it follows by (43), (44) a  (47) 
t 0  , 0d   and m  is the zero vector also. Fur- 

ore the expressi of 1  and 2  in (45) reduce 
to 

1 2
1 2

and  1 1
  .

 
 

 

As 

 

described in Corollary 3 for a hyperboloid of one 
sheet and > 0i  for  one obtains 1, 2i  > 0i  for 

. Then e line o tersection is an ellipse. As 
in C 4 for rboloid of o

1,2i 
stated 

1 > 0

 th
orollary 

f in
a hype ne sheet and 

 , 2 < 0  one obtains 1 > 0 , 2 < 0 . For a 
o shhyperboloid of tw eets and 1 > 0 , 2 < 0  one ob- 

tains 1 < 0 , 2 > 0 . In both of these cases the line of 
intersection is a hyperbola. 

In a second special case with  T
, ,i j kq . the ove 

formulas (43), (44) and (47) reduce to: 
ab

 22 2 2

2 2 2
2 2 2 2 2 2

,       
i j k

i j k d
a i b j c k


 

   
 

 

and 

 
2 2 2

T2 2 2
2 2 2 2 2 2

, , .
j k

a i b j c k
a i b j c k

 
 

 
 

Because of 

im

 in (14) q n 0    holds and (38) 
reduces to 

   
0 0

1 2

,       ,t u 
 

     

w e 1

, ,D D D D   n r n s

her   and 2  are solutions of the quadratic Equa-
tion (46) and vectors r  and s  have to be determined 
as described a ve in Section 2. rollaries 
3 and 4, if i

b As stated in Coo
  for 1,2i   are ositiv an ellipse 

as cur e of in ion is obtained, and if i

 both p e, 
v tersect   for 

1,2i   are of different sign, a hyperbola as curve of 
intersection results. 

6. Parabola as Curve of Intersection 

A parabola (13) as curve of intersection is obtai
case of  and 

ned in 
 1 , 0D D   r r  , 0D D  q r

1), may be factor
. A 

rbol n in ( ized 
llowing form: 

hype
in the fo

oid of one sheet, give

3 31 1 21 1
x x 2x x x

a c a c b b
           

   
 

x 



     (48) 

omposi

 

With the dec tion 

31 2

31 2

1 ,

1
1

xx x
k

a c b

xx x

a c k b 

for any value of ,  0,k k

    
 
    

             (49) 

   these Equations repre-
sent a straight line, as the intersection of two planes in 

3R . This str ght lin on (48) because, if the mem-
bers of (49) are multiplied together, (48) results. ear-

g (49) one obtains 

R

e lies ai
 R

rangin

31 2 0,
xx

k k

31 21 1
0.

xx x

a k b c k

x

a b c
   

   

With the abbreviations 

            (50) 

2 1k 22 1
, ,

k
l m n

kbc ac kab

 
            (51) 

the straigth line (50) can be equivalently rewritten [3] 

1 1 2 2, 3 3,x p lv x p mv x p nv            (52) 

with a point on (50) and  T

1 2 3, ,p p pp  vR . 
Putting 

 T

2 2 2

1
, ,l m n

l m n


 
r  

 1 ,D D   0 r r ecause 

 

 holds, b

   

2 2 2
2 2 2

1 2 2 2

22 1

l m n
l m n

a b c

k


 

     
 

 
22

2 2 2 2 2 2 2 2 2 2 2

14
0.

k

k a b c a b c k a b c

    
  
 

 

Choosing a vector on the surface of 
a hyperboloid of one s (1), for instance 

    (53) 

 T

1 2 3, ,q q qq  
heet, as given in 

 sin , cos ,0a b q     with  0, 2π ,
T   

  2 2 2

2

a b 

 

, sin

1 2
sin cos 0

π 3π
0, ,π,   and  1.

2 2

l
D D l m n

k

kabc abc

k

 

 

 
     


   

  

q r

results. 
Constructing a vector , fulfilling 

cos
m

for  

 
 

s

    , 0,    ,D , 0,    1,D  r s s      (54) 

a plane spanned by vectors  and  is obtained, con-

r s s  

r s
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taining the straight line (52). The two linear Equations in 
(54) for the components of can be rewritten: s  

1 2 3

31 2
2 2 2

.

ls ms ns

ss s

a b c


             (55) 

s2 u r the a

l m n

 

 

ndeSolving for s1 and ssumptions 1k    
and a b  gives: 

 
 

2 2 2

1 32 2 2

bn a c
s s

l b


 


 

c a

 
 

2 2

2 2

b c 2

2 32
.

an
s s

m b





 

Dividing by  one tains 

c a

 ob3 0s 
3

i
i

s

s
   for 1,2i    

and thus the following normalized vector s : 

 T

1 22 2
1 2 1  

1
, ,1 s  

fulfilling (54) and giving 

 
2 2
1 2

2 2 2 2 2 2
1 2

1 1
, .

1
D D

a b c

 


  

 
    

   
s s  

In case , this signifies rotational symmetry of 
the hyperboloid with rega  the z-ax
matrix of (55) is singul i
(55) is 

a b
rd to

ar. The cond
is, the coefficient 

tion for solvability of 

3l m l m ns
g l

32 2 2 2 2

.R m l m nRg
s

a b a b c

       
   

 

As this can be red ed to 

   

 

a b  uc

3

32 2

.
0 00 0

l m ns
l m

Rg Rg n n
s

c a

 
              

 


  (56) 

 (56) y fBoth sides of are equal to 1  onl or 3s 0 . A 
solution vector s  may then be chosen as 

 T

2 2

 

1
, ,0m l

m l
 


s  

ofulfilling (54). This leads t

 
2 2

2 2 2 2 2 2

1
,

m l
D D

1
.

a a a
  

 
    

 
s s  

a

m l

For k  ccording to (51) 0l   results. Then the 
linear system (55) is solvable for arbitrary 1

1  
s  and 

2 3 0s s  . Choosing  T
1,0,0s , as above 2 2

1   
a

 

holds. 

Using vector given in (53) q  

 
2 2 2 2

2 2

sin cos
, 1

a b
D D

a b

 
    q q  

is ined. e form  obta Thus parabola (13) has th

     2
2

2 0
2

,
2 ,

D D
D D t u u


 

    
q s

q r    (57) 

with 

 
0

,
.

D D
u


  
q s

 
2

Instead of (49) the alternative decomp ition of (48) os

31 1 ,
x 2

31 21
1

x x

b

x

k
a c

x x

a c bk

 

    
 

             (58) 

  
 


for any value of ,  0,k k  R  may be considered; (58) 
also describes a straight line as intersection of two lanes  p
in . Th l lies on (48) because, i
the members of ultiplied tog lts. 

ng (58) one obtains 

3R is straight lin f 
(58) are m ether, (48) resu

e as wel

Rearrangi

31 2

31 2

0,

1 1
0.

xxx
k k

a b c
xx x

   

a b ck k

 

   
        (59) 

With the abbreviations 

 

   

2 21 2 1
, ,

k k
l m n

ackbc kab

 
    

      .       (60) 

the straigth line (59) can be equivalently rewritten [3] 

1 1 2 2 3 3, ,x p lv x p mv x p nv            (61) 

with a point  T

1 2 3, ,p p pp  on (59) and vR . 

As previously with the terms now with the 
terms  vectors  and  defined satis-
fying 

, ,l m n  
 can be, ,l m n    r s

 1 , 0D D   , r r  

     , 0 0, , 1., ,D D   r s s s  

Choosing a vector q  as in (53), in the end a parabola 
of the form (57) is obtained. 

Mathematica programs modelling the cases described 
in Corollaries 3 and 4 and in 

r s

Section 6 may be obtained 
from the author upon request. 

7. Conclusion 

The intention of this paper is to look at cases which are 
not treated in mathematical textbooks where the plane 

Open Access                                                                                             AM 



P. P. KLEIN 

Open Access                                                                                             AM 

49

in f one sheet or of two sheets is 
not necessarily parallel to the coordinate planes and thus 
produces all kinds of conics: ellipses, hy
parabolas. 
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