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ABSTRACT

Let {(Pn (x)} be the Walsh generalized system. In the paper constructed a weighted space Llﬂ , and series Zangon in
the Walsh generalized system with monotonically decreasing coefficient |an|~L0 such that for each function

f(x)eL, in the space one can find a subseries »a, ¢, (x) that converges to f(x) in the weighted L, and

almost everywhere on [0,1].
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1. Introduction

In the present paper we study the following natural ques-
tion: does there exist a weighted space Llﬂ (0,1) , with
0< ﬂ(x) <1, such that for every function in the space

L, (0.1)= {f;j;|f(x)|u(x)dx< oo}

one can find a series in the Walsh generalized system
{p,} of the form

ian(pn, with |an|\0,
n=1

that possess the following property: for any function
fe LI# (0,1) there exists a growing sequence of natural
numbers n, such that the subseries ). iei, ©,,  CON-
verges to f in the LI” (0,1) —norm and a.e.

Note that the problem of representing a function f
by a series in classical and general orthonormal systems
has a long history. Of course the problem of the repre-
sentation of functions was studied before Luzin’s work.
It goes back to D. Bernoulli, L. Euler and many others.

A question posed by Lusin in 1915 asks whether it is

"This work was supported by State Committee Science MES RA, in
frame of the research project No. SCS 13-1A313.
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possible to find for every measurable function [0,2n] a
trigonometric series, with coefficient sequence converg-
ing to zero, that converges to the function almost every-
where. For real-valued functions, this question was given
an affirmative answer by Men’shov [1] in 1941.

There are many other works (see [2-11]) devoted to
representations of functions by series in classical and
general orthonormal systems and the existence of differ-
ent types of universal series in the sense of convergence
almost is everywhere and by measure.

Since the trigonometric and Walsh systems have many
properties in common, one would think that there should
be a corresponding result for the Walsh system. This is,
indeed, the case, and, in fact, the same sort of result
holding for a multitude of Walsh subsystems, many of
them are quite sparse and far from complete.

In this paper we prove the following theorem:

Theorem 1. For any 0<06<1 there exists a
measurable function ,u(x),O < ,u(x) <1, with

|{xe[0,1];,u(x):l}|>l—5,

such that for any p>1 and any function f € Lly (0,1)
there exists a series in the Walsh generalized system

{(oﬂ } of the following form
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M. GRIGORYAN, A. MINASYAN 7

Yap, . where |a,|~0 and k <k, <, (1)
i=1
which converges to f in the L, (0,1) —metric and
almost everywhere.

Note that there exist functions in the space L' (0,1)
that can not be represented by series in the Walsh system
{0} (see[8], pp. 124-125).

Theorem 1 is a consequence of the more general
Theorem 2, which is stated as follows:

Theorem 2. For any 0<8<1 there exists a mea-
surable function y(x),O < y(x) <1, with

[(xef0.1);u(x)=1)|>1-4,

and a series in the Walsh generalized system {gon} of
the form

Za"(pn, with |an|\0,

n=0
that possess the following property: for any function
fe Llﬂ (0,1) there exists a growing sequence of natural
numbers n, such that the subseries

o0
Zank P,

converges to f inthe L, (0,1)-normand a.e.

Recall the following definition: a series z _a,®, s
said to be universal with respect to subseries in the space

L,(0,1), if for each function f(x)eL,(0,1), one can
select a subseries 4t Po which converges to
f(x) in L,(0,1) norm.

The above-mentioned definitions are given not in the
most general form and only in the generality, in which
they will be applied in the present paper.

Note that the result of the Theorem 2 is definitive in a
certain sense: one can not replace L, (E) by L (0,1)
because no orthonormal system of bounded functions
does there exist a series universal in L' (0,1) with re-
spect to subseries. This is almost obvious.

The following problems remain open.

Question 1. Are the theorems 1 and 2 true for the
trigonometric system?

Question 2. What kind of necessary and sufficient con-
ditions should be imposed on the weight function ,u(x)
in order to construct a Walsh series z::lan(pn to be
universal in the space with respect to subseries?

2. Proofs of Main Lemmas

Let a>2 be a fixed integer and @, =e ¢ . Recall the

following definitions.
The Rademacher system of order « is defined induc-
tively as follows. For n=0 let

Ry(x)=a if xe [k k+l

j k 0913 a 13
a a
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and for n>1 let
R,(x+1)=R,(x)=R, (a"x).

The Walsh generalized system (see [3] and [13,14]) of
order a is defined by

, (x) =1,
"l

and if n=ga" +---+aa” ,
0<ea,<a,j=12,-,s then

?, (X) =R ()R (%)

We denote the generalized Walsh system of order a
by W¥,. Note that ¥, is the classical Walsh system.
The basic properties of the generalized Walsh system of
order a have been obtained by H. E. Chrestenson, J.
Fine, C. Vateri, W. Young, N. Vilenkin and others. Next
we list some properties of ¥, , which will be useful
later.

e FEach n-th Rademacher function has period a™
e (R, (x))k =(R,(x))" ., VmkeN , and m=k

(mod a).

e ¢,(x) is a finite product of Rademacher functions

with valuesin Q.

P, (X) =R (x )(/),( ) if 0<j<a" 1.

a +j
@,, a=2 is a complete orthonormal system in

r [O,l) and it is basic in L [0,1] for p>1.
We put

where n >--->n ,

s

a

1, if xe[0,1]\ AV, 1-d",

- lfxeA>(fk1ij’ @)
a a

k=12,---,1<j<d",

and periodically extend these functions on R' with
period 1.

By x;(x) we denote the characteristic function of
the set E ,i.e.

( )_ 1, if xeE 3)
A0, if e E.
Then, clearly

1 (x) =g (x)=d" 1 (%), “)

and let for the natural numbers k£ >1, and j e [1, ak}

1 1
0<i<d"
R 1 (.
ai(llgj)):follgj)(x)(pi(x)dx
3 0, if i=0 or i>d" (6)
£1, if 1<i<d".
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Hence

ZA(j) (x)zazbi[ZA(j)J‘Pi(x) (7

ak*
I,Ej) (x)= Zlal. (I,Ej))(pi (x). ®)
i=1
Lemma 1. Let dyadic interval
(k l/a k/a ) ke[l,a"’]

and numbers N, eN, y#0, 86(0,1) be given. Then
there exists a measurable set E C[O,l] and a poly-
nomial Q in the Walsh generalized system {(pk} of
the following form

AA

0= ch(l’k

k=N,
which satisfy the following conditions:
1) the coefficients {c, }::

2) |E|>

v, are 0 or i;/|A|,
(1-e)la.
:if xeF

3) Q(x)={g '

Dif xgA”
::Nock¢k (x)‘dx) < A|},|8—1/2 |A|1/z ’
where A is a constant,

max (‘Zk v Sk Pr x)‘) ]

No<m<N

Proof. Let

z{logal}+l; s :[logaN0]+m )
£

4) max ( :

No<ms<N \0

We define the polynomial Q(x) and the numbers c,,

a, and b, in the following form:
0(x) =77 4 (x)- 1) (a’x). xe[0:1]. (10)
¢, =c, (Q):J.;Q(x)q)” (x)dx, Vn20. (1D

b, :bl(;(A(k)j, 0<i<a”,

(12)
a, :a‘/.(lx)), 0<j<a”.
Taking into consideration the following equation
¢l(x)wj (asx) ¢/ a’ +i ( )
if 0<i,j<d’ (see(l)),
and having the following relations (5)-(8) and (10)-(12),

we obtain that the polynomial Q(x) has the following
form:

Open Access

a0 a” -1
=y Z a,- zbiw,ram (x) (13)
j=1 i=0
N
= ch(Dk (x)a
k=N,
where
il or0 if ke[NO,N}
=a(Q)=1 @ (1)
if ke[ Ny, N |
N=a" +q" —a° 1.

Then let
={x0(x)=7}.

Clearly that (see (2) and (10)),

[El=a"(1-a")>(1-¢)[A], (15)
7, if xeE

O(x)=1y(1-a"), if xeA\E (16)
0, if xgA

c, = .[;Q(x)gon (x)dx, VneN.

Hence

Z Ck(pk

k=N,

max _[
No<m<N

—m[f
<(le'

where A=4A, Repeating the arguments in the proof of
Lemma 1, we get a proof of the last statement of Lemma
1. Lemma 1 is proved.

Lemma 2. Let given the numbers N eN,0<g<1.
Then for any function f €L (O 1 >0, one can
find a set EC[O 1] and a polynomlal in the Walsh
generalized system

ch(/’k( )| dx

1
2 2
k=N,

1
o <o

M
0= z a4 P>

k=N+1

satisfying the following conditions:
1) OS|ak|<g and the non-zero coefficients in

| M
al)”
{ k1) k=N+1

2) |E|>1-¢,

are in decreasing order,
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) (Jlo()-r(x)]ar) <.
B max ([[30, a0 () d)<([]f (o)as) o

for every measurable subset e of E,

" /(%)
5)  max (S0 @0 (x)\)<%, xe[01].
Proof. We choose some non-overlapping binary

intervals {AV }:021 and a step function

Vi

l/(] 0
o(x)=27 7, (x), 2[Al=1 (7

v=l v=Il

satisfying the conditions

ul .

max |7, (AZE 2 Av ]<E, (18)
1<v<y,
0<r || A | < <IpllA] << ||| <5» (19)
! £

(Io|f—¢)|dx)<5. (20)

Successively applying Lemma 1, we determine some
sets E, C[O,l] and polynomials

m, =1

Qv = Z a,p;, (mo

J=my,_;

=z\7+1), v=1-v, (1)

where a, =0 or J_r;/j|Ai|,if je[m,_.m,),

£
>1-=1|A,[, 22
) o
0 = v, if xekE, 23)
" 0: if xea,’
m 1
max 1(_[;‘ z a, o (x) de <Aly,|e7"|A, |2, (24)
my_y <m<m, k=m,_,
Then let
Vo
E=E, (25)
Q= ZQ > 4o (26)
k=N+1
>From (19), (21), (22) and (25) follows, that
|E|>1-¢

and 0< |ak| <& and the non-zero coefficients in
{|ak|}k:N+1 are in decreasing order, i.e. the statements 1)
- 3) of Lemma 2 are valid.

To verify the statement 4), for any N<m<M deter-
mine v from the condition m, , <m <m,. Then by (21)
and (26)
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Y a4 = ZQ ) %0, @7)

k=N+1 k=m,, -

Since for any point xeE , Q(x)=g0(x) (see (17),
(23) and (26)), then from the conditions (18), (24), and
(27) for every measurable subset e of E.

We have
(ldx)= ([ lo(x)

(Lot~
(]S 8

o)<

p

k%lak(pk lA
+[I "; a,p,(x )dx]
S( F(p(x)|dx)+§§( Ff(x)|dx)+g

Repeating the arguments in the proof of Lemma 2, we
get a proof of the last statement of Lemma 2. Lemma 2 is
proved.

The main tool in the proof of Theorem 2 is the fol-
lowing result.

Lemma 3. Let {@ (x)} the Walsh generalized sys-
tem, then forany 0<0 <1 there exist a weight function
w1(x),0< p(x)<1, with |{x e[0,1]; u(x)= 1}| >1-0
such that for any numbers p, >1, NeN,0<&<l,and

evry function f € Llﬂ (0 l), ||f||Ll >0, one can find poly-

nomial in the Walsh generalized system
M ~
0=>a,0,.N>N

k=N

satisfying the following conditions:
D 0<la, |<la,|<eN<k<Mm,

D) (o) (x) u(x)dx) <,
|00, () () ax)

3) max (I
N+1<m<m \Y0

<([f @a()ar) e

Proof of Lemma 3
Let

(@) xelo], (28)

be the sequence of all algebraic polynomials with
rational coefficients. Applying repeatedly Lemma 2, we

obtain sequences of {E,}~ sets and polynomials in the
Walsh systems {¢)n (x)}

0 (x)= 3 a,0, (x), 29)

i=my

where
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my=1; m, /
which satisfy the following conditions:

—k .
2 >|anf|2|a |>0, Vze[mkfl,mk),

k 1 2 M+l (30)
(1,0 (x) £, (¥ ax) <2, 31)
max (L i a, P, (x) dx]
My Sm<my i=my_y (32)
< (.Ufk (x)|dx)+2‘k‘1
for every measurable subset e of E,
E|>1-27"" (33)
k

Setting

Q, = ﬁES, n=12,--,;

s=n

= ﬁE ny=[log, 0|+, (34)

s=n

B=0Q, { U Q,,\Q,,_IJ.

n=ng+1

It is clear (see (33), (34))
|Bl=1,

>1-¢g,.

We define a function x(x) in the following way:
1, xeEU(]0,1]\ B

u, xeQ \Q, ,n=n,+1

where

- {2 Hh} : (36)

dx}

Z an,- (Dni(x)

i=my_y

|dx+ max Il

my_y<m<my

hy :sup(1+j;|ﬂ

It follows from (34)-(36) that for all k > n,

..‘OI\Q |Q" |/1(x)dx- ;(J.Q \Q, ||Qk

1 (37)
—2n o .
) ;2 (los () <327
In a similar way for all &k >n, we have
2k
fona A ()52 (38)

By the conditions (31), (35)-(38) for all k=n, we
obtain

Open Access

Jolo ()= £ (x)] () ax
:-[Qk 10, (%)= /i ()] (%) dv
+.[[o,1]\9k 10, (%) = £, (%)] #e(x) v

<207 o Lo o
3

(39

Taking relations (32), (34)-(36) into account we obtain
that for all me[m,_,m,),and k=ny+1

[l 3 a0, (x)|u

i=ny_

(x)dx

m

:Iﬂk Z an,(ﬂn, (X) ,U(x)dx
=My
+j[0»1]\m f:%,la"‘ @, (¥)| () dx
<1 272k e[ m "
_5 +n:nzo+1 J.Q"\Q"*l i:%;,laniwni (x) .lun
PET  PE ) .
35.2 2%k +,,§0:+1 _2 2(k+1 JF(J'Q”\QW1 |jk (x)|dx)]./un
_1 52k ST
3 +n%+l_2z(k+1) (,[Q \a,. |fk | 4, )
Lo £y
Sg 2k+n%+12|: 2(k+1) IQ Q. |fk | M, :|
S% 972k 4 p 972k Z 42 j |fk | (x)dx
n=ny+1
_ 1
S2(2 SR RTAC) B x)d")' (40)

From the sequence (28) we choose a function f, (x)
such that

)= (e <( £ @1

ky > [10g1(£§)}+2,; m, > N. (42)
2

Then, we set
Q(x) =0, (x) , (N =my .M =m ) .

Now, it is not difficult to verify (see (30), (39)-(42))
that the function x(x) and the polynomials Q(x)
satisfy the requirements of Lemma 3.

Remark: In Lemma 3 polynom Q(x) can be chosen
such that

" /(%)
Jmax (27 ap(x))< al . | , xe[01]
Lemma 3 is proved.
AM
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Proof Theorem 2
Let 5€(0,1) and let

(/i (%)} .xef01], (43)

be the sequence of all algebraic polynomials with ra-
tional coefficients. Applying repeatedly Lemma 3, we
obtain a weight function x(x) with 0<z(x)<1 and
{x € [O,l];u(x) = 1} >1-9, a sequences of polynomials
in the Walsh generalized systems {(pn (x

0, ()= Ya,0, (x), (44)

=Ny,

where
N =LN =M, +L,k22,
which satisfy the following conditions:

2% >a,|2]a, |>0, Vie[N,M,],

Misl (45)
k=12,
(Bl ()£ (o) )] <27, (46)
max (J.Ol Zan[¢ﬂi ('x) #('x)de
Np<m<My =Ny (47)
<(J;|fk (x)|,u X dx)+2_k_1.
Consider a series
wa (x), where a, =a,
le 2, (x) , us)

if se[n,n,,)(see(30)).
Clearly (see (45), (48))
|ak| N0 and

let p>1 and let f(x) el (0,1) .
A (x) from sequence (43), to have

(L ()=, () )] <27, v >,

Suppose that the numbers k, <v, <---<v_, and
polynomials O, (x),--',QV(Fl (x) are already deter-
mined satisfying to the following conditions:

We choose some

(-[o f(x)—nZ:}QVn (x) u(x)dxj <o, -
sel2.q-1],
st [J" ,-:%,a”f(p"t (x) 4 (X)d"J <27 (50)
ne [2,q_1]_

Let a function qu (x), v, >V, be chosen from the
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sequence (43) such that

)-8, |- 1, (9

= !

,u(x)de <274 (51)

Hence by (49) we obtain

(L},

From the conditions(46) (47), (52) follows that

[ M (X)—ngn (x) ﬂ(x)dxj <2™, (53)
”Ni a, ¢, (x)

1
max .[0
N, vg <m<M, vg i=

Then we obtain that the series

p(x)dv) <2 (52)

y(x)dx}<2_q. (54)

i&kakqok (x) (see (29) (34) , see (44), (48))
where

L if k=n, where i:O[NVq,MVq],

k q=1
0, otherwise

converges to f(x) in the L, (0,1)-norm. Repeating
the arguments in the proof of Theorem 2 and using
Lemma 1, Lemma 2 and remark of Lemma 3 we get the
proof of the second statement of Theorem 2.

Theorem 2 is proved.
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