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ABSTRACT

In this paper, we prove some common fixed point theorems for two pair of compatible and subsequentially continuous
mappings satisfying an implicit relation in Modified Intuitionistic fuzzy metric spaces. Consequently, our results im-
prove and sharpen many known common fixed point theorems available in the existing literature of metric fixed point

theory.
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1. Introduction

The concept of fuzzy set was introduced in 1965 by
Zadeh [1]. In 1986, with similar endeavour, Atanasov [2]
introduced and studied the concept of Intuitionistic fuzzy
sets (IFS). Using the idea of IFS, a generalization of fuz-
zy metric space was introduced by Park [3] which is
known as Intuitionistic fuzzy metric space. Since the In-
tuitionistic fuzzy metric space has extra conditions (see
[2]), Saadati et al. [4] reframed the idea of Intuitionistic
fuzzy metric space and proposed a new notion under the
name of Modified Intuitionistic fuzzy metric space by in-
troducing idea of continuous t-representable.

In 1986, Jungck [5] introduced the notion of compati-
ble maps for a pair of self mappings. Jungck et al. [6] ini-
tiated the study of weakly compatible maps in metric
space. With a view to improve commutativity conditions
in common fixed point theorems, Sessa [7] introduced
the notion of weakly commuting pair. Most recently, Bou-
hadjera et al. [8] (see also [9]) introduced two new no-
tions namely: subsequential continuity and subcompati-
bility.

In this paper, we prove some common fixed point the-
orems for two pair of compatible and subsequentially
continuous mappings satisfying an implicit relation in
modified Intuitionistic fuzzy metric spaces. Consequent-
ly, our results improve and sharpen many known com-
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mon fixed point theorems available in the existing litera-
ture of metric fixed point theory and generalize the re-
sults of D. Gopal et al. [10, Theorem 3.1 and Theorem
3.2].

2. Preliminaries

Lemma 2.1. [11] Consider the set L* and the operation
<.+ defined by

L*:{(xl,xz):(x1
(X% ) < (Vi Vo) © % S Y% 2 Y,

for every (X1, %p), (Y1,¥2) € L*. Then (L*, <.+) is a com-
plete lattice.
We denote its units by 0.+ = (0,1) and 1.+ = (1,0).
Definition 2.1. [12] A triangular norm (t-norm) on L*
is a mapping ./ (L*) — L* satisfying the following
conditions:

x2)e[0,1]2,x1+x2 sl}

(1) 7 (x1.)=x forallx e L¥

() 7 (xy)=7(y.x) forallx,y e L*,

3) .7 (X ~(y, z)):.f(.f(x,y),z) for all X, y, z
e L*,

(4) If for all x, X', y, y e L* x<,Xx and
y <.y implies

(X y) <L A (XLY).
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Definition 2.2. [11,12] A continuous t-norm F on L* is
called continuous t-representable iff there exist a conti-
nuous t-norm * and a continuous t-conorm ¢ on [0, 1]
such that forall x=(x,X,),y=(y,,Y,)€L¥
-/“(X» y):(x1 * y1»X20y2)~

Definition 2.3. [4] Let M, N are fuzzy sets from
X?x(0,+0)—[0,1] such that
M (X,y,t)+N(xy,t)<1 for all X, y € X and t > 0.
The 3-tuple (X,Q’M’N - 7) is said to be a Modified In-
tuitionistic fuzzy metric space if X is an arbitrary non
empty set, ./ is a continuous t-representable and
{wn is a mapping X7x(0,+00) > L* satisfying the
following conditions for every X,y € Xandt,s>0:

(@) Cun(X%Yt)>. 0.

() Cun (X y,t)=1L. iff x=y;

(C) é’M‘N (X’ y’t) = gM,N (yv X:t) 5

Cun (X y,t+53)

= '/‘(gM,N (X’Z’t)’gM,N (z,y,s))

() Sy (XY,.):(0,400) — L* is continuous.

(d)

>

In this case, ¢ is called an Intuitionistic fuzzy met-
ric. Here,

Sun (6 Y1) =(M (%, y,t),N(x,y,t)).

In the sequel, we will call (X JOMN 7) to be just a
Modified Intuitionistic fuzzy metric space.

Remark 2.1. [13] In Modified Intuitionistic fuzzy me-
tric space (X,(M’N,.f), M (X,y,.) is non decreasing
and N (X, y,.) is non-increasing for all X, y € X
Hence ¢, (X, y,t) is non-decreasing with respect to t
forallx,y € X

Definition 2.4. [4] A sequence {X,} in a Modified In-
tuitionistic fuzzy metric space (X NI 7) is called a
Cauchy sequence if for each £>0 and t > 0, there ex-
ists nyeN such that & (X, %,.t)>.(1-¢¢) for
each n,m>n; and forallt.

Definition 2.5. [4] A sequence {X,} in a Modified In-
tuitionistic fuzzy metric spac (X,§ M 7) is said to
be convergentto X e X, denoted by x, = X if
%iﬁrr;é’M’N (X,,x,t)=1_. forallt.

A Modified Intuitionistic fuzzy metric space
(X,{M,N,./‘) is said to be complete iff every Cauchy
sequence is converges to a point of it.

Definition 2.6. [14] Let f and g be maps from a Modi-
fied Intuitionistic fuzzy metric space (X,cj M.N 2 7)
into itself. The maps f and g are said to be weakly com-
muting if &),  (ASz,SAz,t)>. &  (Az,Sz,t) for all
ze X and t>0.

Definition 2.7. [4] A pair of self mappings (f, g) of
Modified Intuitionistic fuzzy metric space
(X,$un» /) is said to be compatible if
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lim¢,,  (fox,, ofx,, t)=1,. whenever {x,} is a se-

n—oo ?

quence in X such that lim fx, =1lim gx, =z for some
n—oo n—o0

z e X
Definition 2.8. [13] Two self-mappings f and g are
called non-compatible if there exists at least one se-
quence {X,} such that lim fx, =limgx, =z for some
n—oo

n—o0

z € X but either lim¢), \ (fgx,,gfx,,t)=1. or the

limit does not exist forallz € X

Definition 2.9. [15] A pair of self mappings (f, g) of
Modified Intuitionistic fuzzy metric space
(X,g“ M’N,.f) is said to be weakly compatible if they
commute at coincidence points i.e. if fu = gu for some u
e X, then fgu = gfu.

Definition 2.10. [16] A pair of self mappings (f, g) of
Modified Intuitionistic fuzzy metric space
(x,g M,N,.f) is said to be occasionally weakly com-
patible (owc) if the pair (f, g) commutes at least one co-
incidence point i.e. there exists at least one point X € X
such that fx = gx and fgx = gfx.

Definition 2.11. [9] Let f and g be maps from a Modi-
fied Intuitionistic fuzzy metric space (X,( MN> 7)
into itself. The maps f and g are said to be subcompatible
if there exist a sequence {X,} in X with
lim fx, =limgx, =z for ze X and for all t > 0,

n—oo n—oo

lim ¢,  (ASX,,SAX,,t)=1,. .

Definition 2.12. [10] Let f and g be maps from a
Modified Intuitionistic fuzzy metric space

(X,{M’N,, /‘) into itself. The maps f and g are said to

be reciprocally continuous if for a sequence {xn} in X
lim fgx, = fz,lim gfx, = gz , whenever lim fx, =
n—oo n—oo n—o0

limgx, =z forsome ze X andforall t>0.

n—oo
Definition 2.13. [17] Let f and g be two maps from
modified intuitionistic fuzzy metric space
(X,(M’N,.f) into itself. The maps f and g are said to
be subsequentially continuous if there exist a sequence
{x,} in X such that
lim fx, =limgx, =z forsome ze X

n—oo n—ow

and lim fgx, = fz, limgfx, =gz forall t>0.

n—ow

3. Main Results

Implicit relations play important role in establishing of
common fixed point results.
Let Mg be the set of all continuous functions

5

@ :(L )6 — L satisfying the following conditions (for all
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uvel’, u=(u,u,),v=(v,V,)and
1. =(1,0),0. =(0,1) )
(A) ¢(u,1L*,1L*,u,u,lL*)<L* 0. and

(B) ¢(u,1L*,u,1Lt,1L*,u)<Lt 0.
forall u>.0..
Example 3.1. Define ¢:(L*)6 —L as
Pttt bt ) =t — ¢ (min{t, t, 1, t t.}), where

¢ :L' > L is increasing and continuous function such
that ¢ (s) >.s forall s €(0,1). Clearly, ¢ inMs.
We begin with following observation:

Theorem 3.1. Let A, B, S and T be four self mappings
of a Modified Intuitionistic fuzzy metric space
(X CMNs ) If the pairs (A, S) and (B, T) are com-
patible and subsequentially continuous mappings, then

(3.1) the pair (A, S) has a coincidence point,

(3.2) the pair (B, T) has a coincidence point.

Further, A, B, S and T have a unique common fixed
point provided A, B, S and T satisfy the following:

(3.3)forany x,ye X, ¢ in Mgand forallt> 0,

#(Sun (ABYL). Sy (SX.TY.E),
Cun (S AX 1), &y (TY, B, L),
Sun (SXBY 1),y v (TY, AXE)) 20, 0,

Proof. Since the pairs (A, S) and (B, T) are compatible
and subsequentially continuous mappings, therefore there
exist sequences {X,} and {y,} in X such that
lim AX, =lim Sx, =z,

lim By, =limTy, =w forsome z,we X and

n—oo nN—oo

lim &,  (ASX,,SAX,,t) =y (Az,Sz,t)=1,.

n—w ’ ’

and lim¢),  (BTX,,TBx,,t)=Cy  (BW,Tw,t)=1,.
n—m ’ ’

so that Az = Sz and Bw = Tw i.e. z is a coincidence point
of A and S where as w is a coincidence point of B and T,
which proves (3.1) and (3.2).

Now, we prove that z = w, if not, then by using (3.3),
we have

¢(§M,N(Axn’Byn’t)’§M,N (an’Tyn’t)>
S (5% A%, 1)y (TY5s BY,st),
S (5%, BY,. 1), Sy (TYos AX, 1)) 2,0 0,
which on making n— o reduces to
#(Sun (ZWo1). 8y (2.2.1),
Cun(2.2,1), 8y 0 (2, Wt),
Sun (W), Sy (2.2,1)) 20
(T (AR N A A ),
(z.wt),1,

é,M N z, ’t H )—L* OL*
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a contradiction to (A) so thatz =w
Now, we assert that Az = z, if not, then by (3.3), we
get

¢(§M,N (AZ: Bynnt):gM,N (SZ’Tyn’t)ﬂ
é/M,N (SZ’ Az’t)’gM,N (Tynﬂ Bynﬂt)3
é,M,N (st Byn!t)’é/M,N (Tyns AZ,t)) 2. 0.

taking the limit as n— oo, we get
#(Sun (A, 2,1),8 5 (2,2,1),
Cun (Z,A2,1),8 0\ (2,2,0),
Sun (2.2,1).Cun (2. AZL)) 2, 0,
(gM w (AU, Z,t),10., ¢y (A, Z,t), 1L,
1S (AU, Z, 1)) 20 0,

which is a contradiction to (B). Therefore, Az =z = Sz.

Similarly, we prove that Bz = z = Tz by using (3.3).
Therefore, in all, z = Az = Bz = Sz = Tz. i.e. Z is common
fixed point of A, B, S and T. The uniqueness of common
fixed point is an easy consequence of the inequality (3.3).
This completes the proof of the theorem. o

Theorem 3.2. Let A, B, S and T be four self mappings
of a Modified Intuitionistic fuzzy metric space
(X SMN ) If the pairs (A,S) and (B,T) are subcom-
patible and reciprocally continuous mappings, then

(3.4) the pair (A, S) has a coincidence point,

(3.5) the pair (B, T) has a coincidence point.

Further, A, B, S and T have a unique common fixed
point provided A, B, S and T satisfy the condition (3.3).

Proof. Proof easily follows on same lines of Theorem
3.1 and using definition of reciprocally continuous and
subcompatible mappings. O

Corollary 3.1. The conclusions of Theorem 3.1 and
Theorem 3.2 remain true if we replace the inequality (3.3)
by any one of the following:

é’M,N (AX’ By’t)

> F(min{¢y y (SXTY,1), 6 (SX AXY),
é,M,N (Ty’ By’t)ng,N (SX& Byst)s
é/M,N (Ty’ AX,t)});

where F:[0,1]—[0,1] is increasing and continuous
function such that F(t)>.t forall te(0,1).

3.7) J-:M N (AX, Byt)¢(t)dt > (IOQ¢(t)dt);

(3.6)

where
S (SXTY,E), Gy (S AXY),
Q=min< y  (TY.BY.1). Ly y (SX, By, 1),
Cun (Ty, Axt)
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where F:L" — L is increasing and continuous function
such that F(t)>.t forall te(0,1) and
¢:R" — R is a Lebesgue integrable function which is

summable and satisfies 0 < L:¢(s)ds <1, for all

O<ex<l.

By setting A = B in Theorems 3.1, 3.2, we derive the
following corollaries for three mappings.

Corollary 3.2. Let A, S and T be three self mappings
of a Modified Intuitionistic fuzzy metric space
(X,{ MoNo 7) . If the pairs (A,S) and (A,T) are compati-
ble and subsequentially continuous mappings, then

(3.8) the pair (A, S) has a coincidence point,

(3.9) the pair (A, T) has a coincidence point.

Further, A, B, S and T have a unique common fixed
point provided A, B, S and T satisfy the following:

(3.10) forany x,ye X, ¢ in Mgand for all t >0,

#(Sun (A AY,1).Cy  (SK.TY, ),
Cun (5% AXE), Sy (TY, Ay,t),
Sun (S AY), Sy (TY. AX ) 2. 0,

Corollary 3.3. Let A, S and T be three self mappings
of a Modified Intuitionistic fuzzy metric space
(X,g“ M.N o 7) . If the pairs (A,S) and (A,T) are subcom-
patible and reciprocally continuous mappings, then (3.8)
and (3.9) satisfied. Further, A, S and T have a unique
common fixed point provided A, S and T satisfy the con-
dition (3.10).

Alternatively, by setting S = T in Theorems 3.1, 3.2,
we derive the following corollaries for three mappings.

Corollary 3.4. Let A, B and S be three self mappings
of a Modified Intuitionistic fuzzy metric space
(X,g’M,N,. 7) . If the pairs (A,S) and (B,S) are compati-
ble and subsequentially continuous mappings, then

(3.11) the pair (A, S) has a coincidence point,

(3.12) the pair (B, S) has a coincidence point.

Further, A, B and S have a unique common fixed point
provided A, B and S satisfy the following:

(3.13) forany X,ye X, ¢ in Mgand forallt>0,

¢(§M,N (AX’ Byat)’gM,N (va Sy,t),
Cun (S AXE), &y n (SY, BY, ),
Sun (SXBY 1), 80y (SY. AX, 1)) 2. 0,,

Corollary 3.5. Let A, B and S be three self mappings
of a Modified Intuitionistic fuzzy metric space
(X.&yns- /) - If the pairs (A,S) and (B,S) are subcom-
patible and reciprocally continuous mappings, then (3.11)
and (3.12) satisfied. Further, A, B and S have a unique
common fixed point provided A, B and S satisfy the con-
dition (3.13).

Finally, by setting A = B and S = T in Theorems 3.1
and 3.2, we derive the following corollaries:
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Corollary 3.6. Let A and S be four self mappings of a
modified intuitionistic fuzzy metric space
(X,{M,N,./‘). If the pair (A,S) is compatible and sub-
sequentially continuous mappings, then

(3.14) the pair (A, S) has a coincidence point.

Further, A and S have a unique common fixed point
provided A and S satisfy the following:

(3.15) forany x,ye X, ¢ and y in Mg and for all
t>0,

#(Sun (A AYE).Cy y (SX.Sy.t),
Cun (S AXE), Sy n (SY, Ay, t),
Sun (SGAY), Gy (SY: AXE)) 21, 0

Corollary 3.7. Let A and S be pair of self mappings of
a modified intuitionistic fuzzy metric space
(X AV 7) . If the pair (A,S) is subcompatible and re-
ciprocally continuous mappings, then (3.14) is satisfied.
Further, A and S have a unique common fixed point pro-
vided A and S satisfy the condition (3.15).

Example 3.1. [10]

Let (X AV 7) be a Modified Intuitionistic fuzzy
metric space
where X =(-3,)

)6 .
and define ¢:(L) —L as

At 4ttt ) =t — ¢ (min{t,, 1, t, t t.}), where
¢ :L' > L is increasing and continuous function such

that ¢ (s)>.s for all se(0,1).Clearly, ¢ satisfies
all conditions (A) and (B). Define A, B, Sand T by

0 if xe(-3,0)
AX = Bx = g if x<[0.1]
2x—1 if xe(1,)

X

— if Xe(—3,1]
and Sx=Tx=42
3x-2 if xe(1,0).
where
t |x—y]|
t)= for all
fun )=y o

X,y € X =(=3,0), t> 0. Clearly, for the sequence
{X,} = {l} , (A,S) and (B,T) are compatible as well as sub-
n

sequentially continuous. Therefore, all the conditions of
Theorem 3.1 are satisfied. Evidently, z = 0 is a coinci-
dence as well as unique common fixed point of A, B, S
and T.

Example 3.2. [10]

Let (X,§ M.N ,.7) be a Modified Intuitionistic fuzzy
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5

metric space where X =% and define gzﬁ:(L*)6 —->L

as (bbb, bt b ) =t = (min{t, btk ),
where ¢:L —>L is 1ncreasmg and continuous function
#,(s)=+/s suchthat ¢ (s )>.s forall se(0,1).

Clearly, ¢ satisfies all conditions (A) and (B). De-
fine A, B, Sand T by

x+1 if xe(-w,1)
Ax =Bx =

2x—1 if xe[l,»),

X

- if
SX=Tx=<2 ! Xe( )

3x=2 if xe[l,»).

and
t [x—y]|

JM,N(x,y,t){

) for all X=R, t
t+|x—y] t+|x—y|)

> (. Clearly, for the sequence {x,} = {1 +l} , (A,S) and
n

(B,T) are subcompatible as well as reciprocally continu-
ous. Therefore, all the conditions of Theorem 3.2 are
satisfied. Evidently, z = 0 is a coincidence as well as
unique common fixed point of A, B, S and T.
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