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ABSTRACT

Motivated by an open problem in the literature “Dynamics of Second Order Rational Difference Equations with Open
Problems and Conjecture”, we introduce a difference equation system:

_ yn—2 + yn—3 _ Xn—2 + Xn—3
n+l > n+l

Xn n

X

, N=0,1-* where X,y; €(0,0),i=-3,-2,-1,0. We try to find out some

conditions such that the solution of system converges to periodic solution. This model can be applied to the two species

competition and population biology.
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1. Introduction

In the monograph of Dynamics of Second Order Diffe-
rence Equation [1], M. R. S. Kulenovi¢ and G. Ladas
gave an open problem (see [1], p. 199) as following:
Open problem 11.4.8:
Determine whether every positive solutions of the fol-
lowing equation converges to a periodic solution of the
corresponding equation:

anz + Xn—3

X =273 o] (1)
X

n+1
n
Motivated by the Open Problem, we introduce the dif-
ference equation system:
— yn—z + yn—3 Xn—2 + Xn—3

n+l1 ’ yn+1 = ’

X

n n

X

n=0,1-- (2)

where the initial points x;,y; €(0,0),i ={-3,-2,-1,0}
Recently, there has been great interest in studying dif-

ference equation systems. One of the reasons for this is

the necessity for some techniques that can be used in in-
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vestigating equations arising in mathematical models de-
scribing real life situations in population biology, econo-
mics, probability theory, etc. There are many papers rela-
ted to the difference equations system, such as [2-9].

In [2], Cinar studied the solutions of the system of dif-
ference equations:

1 Ya
Xt =7 Yo = >

yn anl yl’\fl

n:()’l"-‘i (3)

In [3], E. Camouzis and Papaschinnopoulos studied
the global asymptotic behavior of positive solution of the
system of rational difference equations:

X
Xn+1:1+ . > yn+1:1+ I > n:()’la"': (4)
X

n-m n-m

In [4], Ahmet Yasar Ozban studied the system of ratio-
nal difference equations:
a byn—3

X = Y, =
n > Yn >
Yn-3 Xn—q yn—q

n:OD]‘D...7 (5)

In [5], Abdullah Selcuk Kurbanli et al. studied the be-
havior of positive solutions of the system of rational dif-
ference equations:
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x =y oo Ve g (6)
Yo Xy +1 Xo Yoy +1

In this paper, we try to find out some conditions such
that the solution of system (2) converges to periodic so-
lution. At the same time, we can get the oscillatory of
system (2).

Before giving some results of the system (2), we need
some definitions as follows [6]:

Definition 1.1 A pair of sequences of positive real
numbers {Xn, yn} _, that satisfies system (2) is a posi-
tive solution of system (2). If a positive solution of sys-
tem (2) is a pair of positive constants (X,Y), that solu-
tion is the equilibrium solution.

Definition 1.2 A “string” of consecutive terms
{XS, N m} (resp. {ys,---,ym} ), (s=2-3, m<o) is
said to be a positive semicycle if X, 2X (resp. y; 2VY),
{i € 5,-~,m} , Xy <X (resp. Y., <Y), and X, <X
(resp. Y, <V ). Otherwise, that is said to be a negative
semicycle.

A “string” of consecutive terms {(Xs, A ),~~,(Xm > Y )}
is said to be a positive(resp.negative) semicycle if
{XS,---, Xm} , {ys,m, ym} are positive (resp.negative)
semicycle.

A solution {x,} (resp. {y,}) oscillates about X
(resp. Yy ) if for every ie N, there exist ssmeN,
s<i, mxi, such that (X,—X)(x,—X)<0 (resp.
(s —¢)(Yn —C) <0). We say that a solution

{X,> Y}, of system oscillates about (X,¥) if {x,}

oscillates about X or {y,} oscillates about Y.

2. Some Lemmas

Lemma 2.1 The system (2) has a unique positive equi-
librium X=y=2.
The proof of lemma 2.1 is very easy, so we omit it.
Lemma 22 If p>0, >0, (pq)2 >4(p+q),
Then ever positive solution of system (2) with prime pe-
riod two takes the forms

-4(p+q)

2
p, ( )

>

pa—+/(pg)’ —4(p+q

E

or

>

Pa+4/(pg) —4(p+q

>

}-
pq_m}
}-
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is a period-two solution of system (2).

Proof: Let (p,m),(q,r),(p.m),(q,r),---, be a pe-
riod-two solution of system (2).
Then, by system (2) we get
m+r
p =
! ()
m=d+P
r
We can see that (7) can be changed to
pg=m+r,mr=p+dq, (®)

Form (8), we can obtain

_ pg+y(pa) -4(p+0)
5 :
~ pa—+/(pa)’ —4(p+q)
= 2

or
_ pq—y/(pa) —4(p+a)
2

_ Pg+y(pa) ~4(p+0)
2

B

and (pq)2 >4(p+0q)

Therefore, we complete the proof.

Lemma 2.3 Assume that the initial points
X, ¥; €(0,00),i={-3,-2,-1,0} , and {xn,yn} L is a
positive solution of system (2). Then the foIIowmg cases
are true:

@If 0<x;<x,, 0<X, <X,

0<x Yoty
_] =

X5 0<y;<y,,
Xy

0<y, <Yy, ,

X,+X
0< y_lS#

0

=y, , then {in»%n}::q and

L . .
{Xons1> Yanut},_, are both increasing.

b)If x;2x,>0, Xx,2X%,>0,
+

x_lzuzxpo; y,2y,>0, y,>y, >0,
XO

X, + X “
y,>—=2—"2=y >0, then {in,yzn}n:_l and

0
{Xans1s Yonsi }::_2 are both decreasing.

Proof: (a) By system (2), we can get

o~ Yo2tYas _ Vo2tV
= =
" Xn yn—3 + yn—4
X

n-1
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X, _,+X X, _, +X

R e
yn—l
i.e.
Yot _ Yoot Yos ’ Yo _ Xoa T %os ©)
Xoct Yoz T Yos Yoo Xzt X
where n>1.
By condition X_, <X, and (9), we get:
Yo S Vo X3 SXs, Ve S Veo X S Xppyeee (10)
By condition X_, < X,, and (9), we get:
Vi S V3% S X, Yo S Vo, X < Xppo o (11)
By condition 0<x_, < % =X, and (9), we get:
0
Yo SV X S X0, Ve < Yoo X < Xghte (12)
Equally, we can get:
Xo S X0, V3 S Vs X S Xeu Vo S Yy (13)
Xp S X5 Y S Ve Xs %o, Yy < Yppoo (14)
X X ¥s S Y0, X S Xios Vi S Yisote (15)

Hence, by induction and (10)-(15), we proof that
{Xon> Yon }::_1 and {X,,,1, Yonus }::_2 are both increasing.

Using the same method, we can prove that case (b)
holds.

Therefore, we complete the proof.

Lemma 2.4 Assume that
X, ¥; €(2,0),i={-3,-2,—1,---}. Then there does not
exist a positive solution {x.,y,}” . of system (2) such

that {x,..¥,,}., and {X,...Y,.} _, are both in-

creasing or both decreasing.

Proof: By Equation (9), we can get {X,,Y,,} and
{Xns15 Yons} have the same monotonous.

Firstly, we proof that there does not exist positive so-
lution {x,,y,}€(2,0)x(2,0) such that

{0 Yan '}, and {X,. .Yy}, , are both increasing.

Assume, for the sake of contradiction, that we have the
following results:

1) {Xon, Yon }::_ | Is increasing;
(i) {Xyps1sYont )., i also increasing.
By system (2), we obtain

— yn—z + yn—3
% (16)

1
< E( yn—2 + yn—3 ) < max { yn—2 > yn—3 } >

X

n+l1

Copyright © 2013 SciRes.

X, _, +X
—_ n-2 n-3
Yo == ——

1

< E(XW2 + X,y ) <max{X,_,,X 3},

in Equations (16) and (17), it implies that:
Xopr Smax {Y, 5, Vo3 ) <max{X, s, X, ¢, X\ 7}

Because of X, , <X _5, X,_5 < X,_s,We can get

X

n+1 < max {Xn—s s Xn—6 > Xn—7 } < max {Xn—S ’ Xn—6 } H

Xnﬁmax{x Xo_7, X }ﬁmax{x X },

n-6°>"n-7>"n-8 n-5>"n-6
i.e
Xpp Smax X s, X,_
< max o, "
X, S max {X, s, %, ¢}
Also, we can get
Yo = max{yn_s, yn—()} (19)
n < max { yn—S s yn—6 }

Because of the assumptions (i) and (ii), it is easy to see
that (18) and (19) do not hold.

This is a contradiction and we proof the case of in-
creasing does not hold.

Next, we proof there does not exist positive solution of

system (2) such that {X,,,Y,,} _ and

n=-1
{Xons1»Yant }_, are both decreasing.

Assume, for the sake of contradiction, that we have the
following results:

() {Xn» Yan }::71 is decreasing;
(i) {Xypo»Yonat )., is also decreasing.

By the Limiting Theorem we know that {X,,,Y,,}"

n=-1
and {X,,,, Y.}, , are both decreasing into a pair of

constants.

Weset p=IlimX,,, q=IlimX
n—oo n—oo

2n+1 m= llm y2n H
n—oo

r=Ilimy,,,,and p>2, q>2, m>2, r>2.
n—oo

By system (2), we know that these constants satisfy
the system (2),
ie.

{mr =p+q 20)

pg=m+r

However, if p>2, q>2, m>2, r>2, Equation
(20) do not holds, which is contradiction.

Hence, we complete the proof of lemma 10.

Lemma 2.5 Assume that
X, Y €(0,2),i={-3,-2,-1,--} .
exist a positive solution {x.,y,}

Then there does not
of system (2) such

o0
n=-3
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that {X,,,¥,}._, and {X,..;,¥,}._, are both de-
creasing or both increasing.
Proof: First, we proof there does not exist positive

©

solution of system (2) such that {x,,,y,,}  and
{sz, an+1}::,2 are both decreasing, the proof of in-
creasing is similar, so we omit it.

Assume, for the sake of contradiction, that we have the

following results:
(1) {Xop>Yan},_, is decreasing;
(i) {Xypi1sYonat )., i also decreasing.

We set limx,,=p, limx, 6 =q, limy, =m,
nN—oo n—oo n—ow

%lj?o Yo =T -
By Limit Theorem,we know that {inayzn}::,l and
{sz,yz”“}:}z are both decreasing into a pair of
constants.
Obviously, the limits of {X,,, Yy, } .

n=1
o0 .
{Xans15Yanut },__, can ot decrease into zero.

By system (2), we can get

m+r
p:

q @1
RS

r

where p,q,m,r e (0,2) , which can be changed to

{pq:m+r

(22)
mr=p+q

However, if p,q,m,r (0,2), Equation (22) can not
hold.

This is a contradiction and we complete the proof.

The the proof of the case of increasing is similar with
the proof of the the case of decreasing, so we omit it.

In addition to the method above, we can proof the
Lemma 2.5 by the method of Lemma 2.4. Here, we omit
1it.

3. Main Results

Theorem 3.1 Assume that x,>x,>0, x, =X, >0,
x71>y2 Y =x>0; y,>2y, >0, y,>y,>0,
XO
X, +X © "
y,>2——==y,>0, and {x,,}, , is a positive

0

solution of system (2). Then {X,,.¥,,} ., and

n=-1
{in+1»an+|}::,2 are both decreasing; and {xn,yn}t:?3
converges to a period-two solution as following

(plz pz)a( p39 p4),(p1, pz),(p3, p4),
"(pla pz)a(p3, p4),"'.

Copyright © 2013 SciRes.

where p,, p,, Ps, P, satisfy p,p, =

p2 p4 pl + p3
Proof: By lemma 2.3(a), we can obtain that

P+ Py

{ X305 Yo }n} . and {Xame1s Yanu }n}z are both decreasing.

Then by the Limit Theorem, we can get limX,,,
n—w

limy,,, limX,,,,and limy,,,,, all exist and are posi-
n—o n—w nN—o0

tive.
We can set
limx,, = p,,limy,, = pz,lim Xone1 = p3,11m Yona = Py

By lemmas 2.4 and 2.5, we know that there does not

exist a positive solution {x,,y,}"  €(0,2)x(0,2) or

{Xn,yn}::_3e(2,oo)><(2,oo) such that {XZn,yZH}:;_1 and

{Xans1 Yant )1, are both decreasing.

Hence, there is at least one of p; satisfy p; e (0,2)
and at least one of p, satisfy p, >2

By system (2), we get

mzm;m
‘ (23)
.
P,

It is to see that (plﬂ pz)’(p37 p4)’(p1= pz)a(pp p4)5”'7
is a period-two solution of system (2), and p,, p,, P;, P,

satisfy pp; =P, +P,, PPy =P+ ;5.

We complete the proof.

Corollary 3.1 Suppose that {X,,y,} ., is a positive
solution of system (2). Then the following statement is
true:

If x;2%x,>0, X,2>X,>0,
x71>y2 y3:x1>0; Y2y, >0, y,>y,>0,
X, )
X, +X
y,>—2—==y >0, the solution of system (2)

0

{X25 Y }:}3 eventually oscillates about equilibrium

(X,Y).
Theorem 3.2 Assume that 0 <X, <X, 0<x, <X,

0<x71syz y3—xl;

X

0<y,;<y, 0<y,<Y,

0<y,<=2—==y,, and {x,y,} , is a positive
0

solution of system (2). Then {X,,,¥,,} ., and

n=-1

{Xon1s Yonut ), @re both increasing; and {x}"

converges to a period-two solution as following

(P> P2).(Ps5. Py ). (P P2 )5 (P35 Py )s
(P D25 ( Dy Py )

AM
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where p,, P,, P, P, satisfy p,p;=p,+p,, By induction, we can get
PPy =P +P;.

Proof: By lemma 2.3(a), we obtain that {X2n,y2n}<:}1 Xs c Yo % Y % 27
and {X, .Yy}, , areboth increasing. Xt Yones o Xoniz Yonuo Xonsis

We set limXx,, =p,, limy, =p,, limX,, =p;,
li _ e e noe Xo KN K e (28)
nlfg Yona = Ps Xone2 Yones Xones Yonen Xonsa

By Equation (9), we can get From Lemma 10, we know that there at least one

p; <2 . Then by Limiting Theorem, we can get at least

X Yoot VYns _ Yoo o . .
e e one of the limiting of p; must exist. With no loss ge-

X + . .. .
ot Yos e Yo (24)  nerality, we set the limit of {X,,,} exist,we can know
Yns1 — Xnoa + X023 < Xno2 Py <o
Yoo X+ Xia X4 By limiting Equation (27), we can get
1 i : . X . . X
which can be changed into: lim =2 < lim Yo <lim 2
Y, X y X "2 X " Yones "7 Xona
Yna Koo Yoo Knes 25) y % (29)
yn—z Xn+1 yn+4 Xn+7 <lim 6 < lim
e yZ 10 n=e X2n+13
X y X y n+
n—4 n-1 n+2 n+5
o < <7 < (26) Hence, we can get
Xn—2 yn+1 Xn+4 yn+7 ? g
. X5 . Yo X3
By the X;,Y; €(0,),i={-3,-2,-1,0}, we can get —<lim——<—

P; " VYo Ps

X X X
_’3<ﬁ<_3<£<&< Yi <£<_y18 ie.

X—] y2 XS y8 Xl 1 y14 Xl 7 y20

p, <o
K Yu Ky Ve
Xy Yos %o Vi Next, we try to proof p, <co,and p, <oo.
By system (2), we get
X0 0 X Y Ko Y _Xe Yo

X X = +
X Ys X Yo Xpo Vs Xg o Yy { ans2onet = Yot Yooz (30
Yone2Yona = Xono X502,

Xp _ Y5 _ X _ Y3

<2< <2<l
X y X y -
24 7 % » {X2n+3X2n+2 - y2n + y2n—1 (31)
h<ﬁ<x5 <£<h<&<h<y20 YonisYonia = Xon %50
X X X X
Vs 7 Yo 3 Yie 9 Yn By (30) and (31), we can get
X X
Ko Y Ko Yoo vy
X5 Yas X Yy Xy, =220 J2n2
Xon3 ™ Xonan (32)
Vo X Y K Yo X Vi X W
— _"n 2n-2
Y. Xy Ys Xg Yiu X4 Yi7 X9 Yonia = X _
X y X 2n+3 y2n+1
< Yai <l I T
Yos, X Yoo Xy Xopes = Yonst = Yoni
X X X " Xonea ™ Xonsa
Yo . Yy <2 Yio < Yi3 <le Yio «  _x (33)
Yo X5 Ys X Yo Yis Xs Yy Yoniz = —anil ol
X X y X Xonea = Yone
<22 B B B o ) )
Xy Xy Y3 Xa which can be changed into
X X X X 1 X —X
_y‘l < 2 < ﬁ < 8 < h < CH < _y17 < 20 Xonia = 2n-3 2n-5
Vi X Y KXo Yo K Yoo X Yo Xones ~ Xana (34)
X X 1 —
In K Yo X Vo, = Yon3 = Yon-s
Yas X Va1 Xy Xon-1 Yanis = Yanu

Copyright © 2013 SciRes. AM
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X 1 Xon-2 = Xon_4

M43
Yon Xon1a — Xons2 (35)
_ 1 yZn—Z - y2n—4

y2n+3 -
Xon Yania = Yonea

By the both side of Equation (35), we can get

X -X
: _ 11 2n-2 2n-4 __
limX,,,,Y,, = lim 22—t = p.p. (36)
—® n—on X —X

2n+4 2n+2

Assume lim X,, =+, by Stolz Theorem we obtain
that "

. X —X . X
llm 2n-2 2n-4 _ hm 2n-2 _ p2 p3 (37)
"2 Xonea " Ko " Xopy
X2n—2 ..
Because <1, then we can get the limit of
X

2n+4

lim X212 = p p, <1

e X2n+4
However, there exist p,, p, such that p,p, =1,
which is conduction.
Hence, the assume does not hold. We obtain
limX,, = p, <+o©.
n—ow
Use the same method, we can also get
limy, ., =p, <+oo.
n—oo
By system (2), we get
P, +P
p; = 2 p s
1 (38)
p+p
P, = : :
P,

It is to see that ( P, pz),( p;, p4),( [ pz),( P;, P4),'"a
is a period-two solution of system (2), and p,, p,, P;, P,

satisfy p,p; = P, + Py, PPy =P+ D5

Therefore, we complete the proof.

Corollary 3.2 Suppose that {x,,y,}” . is a positive
solution of system (2). Then the following statement is
true:

YotV .
If 0<x5<x%x,, 0<X,<X,, O0<xX, S—=——==X;

Xy

X, +X
O<y;<y,, O<y, <Yy, 0<yﬁlg#:yl’

Yo
then the solution of system (2) oscillates about equili-
brium (X,Y).
Theorem 3.3 Assume that 0<x ,=X,, 0<X,=X,,

+

X,1=M:X1; 0<y73:y717 0<y72:y0=
X

y, =22y and {X,.¥a}._, s a positive solu-
Yo B

Copyright © 2013 SciRes.

tion of system (2). Then the system (2) has prime period
two solutions, and X,, , =X, X =X, Yony = Y3,
Yan = Yo, for n={-1,0,1,---}.

Proof: By the lemma 8, we can complete the proof.
Here, we omit it.
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