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ABSTRACT 

Motivated by an open problem in the literature “Dynamics of Second Order Rational Difference Equations with Open 
Problems and Conjecture”, we introduce a difference equation system:  

2 3 2 3
1 1, ,n n n n

n n
n n

y y x x
x y n

x y
   

 

 
  0,1, * where  , 0, , 3, 2, 1,i ix y i      0 . We try to find out some 

conditions such that the solution of system converges to periodic solution. This model can be applied to the two species 
competition and population biology. 
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1. Introduction 

In the monograph of Dynamics of Second Order Diffe- 
rence Equation [1], M. R. S. Kulenović and G. Ladas 
gave an open problem (see [1], p. 199) as following: 

Open problem 11.4.8: 
Determine whether every positive solutions of the fol- 

lowing equation converges to a periodic solution of the 
corresponding equation: 

2 3
1 , 0,1,n n

n
n

x x
x n

x
 




  .          (1) 

Motivated by the Open Problem, we introduce the dif- 
ference equation system: 

2 3 2 3
1 1, , 0,1,n n n n

n n
n n

y y x x
x y n

x y
   

 

 
   

0

.   (2) 

where the initial points    , 0, , 3, 2, 1,i ix y i     
Recently, there has been great interest in studying dif- 

ference equation systems. One of the reasons for this is 
the necessity for some techniques that can be used in in- 

vestigating equations arising in mathematical models de- 
scribing real life situations in population biology, econo- 
mics, probability theory, etc. There are many papers rela- 
ted to the difference equations system, such as [2-9]. 

In [2], Cinar studied the solutions of the system of dif- 
ference equations: 

1 1
1 1

1
, ,n

n n
n n n

y
x y n

y x y 
 

   0,1, ,        (3) 

In [3], E. Camouzis and Papaschinnopoulos studied 
the global asymptotic behavior of positive solution of the 
system of rational difference equations: 

1 11 , 1 , 0,1,n n
n n

n m n m

x y
x y n

y x 
 

     ,    (4) 

In [4], Ahmet Yasar Ozban studied the system of ratio- 
nal difference equations: 

3

3

, ,n
n n

n n q n q

bya
x y n

y x y


  

   0,1, ,       (5) 

*Research supported by Distinguished Expert Foundation and Youth 
Science Foundation of Naval Aeronautical and Astronautical Univer-
sity. 
#Corresponding author. 

In [5], Abdullah Selcuk Kurbanli et al. studied the be- 
havior of positive solutions of the system of rational dif- 
ference equations: 
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1 1

1 1

, ,
1 1

n n
n n

n n n n

x y
x y n

y x x y
 

 

  
 

0,1, .    (6) 

In this paper, we try to find out some conditions such 
that the solution of system (2) converges to periodic so- 
lution. At the same time, we can get the oscillatory of 
system (2). 

Before giving some results of the system (2), we need 
some definitions as follows [6]: 

Definition 1.1 A pair of sequences of positive real 
numbers 

3n
 that satisfies system (2) is a posi- 

tive solution of system (2). If a positive solution of sys- 
tem (2) is a pair of positive constants 

 ,n nx y


 , x y , that solu- 
tion is the equilibrium solution. 

Definition 1.2 A “string” of consecutive terms 
 , , s mx x  (resp.  , ,s my y ), ( , 3s   m   ) is 
said to be a positive semicycle if ix x  (resp. iy  y ), 

,  , ,i s m  1sx x   (resp. 1sy   y ), and 1mx x   
(resp. 1my y ). Otherwise, that is said to be a negative 
semicycle. 



A “string” of consecutive terms     , , , ,s s m mx y x y  
is said to be a positive(resp.negative) semicycle if 
 , ,s mx x ,  , , s my y  are positive (resp.negative) 
semicycle. 

A solution  nx  (resp.  ny ) oscillates about x  
(resp. y ) if for every , there exist i N ,s m N , 
s i , , such that m  i   x x   0s m  (resp. 

). We say that a solution  
x x

 s my 


 0c y c

 3
,n n n

x y


 of system oscillates about  ,x y  if  nx   

oscillates about x  or  ny  oscillates about y . 

2. Some Lemmas 

Lemma 2.1 The system (2) has a unique positive equi- 
librium 2x y  . 

The proof of lemma 2.1 is very easy, so we omit it. 
Lemma 2.2 If , , , 

Then ever positive solution of system (2) with prime pe- 
riod two takes the forms 

0p  0q     2
4pq p q 

   

   

2

2

4
, ,

2

4
, ,

2

pq pq p q
p

pq pq p q
q

    
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   

   

2

2

4
, ,

2

4
, ,

2

pq pq p q
p

pq pq p q
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    
 

    
  
 



is a period-two solution of system (2). 
Proof: Let        , , , , , , , , ,p m q r p m q r   be a pe- 

riod-two solution of system (2). 
Then, by system (2) we get 

m r
p

q

q p
m

r

 


 

                   (7) 

We can see that (7) can be changed to 

,pq m r mr p q,                   (8) 

Form (8), we can obtain 
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and     2
4pq p q 

Therefore, we complete the proof. 
Lemma 2.3 Assume that the initial points  

   , 0, , 3, 2, 1,0i ix y i      , and   3
,n n n

x y



 is a 

positive solution of system (2). Then the following cases 
are true: 

(a) If 3 10 x x   , 20 0x x  ,  
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   ; , , 3 10 y y   2 00 y y 
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 are both increasing. 

(b) If , ,  3 1 0x x   2 0 0x x  
2 3

1 1
0

0
y y

x x
x

 
    ; , , 3 1 0y y   2 0 0y y  

2 3
1 1

0

0
x x

y y
y

 



   , then  and   2 2,n n n

x y
 1

,




 

 2 1 2 1 2
,n n n

x y


  
 are both decreasing. 

Proof: (a) By system (2), we can get 

2 3 2 3
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3 4
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i.e. 
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1 3 4 1 3

,n n n n n n
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 

 
 



   (9) 

re 
By condition 

whe 1n  . 

3 1x x   and (9), we get: 

   

ondit

0 2 3 5 6 8 9 11, , , ,y y x x y y x x        (10) 

By c ion 2 0x x  , and (9), we get: 

     (11) 1 3 4 6 7 9 10 12, ,x x  , ,y y y y x x    

By condition 2 3

0
1 10 ,

y y
x x

x
    an


  d (9), we get: 

an get: 

    (13) 

Hence, by induction and (10)-(15), we proof t

 and  are both inc

Using the same method, we can prove th
ho

Therefore, plete the proof
Lemma 2. e that  

 of system (2) such  

  are both in-  

creasing or both decreasing. 
9), we can

2 4 5 7 8 10 11 13, , , ,y y x x y y x x           (12) 

Equally, we c

0 2 3 5 6 8 9 11, , , ,x x y y x x y y      

1 3 4 6 7 9 10 12, , , ,x x y y x x y y          (14) 

2 4 5 7 8 10 11 13, , , ,x x y y x x y y          (15) 

hat  

reasing.  2 2 1
,n n n

x y


  2 1 2 1 2
,n n n

x y


  

at case (b) 
lds. 

 we com . 
4 Assum

   , 2, , 3, 2, 1,i iy i       . Then there does not 
exist a po


x

sitive solution  ,x y

tha
3n n n

t  x y


 and  1 2 1,n nx y2 2 1
,n n n 2 2n


  

Proof: By Equation (  get  2 2,n nx y  and 
 2 1nx   the sam

Fir f that th ist positive so- 
2 1, ny   

stly, we 
have e monotonous
proo ere does not ex

  such that  

th increa

ng results: 

(i) 

. 

lution     , 2, 2,x y    n n


 and  2 1 2 1 2
,n n n

x y


  
 are bo sing.  2 2 1

,n n n
x y



Assume, for the sake of contradiction, that we have the 
followi

 2 2,nx y


1n n
increasing; 

e obtain 


 is 

(ii)  2 1 2 1 2
,n n n

x y


  
 is also increasing. 

By system (2), w

1
y y    

2 3
1

2 3 2 3max , ,
2

n n
n

n

n n n n

y y
x

x

y y

 


   





   (16) 



  

2 3
1

2 3 2 3

1
max , ,

2

n n
n

n

n n n n

x x
y

y

x x x x

 


   




   

in Equations (16) and (17), it implies that:  

   (17) 

  1 2 3 5 6max , max , ,n n n n nx y y x x x      7 ,  n

Because of 7 5n nx x  , 8 6n nx x  , we can get 

   , ,x  6n1 5 6 7 5max , , maxn n n n nx x x x x     

  6 7 8 5 6max , , max , ,n n n n n nx x x x x x       
i.e  

 
 

1 5

5 6

max ,

max ,

n n

n n n

x x x

x x x

 

 

 



 

6n
           (18) 

o, we can get Als

 


1 5

5 6

max ,

max ,

n n

n n n

y y y

y y y

 

 

 


 
6n

umptions (i) and (ii), it is easy to see 
th  not hold. 

This is a contradiction and we proof the case of in- 
creasing does not hold. 

Next, we proof there does not exist positive solution of  

sy

            (19) 

Because of the ass
at (18) and (19) do

stem (2) such that  2 2 1
,n n n

x y



 and  

x
2 1 2 1 2

,n n n
y  

 are both decreasing. 
Assume, for the sake of contradiction, that we have the 

following results: 


(i)  2 2 1
,n n n

x y


  is decreasing;

(ii)  2 1 2,n nx y 1 2n


 

 is also decreasing. 

By the Limiting Theorem we know that  2 2 1
,n n n

x y



 

and  ,x y


 

2 1 2 1n n n  2
 are both decreasing into a pair of  

constants. 
set We 2lim n

n
p x


 , 2 1lim n

n
q x 
 , m  2lim n

n
y


,  

2 1lim ny
n

r 
 , and 2p  , 2q  , 2m  , 2r  . 

By e know that these constants satisfy  system (2), w

i.e
the system (2), 

. 

mr p q

pq m r

 
  

However, if 

                 (20) 

, Equation 
 do not holds, which is contradiction. 

Hence, we complete the proof of lemma 10. 
Lemma 2.5 Assume that  

2p  , 2q  , 2m  , 2r 
(20)

   , 0, 2 , 3, 2, 1,i ix y i      .
exist a positive solution  ,n nx y

 Then there does not 
 of system (2) such 

3n




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that  2 2 1
,n n n

 a  x y



nd

2
,n n 2 1 2 1x y


 

h that 

n
 are

t positive 
so


 both de- 

creasing or both increasing. 
Proof: First, we proof there does not exis
lution of system (2) suc  2 2,n nx y



1n

2n
g, the proof of in- 

creasing is similar, so we om
As sake of at we have the 

following results: 

 and 
 bot

(ii) 

 2 1 2 1,n nx y


   are

sume, for the 

 ,n nx y

h decreasin
it it. 

 contradiction, th

(i)  2 2 1
,n n n

x y



 is decreasing; 

2 1 2 1 2n


  

 is also decreasing. 

We set lim 2n
n

x p , lim
 2 1n

n
x q

 , 2lim ,n
n

y m


  

2 1lim n
n

y r
 . 

By em,we know that Limit Theor  2 2 1
,n n n

x y



o a pair

 and 
are  of 

mits o

can not 

 2 1 2
, n n

x y


 
 

constants. 
, the li

 2 1 2 1 2
,n n n

x y


   

2 1n both decreasing int

Obviously f  



 2 2 1
,n n n

x y



 

decrease into zero. 

By system (2), we can get 

m r
p

 
q

p




 
q

    

m
r



             (21) 

w can be changed to 

, Equation (22) can not 

ction . 
the case of increasing is similar with 

 of decr
ethod above, we can proof the 

Le method of Le

3.

here  , , , 0, 2p q m r , which 

pq m r

mr p q

 
  

                 (22) 

However, if p q

is a contradi
The the proof of 

the proof of the the case
In addition to the m

he 

 , , , 0, 2m r
hold. 

This  and we complete the proof

easing, so we omit it. 

mma 2.5 by t mma 2.4. Here, we omit 
it. 

 Main Results 

Theorem 3.1 Assume that 3 1 0x x   , 2 0 0x x   ,  

2 3
1 1 0

y y
x x 



   ; 3 1 0y y   , 2 0 0y y   , 

0x

2 3
1 1

0

y y
y

 
    0

x x
,



 a

 are both decreasing; and 

nd  ,n n n
x y





2 2,n n n
x y





3

1

 is a positive 

nd  


solution of system (2). Then    a

 2 1 2 1 2
,n n n

x y     3
,n n n

x y


 
ng  converges to a period-two solution as followi

,

where  satisfy ,  

       
   

1 2 3 4 1 2 3 4

1 2 3 4

, , , , , , ,

, , , , , .

p p p p p p p p

p p p p 
 

1 2 3 4, , ,p p p p
p p

1 3 2 4p p p  p

2 4 1 3p p   . 
Proof: By lemma 2.3(a), we can obtain that  

 2 2 1
,n n n

x y



 and are bo

rem, we ca

 2 2n
x y




 1 2 1,n n  th decreasing. 

Then by the Limit Theo n get li
n

2m nx


, 

2lim n
n

y


, 2lim n
n

1x 
, and 2 1lim n

n
y 

, all exist an  

tive. 

d  

We can set 

4

are posi-

2 1 2 2 2 1 3 2 1lim , lim , lim , limn n n n
n n n n

x p y p x p y    
p    

mmas 2.4 a  know that th does not 
exist a 0,2  or  

By le nd 2.5, we ere 
positive solution 

3
, 0, 2n n n

x y
       

     

3
, 2,n n n

x y


2,     such that 
 ,2 2 1n n n

x y


 and  

 ,x y2 1 2 1 2n n n 



Hence, there is at least one of ip  satisfy 

 are both decreasing. 
 0,2ip  

ip  sa 2  and at least one of tisfy
By system (2), 

 ip
we get 

2 4
3

1

1 3
4

2p

It is to see that 

p p
p

p

p p
p

 
  

                (2  3)

       3 4 1 2 3 4, , , , , ,p p p p p p
 solution of nd 1 2, ,p p p

1 2, , ,p p   
system (2), a 3 4, p  is a period-two

satisfy 1 3p p p2 4p  , 2 4 1p p p p  3 . 
We complete the proof. 
Corollary 3.1 Suppose that  x y


 is  

so hen th ow
3

,n n n
e foll ing

a positive
 statement is 

tru
If   

lution of system (2). T
e: 

3 1 0,x x    2 0 0,x x  
2 3

1 1 3y 
0

0;x x
x

 
   

y y
1 0,y  2 0 0,y y    

2 3
1 1

0y

  3
,n n n

x y


0,
x x

y y 



    the solution of system (2)  


 eventually oscillates about equilibrium  

 ,x y . 
Theorem 3.2 Assume that 0 3 1x x  ,  2 00 x x  ,  

2 3
1 10 ;

y y

0

x x
x

 



    3 10 ,y y    2 00 ,y y   

2 3
1 1

0

0
x x

y y
y

 



   , an  

solution of system (2). Then  and  

d   3n n n
x y







,  is a positive 

 2 2 1
,n n n

x y


 2 1 2 1 2
,n n n

x y


  
 are both increasing; and  x

3n n




  

converges to a period-two solution as following 

       
   

1 2 3 4 1 2 3 4

1 2 3 4, , , , , .p p p p 
 

, , , , , , , ,p p p p p p p p
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w ,  

ma 2.3(a), we obtain that 

here 1 2 3 4, , ,p p p p  satisfy 41 3 2p p p p  By induction, we can get 

2 4 1 3p p
Proof: By lem

p p  .  
 2 2 1

,n n n
x y




 

1

and  are both increasing.  2 1 2 1 2
,n n n

x y


  
We set 2lim n

n
x p


 , lim

n 2 1 3lim n
n

2ny p 2 , x p
 , 

2 1 4lim n
n

y p
  

By Equation (9), we can get 

1 2 3 2n n n n

1 3 4 4

1 2 3 2

1 3 4 4

n n n n

n n n n

n n n n

x y y y

x y y y

y x x x

y x x x

   

   

   

 
   
 

          (24) 

which can be c d into: 

     

hange

4 1 2 5n n ny x y x

y x
        

2 1 4 7

n

n n n ny x


   

        (25) 

4 1 2 5

7

n n n n

n2 1 4n n n

x y x y

x y x   y
   



              (26) 

By the  , we can get   , 0, , 3, 2, 1,0i ix y i     

3 0 3 6 9 15 18

17 20

12

1 2 5 8 11 14

27 3021 24

32

,
23 26 29

x y x y x x yy

x y x y x y

x yx y

x y x y





     

    
 

x y


7 10 13 16 12 1 4

0 3 6 9 12 15

9

25 28 3122

24 27 30 33

,

y x y

18 21

y xx y x

x y x y x y

y x yx

x y x y

      

    

x y


 

5 8 17 201 2 11 14

1 19 224 7 10 13 16

23 26 29 32

25 28 31 34

,

x y x yx y x y

x y x y x y

x y x y

x y x y

      

    

x y


 

3 0 3 6 9 15 1812

1 2 5 8 11 14 17 20

27 3021 24

23 26 29 32

,

y x y x y y xx

y x y x y x y x

y xy x

y x y x





      

    
 

7 10 13 16 12 1 4

0 3 6 9 12 15 18 21

25 28 3122

24 27 30 33

,

9x y y x yy x y

y x y x y y x y

x y xx

x x y x

       

    
 

5 8 17 201 2 11 14

1 4 7 10 13 16 19 2

23 26 29 32

25 28 31 34

.

3 0 3 6 9

2 1 2 4 2 7 2 10 2 13n n n n n

x y x y x

x y x y x


    

         (27)  

7 12 1 4

2 2 2 5 2 8 2 11 2 14n n n n n

y xx y x

x y x y x


   

     0



     (28) 

From Lemma 10, we know that there at least one 
2ip  . Then by Limiting Theorem, we can get at least 

 the limiting of must exist. With no loss ge- 
we set the li  exist,we can know 

one of
nerality, 

3p

 ip  
mit of  2 1nx 

 
By li

. 
miting Equation (27), we can get 

3 0 3

2 4 2 7

6 9

2 10 2 13

lim lim lim

lim lim

n
n n

n n
n n

x

2 1
n n

n

y x

x

y x



x y

y x

 
  

 
 

 

 
       (29) 

Hence, we can get 

3 0

3 2 4

lim
n

n

3

3

x y x

p y





   
p

i.e. 

2p    

Next, we try to proof 1p   , and
By system (2), we get 

 1p   . 

2 2 2 1 2 1 2 2

2 2 2 1 2 1 2 2

n n n n

n n n ny y x x

x x y y   

  
  

 


          (30) 
 

2 3 2 2 2 2 1

2 3 2 2 2 2 1

n n n n

n n n n

x x y y

y y x x
  

  

 
  

            (31) 

e can get By (30) and (31), w

2 2 2
2 2

2 3 2 1

2 2 2
2 2

2 3 2 1

n n
n

n n

n n
n

n n

y y
x

x x

x x
y

x y




 




 

  
  
 

              (32) 

2 1
2 3nx

x

2

y x yy x y x x

y x y x y x y x

y x y x

y x y x

       

    
 

2

2 4 2 2

2 1 2 1
2 3

2 4 2 2

n n

n n

n n
n

n n

x

x x
y

x y

1y y 


 

 


 




  
 

              (33) 

which can be changed into 

 

2 3 2 5
2 2

2 1 2 3n ny x 2 1

2 3 2 5
2 2

2 1 2 3 2 1

1

1

n n
n

n

n n
n

n n n

x x
x

x

y y
y

x y y

 


  

 


  

  

 
 

           (34) 


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2 2 2 4
2 3

2 2 4 2 2n

2 2 2 4
2 3

2 2 4 2 2

1

1

n n
n

n n

n n
n

n n n

x x
x

y x x

y y
y

x y y

 


 

 


 

  
  
 

By the both side of Equation (35), we can get 

          (35) 

2 2 2 4
2 3

2 2

n
2 3 2

2 4

lim lim n
n n

n n
n n

x x
x y p

x x
 

 
 






Assume , by Stolz Theorem we obtain 

p      (36) 

2lim n
n

x


 
that 

2 2 2 4 2 2
2 3

2 4 2 2 2 4

lim limn n n

n n
n n n

x x x
p p

x x x
  

 
  


 


       (37) 

Because 2 2

2 4

1n

n

x

x




 , then we can get the limit of 

2 2
2 3

2 4

lim 1n

n
n

x
p p

x





   

However, there exist ,  such 
which is conduction. 

Hence, the assume does not hold. We obtain  

By system (2), we get 

2p 3p that 2 3 1p p  , 

2 1

Use the same method, we can also get  

lim n
n

x p


   . 

2 1 4lim n
n

y p
   . 

2 4
3

1

1 3
4

2

p p
p

p

p p
p

p

 
  


       

t 

       (38) 

It is to see tha    1p
 solution of system (2), and 1 2 3 4, , ,p p p p  

p , 2 4 1 3p p p p  . 
complete the proof. 

 
is a period-two
satisfy

There
tha

 2 3 4 1 2 3 4, , , , , , , , ,p p p p p p p   

41 3 2p p p 
fore, we 

Corollary 3.2 Suppose t  3
,n nx



n
positiv

en ent is 

If 

y


 is a e 
solution of system (2). Th  the following statem
true: 

3 10 x x   , 2 00 x x  , 2 3
1 1

0

0
y y

x x
x

 



   ; 

3 1y y   , 00 2 0y  , y 2 3
1 1y ,

0

y
y

 



  

th em (2) oscillates about equili- 
brium 

0
x x

  

en the solution of syst
),( yx . 

Theorem 3.3 Assume that 3 10 x x  ,  2 00 x x  ,  

2 3
1 1

0

y y
x x

x
 




  ;    3 10 y y   , 2 00 y y  ,

2 3
1 1

0

x x

y
 




 
3n

- y y , and is a positive solu

tio ) has prime period 
tw

n of system (2). Then the system (2
o solutions, and 2 1 3 ,nx x   2 2 ,nx x  2 1 3 ,ny y   

2 2 ,ny y  for  1,0,1, .n      
Proof: By t

Here, we omit it. 
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