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ABSTRACT

In this paper we show that an Q -stable diffeomorphism f has the weak inverse shadowing property with respect to

classes of continuous method 6, and 6, and some of the Q -stable diffeomorphisms have weak inverse shadowing

property with respect to classes 7. In addition we study relation between minimality and weak inverse shadowing

property with respect to class 7, and relation between expansivity and inverse shadowing property with respect to

class 7.
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1. Introduction

Inverse shadowing was introduced by Corless and
Pilyugin [1] and also as a part of the concept of bishad-
owing by Diamond et al. [2]. Kloeden, Ombach and Pok-
roskii [3] defined this property using the concept of
o -method. One can also see [4-7] for more information
about the concept of ¢ -method. Authors in [8] studied
on locally genericity of weak inverse shadowing with
respect to class 7. For flows, there are lots of existing
work on finding the minimal sets in a systems with
shadowing property. See for example [9-12]. In this pa-
per we study diffeomorphisms with weak inverse shad-
owing property with respect to class as 6,,0, and 7.
First we show that an Q -stable diffeomorphism f has
weak inverse shadowing property with respect to classes
of continuous method &, and 6, (Theorem 1) and
some Q) -stable diffeomorphisms have weak inverse
shadowing property with respect to classes 7, (Theo-
rem 2). In addition we study relation between minimality
and weak inverse shadowing property with respect to
class 7, and show that a chain transitive homeomor-
phism f on compact metric space X is minimal if
and only if it has weak inverse shadowing property with
respect to class 7, (Theorem 3). Finally we study rela-
tion between positively expansive and inverse shadow-
ing property with respect to class 7, and show that if
f has inverse shadowing property with respect to
class 7,, then f is not positive expansive (Theorem
4).

Copyright © 2012 SciRes.

Let (X,d) be a compact metric space and let
f:X —> X be a homeomorphism (a discrete dynamical
system on X ). A sequence {Xn}nE is called an orbit
of f , denote by O(X, f) , if for each neZ ,
X.,; = f(x,) andiscalleda & -pseudo-orbitof f if

d( (%)%, )<5.VneZ.

Denote the set of all homeomorphisms of X by
Z(X).In Z(X) consider the complete metric

d,(f.9)= maX{maXxEx d ( f (x),g(x)),
max,_, d (f71 (X)sgil(x))}’

which generates the C°-topology.

Let X” be the space of all two sided sequence
E={x,:neZ} with elements X, € X, endowed with
the product topology. For 6 >0 let @, (5 ) denote the
set of all & -pseudo orbits of f .

A mapping ¢:X —)d)f(5)c X” is said to be a
& -method for f if ¢(x) =x, where @(x), is the
0-component of gp(x). If ¢ is a 6 -method which is
continuous then it is called a continuous & -method. The
set of all & -methods (resp. continuous ¢ -methods) for
f will be denoted by 7,(f,5) (resp. 7.(f,5)). If
g:X > X is a homeomorphism with do(f,g)< o,
then g induces a continuous & -method ¢, for f
defined by

(pg(x):{g”(x):neZ}.
Let 7,(f,5) denote the set of all continuous & -
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methods ¢, for f which are induced by geZ(M)
with d,(f,g)<s.

Let AcM and A#¢, a homeomorphism f is
said to have the inverse shadowing property with respect
to the class 7,, =0, c, h, in A if for any £>0
there is 0 >0 such that for any o -method ¢ in
7,(f,5) and any point xeA there exists a point
yeM for which

d(f”(x),go(y)n)<8,neZ.

A homeomorphiosm f is said to have weak inverse
shadowing property with respect to the class 7,, o =0,
¢, h,in A if for any £>0 there is >0 such that
for any & -method ¢ in 7,(f,5) and any point
X € A there exists apoint y€ M for which

(p(y) c N, (O(X, f))

Fix 6>0. A continuous ¢ -method of class 6, for
the diffeomorphism f is a sequence ¥ ={y, :keZ},
where any y, is a continuous mapping ¥, :M —> M
such that

maxd (y, (x), f (x))<d.keZ.

A sequence ¢={x, eM:keZ} is a pseudo-orbit
generated by a continuous d -method ¥ ={y,} of a
class 6, if

X = Wi (% ),k € Z.

Fix 6>0. A continuous ¢ -method of class 6, for
the diffeomophism f is a sequence ¥ ={y, :keZ},
with y,(x)=x for xeM and such thatany y, isa
continuous mapping ¥, :M — M  with the property

max d ( f (v (%) Wi (X))<§,k eZ.

A sequence £={x,eM:keZ} is a pseudo-orbit
generated by a continuous ¢ -method \P:{(//k} of
class 6, if

X =v(%).keZ.

If a sequence is generated by 6, or 6, we briefly
write £eGY.

A diffeomorphism f is said to have (weak) inverse
shadowing property if for any xeM and &>0 there
exists 0>0 such that, for any continuous J -method
Y, we can find a pseudo-orbit &eGY satisfying the
inequalities

d(f*(x).%)<ekez
((x}= N, (O(x 1)),

Pilyugin [5] showed that a structurally stable diffeo-
moriphism has the inverse shadowing property with res-
pect to classes of continuous method, 6, and 6,. He
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also showed that any diffeomorphism belonging to the
C'-interior of the set of diffeomorphisms having the
inverse shadowing property with respect to classes of
continuous method, &8, and 6, is structurally stable.

2. Diffeomorphisms with Weak Inverse
Shadowing Property with Respect to
Class 6,5, 6. and T,

In this section we show that an Q -stable diffeomor-
phism f has the weak inverse shadowing property
with respect to classes of continuous methods 6, and
6, and if we impose some condition on an £ -stable
diffeomorphism, then it has weak inverse shadowing pro-
perty with respect to classes 7.

Theorem 1 If a diffeomorphism f is Q -stable,
then it has the weak inverse shadowing property with
respect to both classes 6, and 6,.

Before proving this main result, let us briefly recall
some definitions. A diffeomorphism f:M —> M is
called Q -stable if there is a C'-neighborhood U of

f such that for any geU, g|Q(g) is topologically
conjugate to f|ﬂ(f)

A diffeomorfphism f is called an Axiom A sys-
tem if Q(f) is hyperbolic and if Q(f)= pref.

Axiom A and no-cycle systems are Q -stable [13].

Let f bean Axiom A diffeomorphism of M . By
the Smale spectral Decomposition Theorem, the non-
wandering set Q( f) an e represented as a finite union
of basic sets A;.

Q(f)=A U UA,.
In the proof of theorem 1 in [5], Pilyugin has used the
following statement.
If a C'-diffeomorphism f satisfies Axiom A and
the strong transversality condition, then there exist con-

stants C>0 and Ae (0,1) and linear subspace S(p),
U(p) of TM for peM such that

T,M=5(p)@U(p).
Df (p)S(p)=S(f(p)).

Df ' (p)U (p)<U (£ (p)).

and
|ka(p)v|gc/1k|V| fork>0andV eS(p), (1)
|ka(p)v|gc,1k[\/| fork>0andV eU(p), (2
if P(p) and Q(p) are the projectors in T,M onto

P
S(p) parallel to U(p) and onto U(p) parallel to
S(p), respectively, then
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|P(p)|<C and [Q(p)|<C 3)

(here |||| is the operator norm).

Conditions (1), (2) and (3) play a basic role in the
proof of theorem 1 in [5]. If A; is a basic set then we
can see for every Xe A;, conditions (1), (2) hold. Since
"f (X)" is bounded for XxeA;, standard reasening
shows (see, for example, Lemma 12.1 in [14]) that there
exists a constant C for which inequalities (3) hold.
Hence similar to the proof of theorem 1 in [5], f has
the inverse shadowing property with respect to classes
6, and 6, on A;. The following two propositions are
well known (proposition 1 is the classical Birkhoff
theorem [13], for proofs of statements similar to
proposition 2, see [15], for example).

proposition 1 Let f be a homeomorphism of a com-
pact topological space X and U be a neighborhood of
its nonwandering set. Then there exists a positive inte-
ger N such that

Card(k: fk(X)EU)SN

for every xe X, where Card A is the cardinality of a
set A.

In the following proposition, we assume that f is an
Q -stable diffeomorphism of a closed smooth manifold.

proposition 2 If A, is a basic set, then for any
neighborhood U of A; there exists neighborhood V
with the following property: if for some xeV and
m>0, f"(x)gU, then ™ (x)gV for k>0.

Lemma 1 Let f be an Q -stable diffeomorphism
and Q(f)=A,uU---UA, be the Smale Spectral De-
composition. Let U, be a neighborhood of A, for
i=1,---,k. Then for any xeM there exists N,eN
and U, forsome 1<i<k,such that

{ f No+k (X)}k>0 (e Ui N
and similarly there exists U;

{ fr (X)}kzo <Uj,

Proof. Suppose that the lemma is not true for some
xeM . Let V; be a neighborhood of A; as in pro-
position 2. Proposition 1 shows that there exists n, € N
such that " (X)EVi for some 1<i<k. By assump-
tion there exists m; € N,m; >n, such that f™ (x)eU,.
By proposition 2, f"""(x)¢V; for n>0. Thus using
prgposition 1, there exists n, eN,n;>m, such that
fI(x)eV, for some 1< j <k j#i and there exists
m;eN, m; >n; such that f '(x)eU,;. By proposi-
tion 2, f 1 (x)gV; for n>0. This process show
that

Card{n: f"(x)eU = Gvi}—w
i-1
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contradicting proposition 1. Proof of

{ f—No+k (X)}kzo - Uj’

is similar.

Proof of theorem 1. Let xeM and &>0 be arbi-
trary. Let U, be a neighborhood of A, for i=1,---,k,
such that shadowing property hold for them. By lemma 1
there exists a positive number N, , such that

{f”(x)} cU. forsome 1<i<k.Since M iscom-
=N, !

pact, there exist |, >1, > N, such that

d(f'2(x),f'l(x))<£’,

where 0'=06 (%) is as in the shadowing theorem for

hyperbolic set. So 3={f" (x), £t (%), flz_l(x)}

is a periodic &' -pseudo-orbit of f in U,. By sha-
dowing theorem for hyperbolic sets, there is zeA,,

which %—shadows £ . This shows that

(0(x. 1)) (+)

But A; has the inverse shadowing property with res-
pect to classes 6, and §,. Thus there exists o >0
such that for any continuous & -method ¢, we can find
a pseudo-orbit &={x} , €GY¥ satisfying

o(z,f)=N

[ SR

d(fk(z),xk)<§,kez. ()

Inequalities (*) and (**) show that
EcN, (O(X, f )) . This complete the proof of theorem 1.

Theorem 2 Let f be an Q -stable diffeomorphism
and Q(f)=A,UA,U---UA, be the Smale Spectral
Decomposition such that {A;, i=1,---,k} be fix point
sources or sinks. Then f has the weak inverse shadow-
ing property with respect to class 7, in M —Fix(f),
where Fix(f) is setof fix points of f .

Proof. Let £¢>0 and xeM be arbitrary that is not
fix point and {U;,i=1,---,k} be open neighborhoods of
{A;,i=1,---,k} respectively with diameter less than ¢ .
Lemma 1 shows that there exists N;jeN and U, and
U; forsome 1< i, j <k, such that

{ flo (X)}kzo <U
and
{ f—N0'+k (X)}kzo - Uj’

Note that U, is a neighborhood of fix point sink and

U, isaneighborhood of fix point source. Choose

AM



B. HONARY, A. Z. BAHABADI 481

0<g, <

min{dim(Ng,(Ai)— £(N, (A)) and dim(N,(A;)- (N(AJ)))}

such that

’

d(f(x),f £
(10, F(2) <5
forevery x,zeM with d(x,z)<d&, where

0<ég'< min{{diam(ui),i =1,---,k},§}

and f (N, (A;)) = (N, (A))
and 7N, (A;)) =N, (A;).
This shows that if &={x}cM is a &, -pseudo
orbitand X € N, (A;)(x €N, (A;))

then {X,} < NE,(Ai)({Xn}n<| N, (Aj )) there exists
N, € N such that )

{fN0+k(X)}kzoc Ng,(Ai) )
and
{0}, =N (A)): 2)

Choose 6y ,, <8y <--<6 <&, suchthatif
d(x,y)<d, fori=N;+1,Ng,-,1 then

5
d(f(x),f O
(100 10) <3025
and d(17(x), £ (y)) <2
N, +1
2 .
And also L+ 8y., <0 for i=N,+1,Ng,-1.
No+1 '

So forany 4y ,, -pseudo orbit

{X—NO—I’X—NO"”7X’Xl7”"XN0+1}

we have

!

d(fi(x)’xi)<%s i:_NO_l’”.’No-f—l. (3)

Now for any (9, ., )-method ¢, by regarding the
process of choosing 5N0+1 and (4), (5), (6) we have
o(x)=N,(o(x, )), and this completes the proof of
theorem 2.

The following example shows that an Q -stable may-
be has not the weak inverse shadowing property with
respect to class 7 in its fix point.

Example. Represent T? as the sqare [-2,2]x[-2,2],
with identified opposite sides. Let g:T> - T be a
diffeomorphism with the following properties:

The nonwandering set Q(g) of g is the union of 4

Copyright © 2012 SciRes.

2

hyperbolic fixed points, that is, Q(g)={Pp,, P, P;, P,}
where p, is a source, p, is a sink, and p,,p, are
saddles;

W {p, ol =W (py)u{p,}
=[-2.2]x{0}.W* (p,)
= {1 (=2,2),W" (p;) = {-1}x(-2.2),

where W*(p;) and W"(p,) are the stable and unsta-
ble manifolds, respectively.

There exist neighborhoods U,,U, of p,,p, such
that g@)=g+DmgU—pJ for xeU,.

The eigenvalues of D, g are —u,v with
0<v <1<y, and the eigenvalues of Dp4g are —A, Kk
with 0<A<I<k.

Plamenevskaya [16] showed that g has the weak
log A
log u
irrational. Note that g does not have the shadowing
property. We can see that g does not have the weak
inverse shadowing property with respect to class 7, as

log A
log u

shadowing property if and only if the number

well (Note that the number is not necessary

oy 1
irrational). For any 0<eg< 2 let 0<6<g be the

number of the weak inverse shadowing property of ¢ .
Construct a ¢ -method as following:

o(p,)
=L £ () £ (P2)s P Xos T (%) £2(% )5}

where X, €(-1,1)x{0} cW"(p,) and d(p,,x,)<5.
For every X# p,, define

o(x)= - £2(x), £ (x).%, (x), £2(x),-),

3. Relation between Minimality and Weak
Inverse Shadowing Property with Respect
to Class 7,

A homeomorphism f:X — X is called minimal if
f (A)= A, A closed, implies either A=M or A=¢.
It is easy to see that f is minimal if and only if
o(x,f)=X forevery xeX.

A homeomorphiosm f is said to be chain transitive
if for every X,ye X and &>0 there are O -pseudo-
orbits from X to y andfrom y to Xx.

The following example shows that there exists homeo-
morphiosms f with inverse shadowing property with
respect to class 7, which is not minimal.
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Example. Let X::{x:{xn}::xne{o,l}} with
metric
2 if X, #Y,

d(x,y)= 1
min{|k| DX = yk}

if X, =Y,

Let m:{-n,—n+1,---,n} - {-n,—n+1,---,n} be a per-

mutation of the set {-n,—n+1,---,n} for some neN.
Let f,(x)=xg if -n<i<n,and x otherwise.
f, is a homeomorphism and every point of X is a
periodic point for f . We claim f, has weak inverse
shadowing property with respect to class 7, .

Proof of claim. Given £>0 choose N,>n such that

1 ¢ 1
—<—. d(X,y)<— if and only if X, =y, where
< dey)<g y if %=y,

0 0

-N,<i<N,. Let 6= and ¢ be a o -method.

1
N,
Let X,y,ze€ X, then d(fn(x),y)<5 implies

f,(x),=y; for =N, <i<N, and hence by definition
of ., f2(x),=f,(y), for —N,<i<N,.Also

d(f,(y),z)<o implies f (y), =z for -N,<i<N,.
Hence if d(f,(x),y)<5 and d(f,(y).z)<5 then

f7(x), =z for —N,<i<N,andso d(f’(x),z)<d.

n
Using this procedure we will get d ( fl (x),qp(x)i)< )
for i>0. A similar reasoning with having in mind that
f, is a homeomorphism proves that d ( f! (X),(,o(x)i ) <0
for 1<0. Hence d ( f (X),¢(X)i)< o for ieZ and
f, has inverse shadowing property with respect to 7.
It is easy to see that f, is not minimal.

Theorem 3 Let f be a chain transitive homeomor-
phism on compact metric space X . Then f is mini-
mal if and only if f has weak inverse shadowing pro-
perty with respect to class 7.

Proof. Suppose that f has weak inverse shadowing
property with respect to class 7, and ze X . Let U
be an open set in X . Choose X,€U and &£>0 such
that N,(X,)cU . There is 6>0 such that for each

o -method ¢, thereis ye€ X such that
o(y)=N, (o(x 1))
2

For every xe X ,thereisa o -chain,
(x,x,---,xln,xo) from X to X,.Consider
S =

X

{-~-, F2(x), 7 (%) %X %, e, XX (xﬂ),m}

as a & -pseudo-orbit, such that it’s 0-component be X .
Construct a & -method ¢, such that ¢, (x)=4,

Hence there is y e X such that ¢, (y)c N

(o(z, 1)),

(SR
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and so d(xo,f'(z))<§ for some |eZ. Therefore

O(Z, f)mU # (. This shows that each orbit of X is

dense in X andso f is minimal. The converse i.e. to
see that each minimal homeomorphism has weak inverse

shadowing property with respect to class 7, is obvious.

4. Relation between Expansivity and Inverse
Shadowing Property with Respect to Class

0
A homeomorphism f on metric space (X,d) is said

expansive if there exists constant >0 such that for
every X,ye X,(x#y) there exists integer number N,

such that d ( fN(x), £ (y))>e.

Theorem 4 If homeomorphism f on metric space
(X,d) has the inverse shadowing property with respect
toclass 7,,then f isnotexpansive.

Proof. Suppose that f is expansive and has the
inverse shadowing property with respect to class 7, . Let
e>0 be as in definition of expansivity and 0<J <e
be such that for any & -method ¢ in 7, and any
point X e X there exists a point ye X for which
d(f”(x),go(y)n)<e,neZ.

Let x,e X be arbitrary. Choose Y, # X, such that
d(%.Y,) <& and d(f(x,),f(y,))<5. Construct a
o -method ¢ as following.

Forany X=# X, define

o(x)

- { £72(x), £ (x).x, f(x), fz(x)"“}
and

¢(Xo)

:{ f2(y,)s F7(Yo)s % F(¥o), fz()’o)f"}

Since f has the inverse shadowing property with
respect to class 7, for x, there exists ye X such
that

d(f”(xo),(p(y)n)<e,neZ.
By regarding to choose of ¢ -method ¢, we have
d(f”(xo),f”(y))<eforneZ

for some Yy # X, , that contradicts the expansivity of f .
This completes the proof of theorem.

5. Conclusion

In this paper we showed that an € -stable diffeomor-
phism f has the weak inverse shadowing property
with respect to classes of continuous method 6, and 6,
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and some of the Q -stable diffeomorphisms have weak
inverse shadowing property with respect to classes 7.
In addition we studied relation between minimality and
weak inverse shadowing property with respect to class
7, and relation between expansivity and inverse sha-
dowing property with respect to class 7, .
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