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ABSTRACT 

In this paper we show that an  -stable diffeomorphism f  has the weak inverse shadowing property with respect to 

classes of continuous method s  and c  and some of the  -stable diffeomorphisms have weak inverse shadowing 

property with respect to classes . In addition we study relation between minimality and weak inverse shadowing 

property with respect to class  and relation between expansivity and inverse shadowing property with respect to 

class . 
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1. Introduction 

Inverse shadowing was introduced by Corless and 
Pilyugin [1] and also as a part of the concept of bishad-
owing by Diamond et al. [2]. Kloeden, Ombach and Pok-
roskii [3] defined this property using the concept of 
 -method. One can also see [4-7] for more information 
about the concept of  -method. Authors in [8] studied 
on locally genericity of weak inverse shadowing with 
respect to class 0 . For flows, there are lots of existing 
work on finding the minimal sets in a systems with 
shadowing property. See for example [9-12]. In this pa-
per we study diffeomorphisms with weak inverse shad-
owing property with respect to class as 



,s c   and 0 . 
First we show that an -stable diffeomorphism  f  has 
weak inverse shadowing property with respect to classes 
of continuous method s  and c  (Theorem 1) and 
some -stable diffeomorphisms have weak inverse 
shadowing property with respect to classes 0  (Theo-
rem 2). In addition we study relation between minimality 
and weak inverse shadowing property with respect to 
class  and show that a chain transitive homeomor-
phism 



0



f  on compact metric space X  is minimal if 
and only if it has weak inverse shadowing property with 
respect to class 0  (Theorem 3). Finally we study rela-
tion between positively expansive and inverse shadow-
ing property with respect to class 0  an ow that if d sh
f  has nverse shadowing property with respect to 

class 0 , t n 
 i

Let  ,X d  be a compact metric space and let 
:f X X  be a homeomorphism (a discrete dynamical 

system on X ). A sequence 
n  is called an orbit 

of 
 nx

f , denote by  f,o x , if for each n , 
 n1 =nx f x  and is called a  -pseudo-orbit of f  if 

  1, ,n nd f x x n   .  

Denote the set of all homeomorphisms of X  by 
 Z X . In  Z X  consider the complete metric 

     
    

0

1 1

, = max max ,

max , ,

x X

x X

d f g d f x g x

d f x g x



 


,
 

which generates the -topology. 0C
Let X   be the space of all two sided sequence 
  = :nx n  with elements nx X , endowed with 

the product topology. For > 0  let  f   denote the 
set of all  -pseudo orbits of f . 

A mapping  : fX X      is said to be a 
 -method for f  if  0

=x x , where 
0 x  is the 

0-component of  x . If   is a  -method which is 
continuous then it is called a continuous  -method. The 
set of all  -methods (resp. continuous  -methods) for 
f  will be denoted by  0 ,f   (resp.  ,c f  ). If 

:g X  X  is a homeomorphism with  g0 ,d f <  , 
then g  induces a continuous  -method g  for f  
defined by  

    = :n
g x g x n  .  

he f  is n  positive expansive (Theorem 
4). 

ot
Let  ,h f   denote the set of all continuous  - 
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methods g  for f  which are induced by  g Z M  
with  0 g,d f <  . 

Let A M  and A  , a homeomorphism f  is 
said to have the inverse shadowing property with respect 
to the class  , 0  , c, h, in A  if for any > 0  
there is > 0  such that for any  -method   in 

 ,f    and any point x A  there exists a point 
y M  for which  

    , < ,
n

x y n  .nd f  

A homeomorphiosm f  is said to have weak inverse 
shadowing property with respect to the class  0,   , 
c, h, in A  if for any > 0  there is > 0  such that 
for any  -method   in  ,f   and any point 
x A  there exists a point y M  for which  

    , .y N o x f  

Fix > 0 . A continuous  -method of class s  for 
the diffeomorphism f  is a sequence , 
where any 

= :k k Z  
k  is a continuous mapping :k M M   

such that  

    , < , .kd x f x d kmax
x M

Z  

A sequence = :k x M k Z 
d

  is a pseudo-orbit 
generated by a continuous -method  = k  of a 
class s  if  

 = ,k k k1 .x x k Z   

Fix > 0 . A continuous  -method of class c  for 
the diffeomophism f  is a sequence , 
with 0

= :k k Z  
  =x x  for x M  and such that any k  is a 

continuous mapping :k M M   with the property 

     1, < ,k kx x k   max
x M

.Zd f  

A sequence = :k x M k Z   is a pseudo-orbit 
generated by a continuous  -method  = k  of 
class c  if  

 0= ,k k .x x k Z   

If a sequence is generated by c  or s  we briefly 
write G   . 

A diffeomorphism f  is said to have (weak) inverse 
shadowing property if for any x M  and > 0  there 
exists > 0  such that, for any continuous  -method 

, we can find a pseudo-orbit  G    satisfying the 
inequalities  

  , < ,kx x k Z  .kd f

 

 

   , .x N O x fk  

Pilyugin [5] showed that a structurally stable diffeo- 
moriphism has the inverse shadowing property with res- 
pect to classes of continuous method, c  and s . He 

also showed that any diffeomorphism belonging to the 
-interior of the set of diffeomorphisms having the 

inverse shadowing property with respect to classes of 
continuous method, 

1C

c  and s  is structurally stable. 

2. Diffeomorphisms with Weak Inverse 
Shadowing Property with Respect to  
Class θs, θc and  0

In this section we show that an -stable diffeomor- 
phism 


f  has the weak inverse shadowing property 

with respect to classes of continuous metho s d s  and 

c  and if we impose some condition on an  -stable 
diffeomorphism, then it has weak inverse shadowing pro- 
perty with respect to classes .  0

Theorem 1 If a diffeomorphism 


f  is  -stable, 
then it has the weak inverse shadowing property with 
respect to both classes c  and s . 

Before proving this main result, let us briefly recall 
some definitions. A diffeomorphism :f M M  is 
called  -stable if there is a -neighborhood  of  1C U
f  such that for any g U ,  g

g


 is topologically 

conjugate to  f
f


. 

A diffeomorfphism f  is called an Axiom A  sys-  

tem if  f  is hyperbolic and if   =f pref .  

Axiom A  and no-cycle systems are -stable [13]. 
Let f  be an Axiom A  diffeomorphism of M . By 

the Smale spectral Decomposition Theorem, the non- 
wandering set  f

i

 an e represented as a finite union 
of basic sets  . 

 f 1= .k    

In the proof of theorem 1 in [5], Pilyugin has used the 
following statement. 

If a -diffeomorphism 1C f  satisfies Axiom A  and 
the strong transversality condition, then there exist con- 
stants  and > 0C  0,1   and linear subspace  pS , 
 pU  of T M  for p p M  such that 

  



U

S f

U


     

   1 1

= ,

,

,

pT M p p

Df p p p

Df p f p 




 

S

S

p U

 

and 

    and ,k kDf p V C V V S p for 0k     (1) 

   for 0k   and ,k kDf p V C V V U p     (2) 

if  P p  and  Q p  are the projectors in pT M  onto 
 S p  parallel to  U p  and onto  U p  parallel to 
 S p , respectively, then  
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    contradicting proposition 1. Proof of  and P p C Q p C          (3) 

(here .  is the operator norm). 
di  a basic role in the Con tions (1), (2) and (3) play

proof of theorem 1 in [5]. If i  is a basic set then we 
can see for every ix , conditions (1), (2) hold. Since 

 f x  is bound r ixed fo  , standard reasening 
sho (see, for example, Le 12.1 in [14]) that there 
exists a constant C  for which inequalities (3) hold. 
Hence similar to th proof of theorem 1 in [5], 

ws mma 

e f  has 
the inverse shadowing property with respect to classes 

s  and c  on i . The following two propositions are 
well kno n (pr osition 1 is the classical Birkhoff 
theorem [13], for proofs of statements similar to 
proposition 2, see [15], for example). 

proposition 1 Let 

w op

f  be a homeomorphism of a com- 
pa ect topological spac  X  and U be a neighborhood of 
its nonwandering set. T n there xists a positive inte- 
ger N  such that 

Car

he  e

  d : kk f x U N   

for every x X , where is the cardinality of a Card A  
set A . 

In e that  the following proposition, we assum f  is an 
 -stable diffeomorphism of a closed smooth ma fold. 

proposition 2 If i  is a basic set, then for any 
 

ni

neighborhood U  of i  there exists neighborhood V  
with the following property: if for some 


x V  an  

> 0m ,  m
d

f x U , then  m kf x V   for 
Lemma 1

0k  . 
 Let f  be an  -stable diffeomorphism 

and   1= kf     be the Smale Spectral De- 
comp a neighborhood of iosition. Let  be iU   for 

= 1, ,i k . Then fo any r x M  there exists N N0   
a r some 1 i k  that 

  ,

nd iU  fo , such 

0

0

N k
ik

f x U


  

and similarly there exists jU  

 
0

, 0N k
jk

f x U

   

Proof. Suppose that the lemma is not true for some 
x M . Let iV  be a neighborhood of i  as in pro- 

 2. Proposition 1 shows that there exists in Nposition   
such that  ni

if x V  for some 1 i k  . By assum  
tion there e , > iN m n  su   mi

i

p-
x m ists i i ch that f x U . 

By proposition 2 ni
i, m  f x V

exists 

  for 0n  .  
proposition 1, ther , 

 Thus using
e >j j mi  such that 

 n j
n N n

jf x V  for some 1 j  here exists 
>

  k  j i  and t
, j j jm N n  such thatm  

m j   jf x U . By proposi- 
n

tion 2, m j
jf x V


  for n process show 

that 
0 . Th is 

 
=1

Card : := =
k

n
i

i
n f x U V   
 

  

  0 ,N k

0 jk
f x U    



is similar. 
Proof of theorem 1. Let x M  and > 0  be arbi- 

be a neighbotrary. Let 
such that sh

iU  rhood of 
 hold fo

i  for 
. By

= 1, ,i k , 
adowing property r them  lemma 1 

there exists a positive number 0N , such that  

  
0

n
in N

f x U


  for some 1 i k  . Since M  is com-  

pact, there exist 2 1 0>l l N , s  that uch

    2 1, <
2

xl ld f x f
 

, 

where =
2

     
 

 is as in the shadow g theorem for in

hyperbolic set. So       1 11 1 2= , , ,l l lf x f x f x     

is a pe   -riodic pseudo-orbit of f  in . By sha- 
dowing theorem for 

iU
ere is hyperbolic sets, th iz ,  

which 
2


-shado s w  . This shows that  

      
2

, , .   o z f N o x f   

But i  
pect to classe

has the inverse shadowing pro  with res- 
s 

perty
 and c . Thus there exists > 0  s

such th r any continuous at fo  -method  , we can find 
a pseudo-orbit  = k k Z

x G

   satisfying 

    , < .   k
kd f z x k Z,

2


   

 and   Inequalities  show that  
  f,N o x 

Let 
. This com lete the proof of theorem 1. p

Theorem 2 f  be -stable diffeomorphism 
d 

an
an

 
  =f 1 2 k     be the Sm ale Spectral 

uch that Decomposition s  ,   = 1, ,i k   be fix point i

sources or sinks. Th  en f  has e weak inverse shadow- 
ing property with respect to ss   in 

th
cla 0  M Fix f , 

where  Fix f  is set of fix points of f . 
Proof. Let > 0  and x M  be arbitrary that is not 

fix point and  , = 1, ,iU i k  be ope  neig f n hborhoods o
 , =i k  respectively with dia eter 1, ,i  m less than  . 
Lemma 1 shows that there  0N N   and iU  and  exists

jU  for some k1 ,i j  , such that 

  0

0

N k

k
,if x U 


  

and  

  0

0
,N k

jk
f x U 


  

Note that is a neighborhood of fix point sink and iU  

jU    is a ne ood of fix point source. Choose ighborh
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            1nd   dim j jN f N 


   
 0

min dim    a
0 < <

2

i iN f N


  

 

such that 

 

    , <
4

d f x f z
 

 

for every ,x z M  with  , <d x z  , where  

  

     
    1

0 < diam , ,   
2

k 
 

< min , = 1,  

and   

and .

i

i i

j j

U i

f N N

f N N

 

 



 


 

 

  

  

 

This shows that if  = kx M   is a 0 -pseudo 

or j

j . there exists  

  

and 

bit and  l ix N x N   

then n

0N N  s

  l    

        i nn l n l
x N x N      

uch that  

    0

0

N k
ik

f x N



           (1) 

    0

0
.N k

jk
f x N
 


            (2) 

Choose 1 010 0
< < < <N N     

for = 1, , ,1i N N  
 suc
 then 

h that if 

  0 0, < id x y

    

    

1

0

1 1 1

0

, <    
1

and   , <
1

i

i

d f x f y
N

d f x f y
N







  





 

And also 
0 1

0

<
1

i
N iN

  


 for ,1

So pseudo orbit 

1

we have 

0 0= 1, ,i N N  . 

 for any   
0 1N  -

 1 0
, ,N N Nx x   

0 01, , , ,x x x  

   0 0, < ,   = 1, , 1
2

i
i .x x i N Nd f

 
      (3) 

Now for any ( )-method 
0 1N   , by regard

process of choosi  and  (5), (6) we have 
ing the 

ng N


0

   ,
1  (4),

x N o x f pletes the proof of 
theorem 2. 

mple shows that an  -stable may- 
be has not 

 , and this com

The following exa
the weak inverse shadowin operty with 

re

di
The nonwandering set 

g pr
spect to class 0  in its fix point. 
Example. Represent 2  as the sqare [ 2, 2] [ 2, 2]   , 

with identified opposite sides. Let 2 2 :g    be a 
ies: ffeomorphism with the lowing propert

 
 fol

is the union of 4 

hyperbolic fixed points, that is,    1 2 3 4, ,= ,g p p p p , 
is a sink, and 3 4,p p  are where is a source, 1p  2p  

saddles; 

       =u sW p p W p p 

     
        

4 3 3 4

4

3

= 2, 2 0 ,

1 2,2 , = 1 2, 2

sW p

W p

 

    u= ,

 

   s u
iW p

ood

iW p  and  
respectively. 

are the stable and unsta- 

3 4,U U  of 3 4,p p  such 

where 
ble ma

Ther ist neighborh s 
that 

nifolds, 
e ex
   = i p ii

g x p D g px   for .ix U  
e ,The eigenvalues of  ar

3pD g    with  

g  of g  

0 < < 1 <  , and the alues of 
4pD g  are , e vigen    

with 0 < < 1 <  . 
Plamenevskaya [16] showed that g  ha weak  

shadowing ly if th b

s the 

e num property if n er d o
log

g




 an
lo

 is 

irrati Nonal. ote that g  does not hav  shado  
prope se

e the ing
r We can 

w
ty. g  e that does not ha weak 

in
ve the 

verse shadowing property with respect to class 0  as  

well (Note that the number 
log

log




 is not necessary 

irrational). For any 
1

0 <
4

 , let 0 < <<    be the  

number of the weak inverse shadowing property of g .  
Construct a  -method as follow  ing: 

 
    

4

2 1= , , , , ,f p f f x  
 

4 4p 4 0 0, , ,

p

p x f



 2
0x

where      0 41,1 0 ux W p     and  d p x4 0, <  . 
For every 4x p , define  

           2 ,f x   

d Weak 
th Respect 

2 1,x 

P

:

= , , , ,x f f x x f x ,

on between Minimality an
roperty wi

  

A ho  

3. Relati

to Class 

meom

Inverse Shadowing 
0

orphism f X X  is called minimal if 
  =f A A , A closed, implies either =A M  or =A  . 

It is easy to see that f  is minimal if and only if 
 , =x f X  for every o x X . 

A homeomo o f  rphi sm is said to be chain transitive 
if for every ,x y X  and > 0  there are  -pseudo- 

 x  to y  and from y  to x . orbits from
The following example shows that there exists homeo- 

 f  with inmorphi sosm ve
ich

rse shadowing pr with 
respect t  class wh  is not minimal. 

operty 
o  0  
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Example. Let     := = : 0,1n nX x x x



  with 

metric 

 
 

0 02 if

1, =
if

n
0 0=

: =k kmi

x y

d x y
x y

y k x



  


Let    π : , 1, , , 1, ,n n n n n n       

n of the set  , 1, ,n n n     for some 
 be a per- 

mutatio n . 
Let    π=n if x x  if n i n   , and ix  otherwise. 

nf  is a homeomorphism and every point of X  is a 
periodic point for nf . We claim nf  

 class 
has weak rse 

sh owing property  respect to
 f of claim. n 

 inve
ad

 
with

 Give
0 . 

Proo >0  choose 0  such that  >N n

0

1
<

N 2


.  

0

1
, <d x  if any

N
d only if =i ix y  wh e er

0 0N i N   . Let 
0

1
=

N
 and    be a  -method. 

Let , ,x y z X , then  , <d yn xf   imp s  
  =

lie

n ii
f x y  for N i nce definition 0 N    and he0 by 

of nf ,  2  n i
=

inf x f y  for 0 0N i N     . Also
  , <n y zd f   implies   =n ii

f y z

y

 for 0N i N   . 0

Hence if d   , <nf x   and   , <nd f y z    then  

n i2 =
i

f x z  fo 0, and so r 0N   ,nd f x zi N   <2  . 

Using this procedure we will get     , <i
n i

d f x x    

for oning  in mind0i  . A similar reas with having  that 

nf  is a homeom ves that orphism pro    ,n i
d x if x  <    

Hence for 0i  .    , x i
n i

d f x <   for i  and  

nf  has inv adowing pr th respect to erse sh operty wi . 0
It is easy to see that nf  is not minimal. 

Theorem 3 Let f  be a chain transitive homeomor- 
phism on compact metric space X . Then f  is mini- 

al if and only if m f  
 cl

has weak i verse s ing 
ass 

n hado pro-
perty with respect to

w  

0

Proof. Suppose that 
 . 

f  has weak inverse shadowing 
property with respec to class 0  and t . Let 
be

z X U  
 an open set in X . Choose 0x U  and > 0  such 

that  0N x U  . There is > 0  such tha for each t 
 -method  , there is y X  such that 

    
2

,y N o x f  

For every 



x X there is a ,  -chain,  
 , , 0, ,

nl
x x rom x x  f x  to 0x . Consider  

=
x

      2 1

1 2 0 0
, , , , , , , , , ,

l
n

f x f x x x x x x f x



  
 



as a  -pseu it, such that ’s 0-compdo-orb  it onent be x . 
Const uct ar   -method 

0x  such that  
0

=x xx  .  

Hen ere isce th  y X  such that     

  0 , <
2

ld x f z


0
2

x ,y N o z f  , 

and so  for some  Therefore   l .

 ,o z f U  . This shows that each it of  orb X  is 

dense in X  and so f  is minimal. The converse i.e o 

see that each m al hom orphism has w e 

. 

nver
iou

t

eom eak i s
ty w  class , is obv s

w  E

inim
er

ion bet
wi

0  

o

shadowing prop ith respect to . 

4. Relat xpansivity and Inverse 
Shado ith Respect to Class 

A homeom rphism 

 0

een
ng Property w

f  on metric space  ,X d  is said 
expansive if there exists constant > 0e  such that for 
every  , ,x y X x y   there exists integ number 0N  er 

such that     , >x y e . 0 0N Nfd f

Theorem 4 If homeomorphism f  on metric space 
 ,X d
to class  , then 

 has the inverse shadowing property with respect 
 0 f  

ha
is not expansive. 

Proof. Suppose t t f  is expansive has the 
inverse shadowing property with resp  class 0 . Let 

> 0e  on of expansivity and 0 <

a
ect to

nd 

finbe as in de iti < e  
be such that fo  -method r any   in 0  and any 
point x X  there exists a point y X  for which  

    , < , .n

n
f x y e nd   

Let 0x X  be arbitrary. Choose 0 0y x  such that 
 0 0, <d x y   and     0 0, <d f x f y  . Construct a 

 -method   as following. 
For any 0x x  define  

 
 2 ,

x

x



 
 

     , , ,f x x x f 2 1f,=

and

,x f

 

 0x

f

Since 

  0 0= , , f y     2
0, , ,y x f y y 2 1 

0 , f
 

f  ha
respect to class 

s the inverse shadow pert ith 
r 

ing pro y w

0 , fo 0x exists y X there  such 
that 

    , <n

n
y e0x

oo

,n  .

 ch se of 

d f

By regarding to  -method  , we have  

    , <n nf y e fo0xd f r n  

for some 0y x , that contradicts the expansivity of f . 
This completes the roof of theorem. p

t - 

5. Conclusion 

In
phism 

 this paper we showed tha  an  -st e diffeomorabl
f  has th

with respect to classes 
e nverse s adowing property 

 continuo
weak i

of
h

us method s  and c  
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he a
ect to classes 

In addition we stud  relation between minimalit
owing property with respect to 

ity

and some of t   -stable diffeomorphisms have we k 
inverse shadowing property with resp 0 . 

ied y and 
class weak inverse shad

0  and relation between expansiv  and inverse sha- 
dowing property with respect to class 0 . 
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