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ABSTRACT 

In this paper we studied some problems on best approximation in Orlicz spaces, for which the approximating sets are 
Haar subspaces, the result of this paper can be considered as the extension of the classical corresponding result. 
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1. Introduction 

Let  be a compact Hausdorff spac Q  be all 
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    , , nt t  1  as n  order Chebyshev system if for 
arbitrary vector    1 0, ,0 , , nc c , 
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has at most  zero points on Q [1]. 1n 
Define the linear subspace 

    1span , , nH t t    

which is spanned by  order Chebyshev system as a 
Haar subspace of  [1]. 

n
C Q

In this paper, let  M u  and  N v  be mutually 
complementary  function. The definition and proper-
ties of  function can be seen in [2]. The Orlicz space 

 corresponding to the N function 

N
N
Q*

ML  M u  con- 
sists of all Lebesgue measurable functions  u x   on 

, of which the Orlicz norm Q

   
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u u x v
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is finite, here 

    , d
Q

v N N v x x    

is the modulus of  corresponding to  v x  N v . Ac- 
cording to [2], the Orlicz norm (1.1) can also be calcu- 
lated by  
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1
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
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   d 1
Q
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shch that 
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1 d

M Q
u M u x


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here  p u  is the derivative of  M u  on the right. 
Equivalent to the Orlicz norm (1.1), in Orlicz space 

 Q*
ML , the Luxemburg norm is defined by  

 
( )

inf 0 : d 1
M Q

u x
u M


x

       
   

 .   (1.3) 

In the sequel *
ML  and  

*
ML  will denote the Orlicz 

space with Orlicz norm (1.1) and the Luxemburg norm 
(1.3) respectively. 

It is well known that  

         * *
( ) 1p M MC Q L Q L Q L Q p   . 

2. Main Results 

Now we choose  ,Q a b  and  

    1span , , nH t t    

is a Haar subspace of  ,C a b , then we obtain  
Theorem 1. Let  M u  be  function satisfying N

2  condition, of which the derivative on the right 
 p u  is continuous and strictly monotone increasing, 
   ,f t C a b ,  f t H , if  is the best 

approximator in the mean of 
  H*

np t
 f t  in H  for the Or-

licz norm 
M

  or the Luxemburg norm  M
 , then 

there exist at least  different zero points of  n
   t*

npf t   in  ,a b . 

x x      (1.2) 

In order to prove this theorem, first we state the fol-*Supported by the NSFC (11161033). 
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lowing two lemmas. 
Lemma 1. [3-5]. Let  M u



 be N function satisfying 
 condition, of which the derivative on the right 

 is continuous and strictly monotone increasing, F  
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p u 

is a linear subspace of * ,L a( )M b ,    *
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Lemma 2. [4,5]. Under the conditions of lemma 1, 
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Proof of Theorem 1. We prove first the case of the 
Luxemburg norm. Here we take reduction to absurdity. 
Assume there exist at most  different zero points 
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According to the theory of system of linear equations,  
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The above shows that there exist zero points of the 
continuous function  np t  in every interval  1,i i   
 i 1, ,n  , that is to say,  np t  has at least n  dif-
ferent zero points in interval  ,a b . Since  

    nt t   is n  order Che yshev system, we get 1 , , b
  0np t  , Together with the ious result, we et a 
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prove the case of the Orlicz norm. 
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  of all algebraic polyno
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order to solve the problem of best approximation of 
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consider the problem of the minimal norm of monic po-
lyno ials of order n  in Orlicz space, that is, to con-
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has not been com-
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spaces the problems have not been studied yet. Here we 
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Theorem 2. Let  M u  be N  function satisfying 

2  condition, its graph do not contain any straight line 
segment, its derivative e righ  p u  be continuous 

d strictly monotone increasing, then 
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1 Analogously,  ) The extreme value problems (2.1) and (2.2) have 
unique solution respectively, that is, there exist unique 
group 1, ,, ,M n Ma a  and 1, ,, ,M n Ma a       

( )( )
1

n

n n MM
q t q t    , shch that  

j
M

  ,
1

n
n n j

n j M
j

p t t a t 



   

and  

holds true. Hence, from (1), the uniqueness of the extre-
mal function, we obtain 

     1
n

n np t p t   ; 
  ,

1

n
n n

n j
j

q t t a t 



   
     1

n

n nq t q t   . 
satisfy 

By these, (3) follows. 

1

min
j

n
n n j

n jM a j M

p t a t 



  ; 
3. Acknowledgements 

( )
1 ( )

min
j

n
n n j

n jM a j M

q t a t 



  This work is supported by the National Natural Science 
Foundation of China under the contracts No. 11161033 
and the Natural Science Foundation of Inner Mongolia 
Autonomous Region under the contracts No. 2009MS0105. 

, 

here  and  depend on   

function 

 ,j Ma  ,j Ma   1, ,j n  N

 M u  
e ex

corresponding to the Orlicz space.  
h functions an  n
nt zer  in tiv

odevity

2) T tremal d  nq t  have  
differe o points ely. 

 np t  
)  respec( 1,1 REFERENCES 

3) The  of extremal functions  np t  and  t [1] Y. S. Sun, “Approximation Theory of Functions,” Beijing 
Normal University Press, Beijing, 1989. 

nq  
is l num

p. 160 , und
co s

 same to the odevity of natura ber n
Proof. 1) From [2] (p -168), we know

. 
[2] C. X. Wu and T. F. Wang, “Orlicz Space and Its Applica-

tions,” Hei Long Jiang Science and Technology Press, 
Harbin, 1983. 

er the 
nditions of theorem 2, Orlicz space  *

ML  and *
( )ML


 

are strictly convex. Since span 1

 
1n, , ,H t t   is a   

[3] D. L. Xie, “The Characteristics of Best Approximators in 
Orlicz Spaces,” Journal of Hangzhou University, Vol. 12, 
No. 3, 1985, pp. 319-322.  

finite dimensional linear subspace, (1) is o ious by e 
, p

bv  th
p. 1-10). 

asily obtain it. 
theory of best approximation (see [1]

2) From Theorem 1 we can e
3) Since N  function  M u  is an even function, so 

        
   
   

 

11
1

1

10

1

10

inf 1 d

1
inf 1 d

.

n

n

n M

t

M p t t

M p t t

p t



















  

 







0

1
M  

1 inf 1 1
n n

n np t M p     dt

[4] Y. W. Wang and S. T. Chen, “The Best Approximating 
Operators in Orlicz Spaces,” Pure Mathematics and Ap- 
plied Mathematics, Vol. 2, No. 2, 1986, pp. 44-51. 

[5] C. X. Wu, T. F. Wang, S. T. Chen and Y. W. Wang, “The 
Geometric Theory of Orlicz Spaces,” Harbin Industrial 
University Press, Harbin, 1986. 

 [6] J. Gillis and G. Lewis, “Monic Polynomials with Minimal 
Norm,” Journal of Approximation Theory, Vol. 34, No. 2, 
1982, pp. 187-193. doi:10.1016/0021-9045(82)90091-0 

 

http://dx.doi.org/10.1016/0021-9045(82)90091-0

