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ABSTRACT

In this paper, we have considered an inhomogenecous beam with a damping distributed along the length of the beam.
The beam is clamped at both ends and is assumed to vibrate longitudinally. We have estimated the total energy of the
system at any time t. By constructing suitable Lyapunov functional, it is established directly that the energy of this sys-

tem decays exponentially.
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1. Introduction

In the last few decades the use of flexible structures is on
rise. Research in the area of stabilization of vibrations of
flexible structures like strings, beams, plates has been
gaining importance since early seventies. The study of
the stabilization for these problems is significant in the
sense to suppress the vibrations to assure a good per-
formance of the overall system.

The vibrations of flexible structures are usually non-
linear in practice. As the non-linear study of such struc-
tures is rather cumbersome for analytical treatment, so
linearized mathematical models are chosen for simplicity
and concise results. The linearized vibrations of flexible
structures are usually governed by partial differential
equations, particularly, the second order wave equation
and the fourth-order Euler-Bernoulli beam equation. Se-
veral authors have established stabilization for the wave
equation in a bounded domain (cf. G. Chen [1,2], J.
Lagnese [3.,4], J. L. Lions [5], V. Komornik [6] and the
references therein). There are different types of stability
for the vibrations of flexible structures and the most im-
portant of all these is the uniform stability. Recently, P.
K. Nandi, G. C. Gorain and S. Kar [7] has established the
uniform exponential stabilization of a solar panel for fle-
xural modes of vibrations. The exponential energy decay
estimate is established by Yaojun Ye [8] in case of non-
linear Kirchoff-type vibrations.

The energy decay estimate in developing the theory of
stabilization over distributed parameter system in view of
its application in various flexible structures has been
established by several authors (cf. G. Chen [1,2], J. Lag-
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nese [3.,4], J. L. Lions [5], V. Komornik and E. Zuazua
[9]). The question of uniform stabilization or point-wise
stabilization of Euler-Bernoulli beams or serially con-
nected beams has been studied by a number of authors
(cf. J. L. Lions [5], K. Ammari and M. Tuesnak [10], K.
Liu and Z. Liu [11], K. Nagaya [12], R. Rebarbery [13]
etc.).

2. Mathematical Formulation of the Problem

We consider a flexible inhomogeneous beam of length
L which is clamped at both ends. It is initially set to
vibrate in the longitudinal direction along X axis. At
time t, if y(xt) is the longitudinal displacement of
the beam at a position X, then it satisfies the differential
equation (cf. K. Liuand Z. Liu [11])

2
P 2L (x)+25(0 2 )= 2 ()2 (x0)]
0<x<L,t>0,

(M
where the coefficients p(x) , 0 (X) and p (X) are func-
tions of x for a general inhomogeneous beam with
p, 6, pel”[0,L].

For a clamped beam, the boundary conditions are

y(0,t)=y(Lt)=0. )
Let the beam be set to vibrate with initial values
y(%.0) =y, (x) and Z(x,0) =, (x).

0<x<L.

3)
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3. Energy of the System

The total energy E(t) of the System (1)-(3) at time t is
defined by

E(t) :% O{p(x)(%j2 + p(x)(%)z}dx fort>0. (4)

Differentiating (4) with respect to t and using (1), we
obtain

o022 w2 2 o

:L{%{%(p(x)%j_z(s(x)%}+ p(x 2 s:at}dx
D F 002 w2 2 o

—2]5 (?{]

) ax(p( )Zigtyj —ZIOL5(X)[%j2dx

L oy ?
=-2f 5(x)(—] dx<0 fort>0,
0 at

6))
where the integration is performed by parts and the
boundary conditions in (2) are used. Integrating (5) over
[0, t], we get

)-2[['6(x [ j dxdt < E(0) for t >0, (6)
where

E(O)%Lflp(X)yf x)+p(X)(%J21dx- ™

In view of (5), the rate of change of energy with time
is negative, so the energy of the system is dissipating
with time. Our aim in this work is to establish the
uniform exponential decay of this energy E (t) .

Now the estimate (6) implies that, if y, € H,[0,L]
and y, € L’[0,L], where

Ho[0,L]:= {F| F e H'[0,L] and F(0)=F(L)=0}, (8)

is the subspace of the classical Sobolev space
H'[0,L]={F|F e U[0,L],F' e ’[0,L]} (9

of real valued functions of order one, then
E(t)<E(0)<+o for every t>0. Hence the System
(1)-(3) has a unique solution for

(Yo, Y1) € Ho[0, LTx L2[0, L].
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4. Uniform Stability Result and Proof

The main result of this paper can be stated in the fol-
lowing theorem.

Theorem 1. Let y(X,t) be a solution of the system
(1)-(3) with the initial values
(yo, yl)e H,[0,L]x L’[0,L]. Then the total energy of
the system decays uniformly exponentially with time,
that means, the energy E (t) satisfies the relation

E(t)<Me™,vt>0 (10)

for some finite reals M >1 and x>0, both being
independent of time t.

The theorem will be proved using the following results.
For any real number o >0, we have by the Cauchy-
Schwartz’s inequality

Jav] < {juf +a* ). (n

By Poincare type Scheeffer’s inequality [14], we have

[y2dx < % [ (%j dx. (12)

By mean value theorem of integral calculus, there are
reals &, &, B, nn, yel0,L] satisfying

pr(x)[%)z dx=p(£) j;(%)z & (13)

[ip(x)ydx=p(¢)
IOLD(X)(%T dx = p(ﬁ’)ﬂ(%j dx (15)

jOL(s(x)(%jz dx=5(n) j:(%jz & (16

jOLé(x) y2dx = §(y)j0Ly2dx (17)

[ydx (14)

Next we consider the following lemmas:

Lemma 1. For every solution y(x,t) of the system
(1)-(3), the time derivative of the functional G (cf. G.
C. Gorain [15], G. C. Gorain and S. K. Bose [16])
defined by

jp dx+j5 )y’dx fort>0  (18)
satisfies
dG _ Y
=2 2 dx—2E(t). 19
E o0 2] e-2e@). a9

Proof: Differentiating (18) with respect to t and us-
ing the Equation (1), we obtain
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£ _[OLP(X)(%T dx+IOLp(X)y%dx+zjoL5(x)y%dx - J‘OLp(X)[%jz dx

dt 20)
+ jOLy{g[ p(x)ﬂj— 25(x)%}dx+2ﬁ5(x) y%dx,

OX

Integrating by parts and using the boundary Conditions (2) and the energy Identity (4), we get

j ( j —jp ( jdx— jop(x)(%jzdx—zE(t), @n

Hence the lemma.
Lemma 2. For every solution y(x,t) of the System (1)-(3), an estimate of the functional G is given by

~JE(t)<G(t)< AE(t), for t>0, 2)
where
_Lp(@) L] |p(6), 2L 8(r)
o ee) J TN <J )

Proof: We can estimate the 1st term (18) as,
L o
<], Jp(X)EHJp(X)y\dX

< iﬂ{p(x)(%} +a’p(x) yz}dx, using (11)

L oy
—d
Jip(x)yZax

L p( )(Qj +ap(¢)y*1dx, using (14)

<—| [p(x
2070 ot
(24)
L Y, 2L (Y
SE . {p(x)(gj +a’p($)= pel b dx, using (12)
L PO L (Y
<E {p(x)(—} ﬂ—z p(X)[ X) dx, using (15)
ay 2 [ayj2
/ — X dx= A E(t),
where Adding (24) and (26), the lemma follows immediately.
- p(ﬂ) Proof of Theorem 1: Proceeding as in G. C. Gorain
o :I ——< =12, (25) [15] and G. C. Gorain and S. K. Bose [16], we define
P (C) energy like Lyapunov functional V by
Again, we can estimate the 2nd term (18) as, Vv (t) “E (t) ge (t) for t>0 27)

L 2 L, .
0< J.Oé'(x) y dx< 5(7).[0 y dx, using (17) where &> 0 is asmall constant.

L2 c(oy 2 In view of Lemma 2, the functional V defined by (27)
<o(y )FJ-O (&) dx, using (12) can be estimated as
2 2 (26) 1-e, ) E(t) <V () <(1+&4)E(t). 28
DL (] g w1 (=e)EM=V ()= (+eh)EQ).  (8)
P (ﬂ ) T g Since ¢ >0, we may assume that
s(y) 2 :
<2 p(ﬂ)n—E(t), using (4). 0<8<L (29)

0
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so that V (t)> 0, for every t > 0.
Differentiating (27) with respect to t, and using (5)
and (19), we obtain

% =-2 :5(@(%} dx
(30)

+25!0Lp(x)(%j2dx—ZgE(t).

Hence, using the above relation (13) and (16), we can
write (30) as

av (oyY
P 2[ep(£)-5(n)]]; (Ej dx—2¢E(t). (31)
Since ¢ is small, we may choose further
1)
CIC)) (32)
r(g)
so that the differential relation (31) reduces to
%+25E(t)£0 for t>0. (33)

Invoking the Inequality (28), the relation (33) leads to
the differential inequality

Vv )<, (34)
dt
where
2¢
= > 0. 35
M ) (35)

Multiplying (34) by e* and integrating from 0 to t,
we obtain

V (t)<e ™V (0) for t>0. (36)
Applying again the inequality (28) in (36), we get
E(t) < Me™E(0), (37)
where
M = % >1. (38)

Hence the theorem.

5. Conclusion

We have established here the uniform stabilization of the
vibrations of an inhomogeneous beam which is clamped
at both ends. The result is achieved directly by means of
an exponential energy decay estimate. It is significant in
the sense that the solution of the system given by (1)-(3)
converges uniformly to zero as time t tends to +oo.
The result shows that the vibrations of the inhomoge-
neous beam decay rapidly for large value of . Again
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du_ 2

— 39
& (ven) >

shows that exponential decay rate being a function of &
will be maximum for largest admissible value of ¢.
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