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Abstract

A new concept of labeling called the signed product cordial labeling is introduced and investigated for path

graph, cycle graphs, star-K, ,, Bistar-B,,, P,",n>3 and C; ,n>3. Some general results on signed product

cordial labeling are studied.
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1. Introduction

If the vertices of the graph are assigned values subject to
certain conditions then it is known as graph labeling.
Most of the graph labeling problems have the following
three common characteristics: a set of numbers for as-
signment of vertex labels, a rule that assigns a label to
each edge and some condition(s) that these labels must
satisfy.

Cordial labelings were introduced by Cahit [1] who
called a graph G cordial if there is a vertex labeling
f:V(G)— {0,1} such that the induced labeling
f*:E(G)—>{0,1}, defined by f"(xy)=|f(x)—f(y)|,
for all edges xy e E(G) and with the following ine-
qualities holding: |v, (0)~v,(I[<1 and
|ef (0)—e, (1)|Sl , where v, (i) (respectively e, (i)) is
the number of vertices (respectively, edges) labeled with
i . Sundaram and Somasundaram [2] introduced the no-
tion of product cordial labelings. A product cordial la-
beling of a graph G with vertex set V is a function f
from V to {0,1} such that if each edge uv is as-
signed the label f(u)f(v), the number of vertices la-
beled with 0 and the number of vertices labeled with 1
differ by at most 1, and the number of edges labeled with
0 and the number of edges labeled with 1 differ by at
most 1. A graph with a product cordial labeling is called
a product cordial graph.

For detail survey on graph labeling one can refer Gal-
lian [3]. Let G=(V,E) be a graph. As given in [4] a
mapping f :V(G) —{0,1} is called binary vertex labe-
ling of G and f(Vv) is called the label of the vertex v of
G under f. For an edge e =uv, the induced edge label-
ing f*:E(G)—{0,1} is given by
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f*(e)=|f(u)— f(v)|. Let v;(0), v((1) be the number

of vertices of G having labels 0 and 1 respectively under
f and let e, (0), e, (1) be the number of edges having
labels 0 and 1 respectively under f*. A binary vertex
labeling of a graph G is called a cordial labeling if

[V ()=, ()| <1 and [e,(0)—e,(D)|<1.

In Section 2, we introduce the definition of signed
product cordial labeling and work for few fundamental
graphs. In Section 3 we prove that P’,C. and bistar
graph B, are signed product cordial. Finally in Sec-
tion 4, we prove the existence of signed product cordial
labeling for some general graphs.

2. Signed Product Cordial Labeling

We now introduce the definition of signed product cor-
dial labeling.
Definition 2.1: A vertex labeling of graph G
f:V(G) > {-1,1} with induced edge labeling
f"E(G) > {~1,1} defined by f*(uv)= f(u)f(v) is
called a signed product cordial labeling if

vf(—1)—vf(1)|s1 and [e,(-)—e_.()[<1, where

V; (=1) is the number of vertices labeled with -1, v, (1)
is the number of vertices labeled with 1, e. (=1 is the

number of edges labeled with —1 and e, () is the num-
ber of edges labeled with 1. A graph G is signed product
cordial if it admits signed product cordial labeling.
Theorem 2.2: The Path graph P, n > 2 admits signed
product cordial labeling.
Proof: Let V ={V,,V,,..,V,} be the vertex set and

oV,
E={vV,,;1<i<n-1} be the edge set of the path graph
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P, . To define vertex labeling f:V(G)— {-1,1} the
following cases are to be considered.
Case 1: when n=0,1,3 (mod4)
for 1<i<n
1;i=1,2mod4
f(v,)= i
—1;i=0,3mod 4
Case 2: when n=2(mod4)
for 1<i<n-2
l;i=1,2mod4
Fv)=1 i
—1;1=0,3mod 4
and
f(Vn—l) = 19 f (Vn) =-1
The induced edge labeling f* is given by

Frvvi) = FO) f(vis)
| f(v) and f(v,,) have same sign
“|-1 f(v,) and f(v,,) have different sign

with respect to the above labeling pattern we give the
proof as follows,

i) When n=0 mod 4

The total number of vertices labeled with —1’s are
given by V,(=1)=n/2 and the total number of vertices
labeled with 1°s are given by v, (1) =n/2. Therefore the
total difference between the vertices labeled with —1’s
and I’s is Jvf (-1)-v, (1)| =0 . The total number of
edges labeled with —1’s are given by e_.(~1)=(n/2)-1
and the total number of edges labeled with 1’s are given
by e.()=(n/2). Therefore the total difference be-
tween the edges labeled with —1’s and 1’s is

e,.(-)-e,. (1)‘ = |-1| =1, differ by one.

Vi (=D =v, (1) =n/2
e.(-D+l=e.()=n/2

i) When n=2 mod 4

The total number of vertices labeled with —1’s are
given by V,(=1)=n/2 and the total number of vertices
labeled with 1°s are given by v, (1) =n/2. Therefore the
total difference between the vertices labeled with —1’s
and 1’s is |Vf =D -v, (1)| = 0. The total number of edges
labeled with —1’s are given by e .(~1)=(n/2) and the
total number of edges labeled with 1’s are given by
e.()= (n/2)—1. Therefore the total difference between
the edges labeled with —1°s and 1’s is

e.(-h—e. (1)‘ —1, differ by one.

Ve (=D =v, () =n/2
e.(-D=e.()+1=n/2

iii) When n is odd
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The total number of vertices labeled with —1’s are
given by V;(-1)=(n-1)/2 and the total number of
vertices labeled with 1’s are given by v, (1) = (n +1) /2.
Therefore the total difference between the vertices la-
beled with —1’s and 1’s is |vf (=D)-v, (1)| =|-1/=1. The
total number of edges labeled with —1’s are given by
e.(-D=(n-1) /2 and the total number of edges labeled

with 1’s are given by e . (1) =(n-1)/2. Therefore the
total difference between the edges labeled with —1°s and

Psis le,.(-D—e,. (1)‘ — 0, differ by zero.

Vi(-D+1=v, () =(n+1)/2
e.(-=e.()=(n-1)/2
Thus in each cases we have |vf =1 —v, (1)| <1 and

e.(--e,. (1)‘ <1. Hence the path graph Py, n > 2 ad-

mits signed product cordial labeling.
Theorem 2.3: The Cycle graph C,,, n >3 admits signed
product cordial labeling except when n=2mod4.
Proof: Let V ={v,,v,,---,v,} be the vertex set and
E={vv,;1<i<n-1}Uu{vy,} be the edge set of the
cycle graph C,. To define vertex labeling
f:V(G) > {-1,1} the following case is to be consid-
ered.

When n=0,1,3 (mod4)
for 1<i<n,
1;i=1,2mod4
f(Vi): o
—1;i=0,3mod 4

The edge labeling is given by

v, = Fv) (v,
)1 f(v,) and f(v,,,) have same sign
~|-1 f(v)and f(v,,) have different sign

In view of the above labeling pattern we have, Table
1.

Table 1. Vertex and edge conditions of a cycle graph.

n v, (1) v, (1) v, (=D =v, (]
n=0mod4 n/2 n/2 0
n=1mod4 (n-1)/2  (n+1)/2 1
n=3mod4 (n-1)/2 (n+1)/2 1

n e.(-1 e.( |ef‘(—1)—ef‘(1)
n=0mod4 n/2 n/2 0
n=1lmod4 (n-1)/2 (n+1)/2 1
n=3mod4 (n+1)/2 (n-1)/2 1
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Hence the cycle graphC_;n#2 mod 4 admits signed
product cordial labeling.

Theorem 2.4: The star graph K
product cordial labeling.

Proof: The star graph K, , is a tree obtained by adding
n pendent edge to the center vertex. Let
V ={V,,V,,--,V,,V,,,} be the vertex set and the edge set
is given by E={vV;;2<i<n+1}. To define vertex
labeling for f :V(G) —> {~1,1} is given by
for 1<i<n+l

1;i=1mod2
f(Vi): .
—1;i=0mod?2

n > 2 admits signed

1L,n>

When n is even and odd, the edge labeling is given by
f*(VlVZi) =-1
f (V) =11<i<n/2

and

(v, =-L1<i<(n+1)/2

' Wvyg) =L1<i<((n+1)/2)-1
respectively.

In view of the above labeling pattern we have, Table
2.

Hence the star graph K, | admits signed product cor-
dial labeling.

3. Signed Product Cordial Labeling for
Special Graphs

In this section we prove the signed product cordial la-
beling for the graphs P,",C, and the bistar graph B, .
Theorem 3.1: The Path graph P ,n>3 admits
signed product cordial labeling.
Proof: Let v,v,,v,:--v, and u,,u,,u;---u, be the
vertex sets of the path graph P and the edge set is
given by

E ={vv,;l<i<n-1},E, ={vu;l<i<n}

i+1 5
The graph P, has 2n vertices and 2n—1 edges. To
define vertex labeling f :V(G) - {~1,1} the following

Table 2. Vertex and edge conditions of a star graph.

n v,(-1) v, (1) v, (=D =v, )
n=0mod2 (n-1)/2 (n+1)/2 1
n=1Imod2 (n+1)/2 (n+1)/2 0

n e.(-1) e.(1) |e'. (-—e..(1)
n=0mod2 n/2 n/2 0
n=1mod2 (n-1)/2  (n-3)/2 1
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cases are to be considered.
Case 1: when n is even
for 1<i<n

1;i=1,2mod4
f(Vi): i
—1;i=0,3mod 4

l;i=1mod2
f(u)= i
—1;i=0mod?2
The edge labeling are defined as follows
for 1<i<n-1
frvivi) = F () f(vi)
Uit f(v) and (v,
S |-tif f(v,) and f(v,,,) have different sign

) have same sign

for 1<i<n
f*(viui) = f(vi)f(ui)
~ {1 if f(v,)and f(v,,,) have same sign
—-1if f(v;) and f(v,,,) have different sign
Case 2: When n is odd

The vertex labeling is given by
for 1<i<n-2

L;i=1,2mod4
f(Vi): .

—1;1=0,3mod 4
fv.)=1;f(v,)=-1

for 1<i<n-1

l;i=1mod2
f(ui): .

—1;1=0mod?2
fu)=-1

The edge labeling are defined as follows
for 1<i<n-1

fr v = fv) fv)
|1 if f(v)and f(v,,) have same sign
~|-1if f(v,)and f(v,,) have different sign
for 1<i<n
Frvu) = Fw) f )
U if f(v,) and f(v,,,) have same sign
C-tif f(v,) and f(v,,,) have different sign
In view of the above labeling pattern we have, Table
3.
Hence the graph P,,n>3 admits signed product
cordial labeling.

Theorem 3.2: The graph C,,n>3 admits signed
product cordial labeling except for n=2 mod 4.
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Table 3. Vertex and edge conditions of the graph Pf,n>3.

n v, (-1) v, (1) v, (=D -V, ()
n=0mod?2 n n 0
n=1mod4 n n 0
n=3mod4 n n 0

n e,.(-1) e.() e.(-D-e.()
n=0mod2 n-1 n 1
n=1mod4 n n-1 1
n=3mod4 n-1 n 1

Proof: Let v,v,,v,:--v, and u,,u,,u;---u, be the
vertex sets of the graph C,,n>3 with 2n vertices and
2n edges. The edge set is given by

E, ={vv,;l<i<n-1}u{vy,}

Vil

E, ={vu;l<i<n}

[y

The vertex labeling is defined by

for 1<i<n
1;i=1,2mod4
FOvi) =1 _
—1;i=0,3mod 4
—1;i=1mod2
f(u)= G
Li=0mod2

The edge labeling is given by
for 1<i<n
v = F) F(v,)
it f(v,) and f(v,,) have same sign
-1 f(v,) and f(v,,,) have different sign

1 if f(v;) and f(v,,,) have same sign

fi(v,v )=
(¥s) {—1 if f(v;) and f(v,,,) have different sign

1 f(v,) and f(v,,,) have same sign

fr(vu)=
(vu;) {_1 f(v;) and f(v,,,) have different sign

In view of the above labeling pattern we have, the total
number of vertices labeled with —1’s are given by
V; (=1) =n and the total number of vertices labeled with
I’s are given by V,(l)=n. Therefore the total differ-
ence between the vertices labeled with —1’s and 1’s is
[V (=) =V, (=0 The total number of edges labeled
with —1’s are given by e - (=)=n and the total num-
ber of edges labeled with 1’s are given by e f,ﬁ(l) =n.
Therefore the total difference between the edges labeled

with —1’s and 1’s is ‘ef*(—l)—ef*(l) =0, differ by

ZCro.
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Vi (=D =v ()=n
ef*(—l):ef*(l):n

Hence the cycle graph C;,n>3 admits signed prod-
uct cordial labeling.

Theorem 3.3: The graph B ,,n>2 admits signed
product cordial labeling.

Proof: The graph B ,,n>2 is a bistar obtained
from two disjoint copies of K, by joining the centre
vertices by an edge. It has 2n + 2 vertices and 2n + 1
edges. Let Vv,,V,,Vs,--,V,,,, be the vertices of the bistar

graph. The edge set is defined as
E, ={Vvy,;1<i<n},
E, ={v,V,;2<i<n+1}
We now define vertex labeling f :V(G) — {~11} as

f(vi):{ 1;_i51mod2; 1s_iszn
—Li=0mod2; 3<5i1<2n+2
f(v,) =1
f(vy,,,)=-1
The edge labeling is given by
f(v,v,)=-12<i<n+1
f(vv,,.,)=-1
f(vvy,)=L1<i<n-1

The total number of vertices labeled with —1’s are
given by V,(=1)=n+1 and the total number of vertices
labeled with 1’s are given by v, (l)=n+1. Therefore
the total difference between the vertices labeled with
—I’sand 1’s is |vf =1 —v, (1)| =0 . The total number of
edges labeled with —1’s are given by e.(-1)=n and
the total number of edges labeled with 1’s are given by
e.()=n+l. Therefore the total difference between the

edges labeled with —1’s and 1’s is ‘ef*(—l)—ef*(l) =1,
differ by one. In view of the above labeling pattern we
have,
Vi(=D=vi(1)-1=n+1
ef*(—l):ef*(1)+1= n+1

From the above labeling pattern we have
v, (-1 -v, (D[ <1 and ‘ef,,(—l)—ef,,(l) <1 . Hence the

bistar graph B, ,n>2, admits signed product cordial
labeling.

Example 3.4: Figure 1 illustrates the signed product
cordial labeling for Bistar B, ;. Among the eleven edges
five edges receive the label +1 and six edges receive the

label —1.

n,n>
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Figure 1. Signed product cordial labeling of Bistar Bs.

4. General Results on Signed Product
Cordial Labeling

In this section we prove the Signed product cordial la-
beling for the some general graphs.

Definition 4.1: The tree T@mK; is obtained by at-
taching m copies of K; to any one of the vertices in T.

Theorem 4.2: If a tree T admits signed product cor-
dial labeling with n vertices then T@mK; (m even) is
also a signed product cordial tree.

Proof: Let us assume that a tree T admits signed prod-
uct cordial labeling. The mapping f :V — {-1,1} satis-
fies the condition of signed product cordial labeling.

Let T'=T@mK, =(V',E") where

V=V u{u,u,,--,u,} and E'=Eu{vu,vu,,- v}

The vertex labeling for T', g:V'u{-1,1} is defined
as g(v)=f(v)VveV.

Let {u,u,,--,u,} be the m vertices joined to the
vertex V of the tree T. The vertex labeling of
{u, Uy, uy} s given by g(u)=(-Dl<i<m. If
f(v)=1, then the sign of g(vu,),g(vu,),---,g(vu,)
will be the sign of g(u,),g(u,),---,g(u,) respectively
and if f(v) =—1 then the sign of g(vu,),g(vu,),---,g(vu,,)
will be the sign of —g(u,),—g(u,),-:-,—g(u,) . In both
the cases the new m edges {vu,,Vu,,---,vu,} contrib-
utes equal number of edges labeled with —1°s and 1’s.
Therefore in a tree T@mK;, the difference between the
total number of vertices labeled with —1°s and 1’s and the
difference between the total number of edges labeled
with —1’s and 1’s differs by utmost one.

Example 4.3: Figure 2 illustrates the signed product
cordial labeling for T@4K,; where T is an arbitrary tree
having signed product cordial labeling.

Corollary 4.4: If a connected graph G has signed
product cordial labeling then the graph G@mK,; where
m is even admits signed product cordial labeling.

Definition 4.5: The tree TOP, is obtained by super-
imposing a pendant vertex of P, with any of the se-
lected vertex in T.

Theorem 4.6: If a tree T as signed product cordial
labeling then TOP, where m is odd admits signed prod-
uct cordial labeling.
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Figure 2. Signed product cordial labeling of T@4K;.

Proof: Let T =(V,E) be a connected graph with
vertex set V and edge set E then the tree T(A)Pn =(V',E"
where V'=V U{u,,u,,---,u,} and
E'=Eu{uy,;l<i<n-1}. Let v be a vertex in T.
we superimpose a pendant vertex with a selected vertex v
in T only if they preserves the same sign.

Case 1: If f(v)= f(u)=1, then the vertex labeling
for the path graph follows from theorem 2.2

Case 2: If f(v)= f(u,)=-1, then the vertex labeling
is given by

Sub Case 2.1: when n=0,1,3 (mod4)
for 1<i<n

f(v,)=1;i=0,3mod4
=-1;i=1,2mod4

Sub Case 2.2: when n =2 (mod4)
for 1<i<n-2

f(v,)=1i=0,3mod4
=-Li=12mod4
and
f(v, )=-11(,)=1

As we superimpose the pendant vertex of P, with
any one of the vertex in T provided they preserve the
same sign then the path graph contributes equal number
of vertices and edges labeled with —1’s and 1’s. Hence
the tree T(A)Pn admits signed product cordial labeling.

Corollary 4.7: If a connected graph G has signed
product cordial labeling then the graph T(A)Pn where n
is odd admits signed product cordial labeling.

Theorem 4.8: If a connected graph G has a signed
product cordial labeling with n vertices (n=0mod 4)
then G™ admits signed product cordial.

Proof: Let G=(V,E) be a connected graph with
vertex set V ={uU,,U,,---,U,} . Since G has a signed
product cordial labeling there exists f:V— {—1,1} such

that |v, (~)~v,()[<1 and ‘ef*(—l)—ef*(l) <1.
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As n=0mod 4, |vf -1 -v, (1)l =0. Let
V ={V,uV,} where V, ={u,:i=Imod2} and
Vv, :{Ui :1=0mod 2}. For our convenience let us as-

sume that f maps all the vertices of V, to 1 and all the
vertices of V, to —1. The graph G'=(V',E') is ob-
tained by attaching the pendant vertices {u;,u},---,u;}
to each of the vertices {u;,U,,---,u,} in G. Let the ver-
tex set and edge set of G* be defined as
V'={u,u/:1<i<n} and E'=Eu{uu;l<i<n}.

The vertex labeling for the graph G*,g:V'— {11}
is defined as follows for, 1<i<n

g(u;) = f(ui)
g(u)
—1 when i=0 mod 2and f(u;)=-1 ifi=0mod4
1 when i=1mod2and f(u)=1 if i=1mod4
—1 when i=0 mod2and f(u)=1 ifi=2mod4
I when i=lmod2and f(u)=-1 ifi=3mod4

The induced edge labels g*(uv)= f(uv) V uveE.
All the newly added edges g"(u;u)) will share equally
the labels —1 and 1 as per our construction above. Hence

Vy (- =V, (1| =0 and ‘eg*(—l)—eg*(l) =0. Only by
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this labeling pattern the graph G* admits signed prod-
uct labeling where n is a multiple of 4.
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