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Abstract

Let Gbea (p,q) graph. An injective map f:V(G)—{£1,+2,---,2p} is called a pair sum labeling if the
induced edge function, f,:E(G)—>Z —{0} defined by f,(uv)="f(u)+f(v) is one-one and f,(E(G))
is either of the form{ikl,ikz,---,ikq/z} or {ikl,ikz,---,k(qfl)/z} u{k(qﬂ)/z} according as ( is even or odd.

A graph with a pair sum labeling is called a pair sum graph. In this paper we investigate the pair sum label-
ing behavior of some trees which are derived from stars and bistars. Finally, we show that all trees of order

nine are pair sum graphs.
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1. Introduction

The graphs in this paper are finite, undirected and simple.

V(G) andE(G) will denote the vertex set and edge
set of a graph G. The cardinality of the vertex set of a
graph G is called the order of G and is denoted by p. The
cardinality of its edge set is called the size of G and is
denoted by g. The concept of pair sum labeling has been
introduced in[1].The Pair sum labeling behavior of some
standard graphs like complete graph, cycle, path, bistar,
and some more standard graphs are investigated in [1-3].
Terms not defined here are used in the sense of Harary
[4]. All the trees of order <8 are pair sum have been
proved in [S]. Here we proved that all trees of order nine
are pair sum. Let X be any real number. Then | X | stands
for the largest integer less than or equal to X and fx—|
stands for the smallest inter greater than or equal to X.

2. Pair Sum Labeling

Definition 2.1: Let G be a (p,q) graph. An injective
map f:V(G)—{£1,2,--,£p} is called a pair sum
labeling if the induced edge function, f,:E (G) -7 - {0}
defined by is one-one and f,(E(G)) is either of the
form {ikl,ikz,--‘,ikq/ or

{J_rkl,irkz,...,k(qfl)/z}u k(qﬂ)/z} according as ( is even
or odd. A graph with a pair sum labeling defined on it is
called a pair sum graph.
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Notation 2.1: We denote the vertex and edge sets of
star K, as follows:

V (K, )={u.u 1<i<n}
and
E(K,,)={uyl<i<n}.

Notation 2.2: We denote the vertex and edge sets of
bistar B as follows:

V(B,,)={uv.u.y:1<i<ml<i<n}

and
E(Bm’n):{uv,uui,wj 1<i<m 1< sn}.

Theorem 2.3 [5]: All graphs of order <8 are pair sum.
Now we derive some pair sum trees which are used for
the final section.

3. Pair Sum Labeling of Star Related Graphs

Here we prove that some trees which are obtained from
stars are pair sum.

Theorem 3.1: The trees G,,(1<i<5) with vertex
set and edge set given below are pair sum.

1) V(G)=V(K,,)u{y:1<i<6}

and
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E(Gy)=E (K, ) U{uv, ViV, V,Vs, ViV, v, Vs, VeV |
Then G, is a pair sum graph.
2) V(G,)=V (K, )u{y:1<i<7}

and
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Then G, is a pair sum graph.
3) V(Gy) =V (K, )ulv:1<i<7}

and

E(G;)= E(K,,n)u{uv5,v5v6,v6v7,v,vz,v2v3,v3v4,v4u}.

Then G, is a pair sum graph.

4) V(G,)=V (K, )uivw :1<i<4]
and

E(G,)= E(KLn )U{UW],W,W2,UW3,W3W4,V1V2,V2V3,

AVRATIS

Then G, is a pair sum graph.

5) V(Gs)=V (K, )u{v.w:1<i<3}
and

E(Gs) = E(K,, ) U {uv,,uv,,uv,,v,w, vy, vyw, }.

Then G; is a pair sum graph.
Proof 1): Define

f:V(G)— {£142,--,.2(n+7)}

by
f(u)y=-1f(v)==7, f(v,)=-5, f(v;)=1,
f(v,)=3 f(v;)=5 f(v)=7
f(u)=—2i-4,1<i<[n/2]
and

f (UL(n+1)/2J+i ) =2i+6,1<i< fn/2—| .

Then G, is a pair sum tree. O
Proof 2): Define a map

f:V(G,)— {£1,+2,--,£(n+8)}
by
fv,)=—4 f(v)=1f(v)=3 f(v,)=4,
f(u)y=2,f(u)=7,

f(u.;)=4+2i,1<i<|[n/2]
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and

(Ui )= 2i=8.1<i <[(n-2)/2].

Then G, is a pair sum graph. o
Proof 3): Define a map

f:V(Gy) > {122, £(n+8)}
by
f(v)=-3f(v,)=-6, f(v,)=-1,
f(v,)=—4 f(v)=2 f(v,)=3, f(v,)=4
f(u)=1,f(u)=7+i,
1<E<[0Y2], (U oy ) =i -10,1<i <[ /2.

Then G, is a pair sum graph. O
Proof 4): Define a map

f:V(G,) > {12, -, £(n+9)}

by

1271

f(u)y=-1f(v,)=3f(v,)=2f(v,)=1f(v,)=—4,

v
f(w)=-5f(w)=-6,f(w)=7,f(w,)=4
For the other vertices we define,
f(u)=-5-2i,1<i<[n/2]
F(Ueryagr ) =7+ 20 1<i < [/2.
Obviously f is a pair sum labeling. o
Proof 5): Define
f:V(Gy) > {£1,42,-,+(n+7)}
by
f(u)=—-1,f(v,)=2,f(v,)=3 f(v;)=4
f(w)=-3f(w,)==5f(w)=-7,
f(u)=2i+4,1<i<[n/2]

f (ut(n+1)J+i ) =-2-2i,1<i< Ln/zJ.

Obviously f is a pair sum labeling. o
Illustration 1: A pair sum labeling of the tree
with n=10 is

Gl
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llustration 2: A pair sum labeling of the tree G,
with n=9 is

-9 7;

Illustration 3: A pair sum labeling of the tree G
with n=11 is

-10

4. Bistar Related Graphs

In this section we show that some trees which are ob-
tained from bistar are pair sum.
Theorem 4.1: Let G be the tree with

V(G)=V(B,,)uiw 1<i<6}
and
E(G)= E(Bm’n)u{vwl,Wlwz,wzw3,vw4,w4w5,w5w6}.

Then G is a pair sum graph.
Proof: Define

f:V(G)—> {142, .-, £(m+n+8)}

and

f(w)=-7,f(w,)=—4, f(u)=2,

Casel): m=n
f(ul):_35 f(u1+i):9+i,lgiﬁn—l’
f(v,)=-10-i,1<i<n.
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Case2): m>n
Assign the label to u;,V,(1<i<n) as in case 1). De-
fine

f(u,,;)=8+n+i1<i<[(m-n)/2]

and

f (u((mm)m” ) =-13-n-i,1<i<|[(m-n)/2|

Case 3): m<n
Assign the label to u;,v, (I<i<m) as in case 1). De-
fine

f (Vpoi) =11+ m+i, 1<i<[(n—m)/2]

f (vamM+i ) =-10-m-i,1<i<|[(n-m)/2|.

Then G is a pair sum graph. O
Theorem 4.2: If G is the tree with

V(G)=V(B,,)uiw 1<i<3}
and
E(G)=E(B,,)w{uw,,ww,, w,w,,w,v}/{uv} .

Then G is a pair sum tree.
Proof: Define a function

f:V(G) —>{J_rl,J_r2,~-,J_r(m+n+5)}

Casel): m=n.
f(u)=-5-i,1<i<n
and
f(v,)=3+i,1<i<n.

Case2): m>n.
Assign the label to u;,V,(1<i<n) as in case 1). De-
fine

f(U;)=-5-n-i,1<i<[(m-n)/2]

f (u[(mmm“): 7+n+i,1<i<|[(m-n)/2].

Then G is a pair sum graph o
Illustration 4: A pair sum labeling of the tree in theo-
rem 4.2 with m=10, n=6 is given below:
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Theorem 4.3: Let G be the tree with
V(G)=V (B, )uiw :1<i<4}
and
E(G)=E(B,,)w{uw,ww,,wv,vw,, w,w,} /{uv}.
Then G is a pair sum graph.
Proof: Define
f:V(G) > {£1,42,--,x(m+n+6)}
by
f()=—1f() s f(w)=—4 1 (w)=1,
fwy) =3, f(w,)=4
Casel): m=n.
f(u)=-6,f(u,)=-6-i,1<i<n-1
and
f(v,)=5+i,1<i<n

Case2): m>n.
Assign the label to u;,V,(1<i<n) as in case 1). De-
fine

f(Uy,)=-5-n-i,1<i<[(m-n)/2]

and

f (u((mm)m”): 8+n-+i,1<i<|(m-n)/2].

Case 3): m<n.
Assign the label to u;,V,(1<i<n) as in case 1). De-
fine

f (V) =—8-m—i,1<i<[(n-m)/2]
and

f(v

[(m+n)/2]+i

)=5+m+i,1<i<|(n-m)/2].

Then G is a pair sum graph. O
Theorem 4.4: The tree G with vertex set

V(G)=(B,,)uiw :1<i<5}

Copyright © 2011 SciRes.
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R }

and edge set
E(G)= E(Bm‘n)U{UW],W]V,VW2,W2W3,VW4,W4W5}/{UV}.

Then G is a pair sum tree.
Proof: Define

f:V(G) > {£L£2, .-, £(m+n+7)}

by
f(u)=-1f(v)=1 f(w)=—4, f(w,)=2,
f(w)=3f(w,)=-3f(w)=5
Casel): m=n
f(u)=-5-i,1<i<n
and
f(v,)=5+i,1<i<n
Case2): m>n

Label the vertices U,
1<i<n. Define

f(Up;)=-5-n-i,1<i<[(m-n)/2]

and Vv; as in case 1) for

and

f (u((m+n)/21+i): 6+n+i,1<i<[(m-n)/2].

Case 3): m<n
Assign the label to u;,Vv;(1<i<n) as in case 1). De-
fine

f (Vo) =S+m+i,1<i<[(n-m)/2]
and
f(v[(m+n)/21+i):—7—m—i,lsiS((n—m)/zl.

Then G is a pair sum graph. O
Theorem 4.5: Let G be the tree with

V(G)=V(B,,)u{w 1<i<5}
and

E(G)=E(B,)u{ww,, w,u,uw,, wv,vw,,w,w, } /{uv}.
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Then G is a pair sum tree.
Proof: Define a function

f:V(G) > {£L£2, -, £(m+n+7)}

Casel): m=n.
f(u)=-6-i,1<i<n
and
f(v,)=8+i,1<i<n.
Case 2): m<n.

Assign the label to u;, v, (1<i<m) asin case 1). De-
fine

f (Vpoi) =8+ m+i, 1<i<[(n-m)/2]

and

f (v[(nfm)m”): ~12-m-i,1<i<|(n-m)/2].

Then G is a pair sum graph.
Illustration 5: A pair sum labeling of the tree in theo-
rem 4.5 with m=6, n=11 is given below:

n 3

Theorem 4.6: Let G be the tree with
V(G)=V(B,,)uiw 1<i<4}
and

E(G)=E(B,,)w{uw,wv,vw,, w,w,, w,w, } /{uv}.

Then G is a pair sum tree.
Proof: Define a function

f :V(G)—>{il,iz,---,ir(m+n+6)}

Casel): m=n.

Copyright © 2011 SciRes.

f(u)=-6-i1<i<n
and
f(v,)=6+i,1<i<n

Case2): m<n.
Assign the label to u;,v; (1<i<m) as in case 1). De-
fine

f (Vpi)==7-m—-i,1<i<[(n-m)/2]

and

f (V((m+n)/ﬂ+i ) =6+m+i1<i<|(m-n)/2].

Case 3): m>n.
Assign the label to u;,V,(1<i<n) as in case 1). De-
fine

f(U)=-5-n-i,1<i<[(m-n)/2]

and

f (u((mm)m”): 8+n+i,1<i<|(m-n)/2].

Then G is a pair sum graph. O
Theorem 4.7: Let G be the tree with

V(G)=V(B,,)u{w 1<i<4}
and
E(G)=E(B,,) {vw, ww,, ww,, wow, }.

Then G is a pair sum tree.
Proof: Define a function

f:V(G) > {£L42, -, £(m+n+6)|
by
f(u)=1f(v)=2,f(w)=3f(w,)=-1,
f(w)=-2, f(w,)=-3.
Casel): m=n.

f(u)=-6-i,1<i<m
and

f(v,)=3+i,1<i<m-1.

Case2): m<n.
Assign the label to u;,V, (I<i<m) as in case 1). De-
fine

f (Vpoi)=24+m=+i,1<i<[(n-m)/2]

and

f (uﬂmw)/ﬂﬂ ) =-7-m-i,1<i<[(n-m)/2|.

Case 3): m>n.
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Assign the label to u,
fine

(I<i<n) asin case 1). De-

I’I

f (U )=-6-n-i,1<i<[(m-n)/2]

and

f (u((mm)m”): S+n+i,1<i<|(m-n)/2].

Then G is a pair sum graph. O
Theorem 4.8: The tree G with

V(G)=V(B,,)uiw :1<i<5}

m,n
and
E(G)=E(B,, ) {vw,, ww,, w,w,,vw,, w,w, }.
Then G is a pair sum graph.
Proof: Define a map

f :V(G)—>{il,iz,---,i(m+n+7)}

by
f(u)=1f(v)=2 f(w ) 3, f(w,)=—4,
f(w)=-1f(w,)=-5 f(w)=4
Casel): m=n.
f(u)=-7-i,1<i<m
and
f(v)=4+i,1<i<m,
Case2): m<n.

Assign the label to u.
fine

v, (1<i<m) asin case 1). De-

i”Vi

f (Vi) =4+m+i 1<i<[(n-m)/2]

and

f (u((mm)/ﬂ“ ) =—8-m-i,I<i<|(n-m)/2].

Case 3): m>n.
Assign the label to u;,V,(1<i<n) asin case 1). De-
fine

f(Uy)=-7-n-i,1<i<[(m-n)/2]

and

f (u((mm)/ﬂ”): S+n+i,1<i<|(m-n)/2].

Then G is a pair sum graph. O
Theorem 4.9: The tree G with

V(G)=V (B, )uiw :1<i<5}
and

E(G) = E(Bm,n)U{WIW2$W2u!VW39W3W49W4W5}-

Copyright © 2011 SciRes.

Then G is a pair sum graph.
Proof: Define a map

f:V(G) > {£L£2, .-, £(m+n+7)}
by
f(u)=—4, f(v)=1 f(w)=-6, f(w,)=-1,
Fwy) =2, f(w,)=3, f(ws)=4.
Casel): m=n.
f(u)=-5, f(u,)=-6-i,1<i<m-1,
f(v,)=8
and

f(u,)=9+i,1<i<m-1.

Case2): m<n.
Assign the label to u;,v, (I<i<m) as in case 1). De-
fine

f (Vpi)=8+m+i, 1<i<[(n-m)/2]

and

f (uﬂmm)m”):—IO—m—i,lg i<|(n-m)/2].

Case 3): m>n.
Assign the label to u;,V,(1<i<n) as in case 1). De-
fine

f(Uy)=-5-n-i,1<i<[(m-n)/2]

and

f (unm+n)m+i)=13+n+i, 1<i<[(m-n)/2].

Then G is a pair sum graph. O
Theorem 4.10: The tree G with

V(G)=V(B,,)u{w 1<i<6}
and
E(G)=E(B,,) U {WW,, W,u, vy, Wy w, , VW, , Wyw, }.

Then G is a pair sum graph.
Proof: Define a map
f:vV(G)—> {J_rl,iz,‘-‘,i(m+n+8)}
by

f(u) =4, f(v) =L f (w)=-6,f(w)=—1
f(w)=2,f(w,)=3f(w)=-3 f(w)=5.
Casel): m=n.
f(u)=—4-i1<i<m, f(v,)=6

and
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f(v,)=7+i,1<i<m-1.

Case2): m<n.
Assign the label to u;,V; (1<i<m) as in case 1). De-
fine

f (Vpi)=6+m+i,1<i<[(n-m)/2]
and
f (u((mm)mq):—S—m—i,ls i<|(n-m)/2].

Case 3): m>n.

Assign the label to u;,V,(1<i<n) as in case 1). De-
fine

f (U, )=11+n+i1<i<[(m-n)/2]

and

f (unm+n)m+i)=—4—n—i,1s i<|(m-n)/2].

Then G is a pair sum graph. O
Illustration 6: A pair sum labeling of the tree in theo-
rem4.10 with m=10, n=5 is given below

Theorem 4.11: The tree G with

V(G)=V (B,,)uiw 1<i<4}
E(G)=E(B,,)w{ww,, w,u,uw,, w,w,,w,v}/{uv}.

Then G is a pair sum graph.
Proof: Define a map

f:V(G) > {£L£2,--,.2(m+n+6)|
by
f(u)y=1f(v)=-1f(w)=3f(w,)=2,
f(w)=—4, f(w,)=-2.
Casel): m=n.

f(u)=4+i,1<i<m
and

f(v,)=-5-i,1<i<m.

Case2): m<n.
Assign the label to u;,v, (1<i<m) asin case 1). De-
fine

f(Vpi)=6+m+i,1<i<[(n-m)/2]

Copyright © 2011 SciRes.

and

f (U((mm)mn ) =-5-m-i,1<i<|(n-m)/2].

Case 3): m>n.
Assign the label to u;,v; (1<i<n) asin case 1). De-
fine

f (U )=4+n+i,1<i<[(m-n)/2]
and
f (u[(mm)/ﬂ”):—é—n—i,ls i<|(m-n)/2].

Then G is a pair sum graph. O
Theorem 4.12: The tree G with

V(G)=V(B,,)uiw 1<i<3}
E(G)=E(B,,)w{uw,ww,, w,w,,w,v}/{uv}.

Then G is a pair sum graph.
Proof: Define a map

f:V(G)— {142, 2(m+n+5)}

by
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Casel): m=n.
f(u)=-3-i,1<i<m
and
f(v,)=3+i,1<i<m.

Case2): m<n.
Assign the label to u;,v; (1<i<m) as in case 1). De-
fine

f (Vpi) =3+m+i, 1<i<[(n—m)/2]

and

f (u((m)/z}i ) =—5-m-i,I<i<|(n-m)/2].

Case 3): m>n.
Assign the label to u;,V,(1<i<n) asin case 1). De-
fine

f (U )=-3-n-i,1<i<[(m-n)/2]
and
f (u((m+n)/2]+i):5+n+i, 1<i<|(m-n)/2|.

Then G is a pair sum graph. O
Theorem 4.13: The tree G with

V(G)=V(B,,)uiw 1<i<3}
and
E(G)=E(B,,)w{um.,ww,,w,w,,wyv}/{uv}.

Then G is a pair sum graph.
Proof: Define a map

f:V(G) > {£L£2,--,£(m+n+5)}

by

Casel): m=n.
f(u)=-5-i1<i<m,
f(v)=3+i,1<i<m.

Case 2): m<n.

Assign the label to u;, v, (1<i<m) asin case 1). De-

Copyright © 2011 SciRes.

fine
f (Vpi)=3+m+i, 1<i<[(n-m)/2]
and
f (u((m+n)m+i)=—9—m—i, 1<i<|[(n-m)/2].

Case 3): m>n.
Assign the label to u;,V,(1<i<n) as in case 1). De-
fine

f (U )=-5-n-i,1<i<[(m-n)/2]

and

f (uﬂmm)m”): 7+n+i,1<i<|(m-n)/2].

Then G is a pair sum graph. O
Theorem 4.14: The tree G with

V(G)=V(B,,)u{w :1<i<3}
and
E(G)=E(B,,)u{uw,,ww,,w,w;,w,v}/{uv}.

Then G is a pair sum graph.
Proof: Define a map

f:v (G)—){il,i2,~~,i(m+n+5)}

f(u)y=-1f(v)=-3,f(w)=-5 f(w,)=2,
f(w)=1.
Casel): m=n.
f(u)=4+2i,1<i<m
and
f(v,)=-2i,1<i<m.

Case2): m>n.
Assign the label to u;,V,(1<i<n) as in case 1). De-
fine

f(Uy,)=-3-2n-i,1<i<[(m-n)/2]
and
(Ui )= 520 +E 10 <[ (m=n)/2]|.

Then G is a pair sum graph. O
Illustration 7: A pair sum labeling of the tree in theo-
rem4.14 with m=9, n=6 is given below:
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p -5

5. Trees of Order 9

Here we prove that all trees of order <9 are pair sum.
Theorem 5.1: The trees given below are pair sum.

JOOORs S
D
S
Ry
AR
A
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18) 19) >—{—<

Proof: Graphs in case 1) to case 5) are pair sum by
theorem 3.1. and case 6) to case 19) graphs are pair sum
by theorem 4.1 to 4.14. O

Remark 5.2: The remaining trees of order 9 are pair
sum by theorems in [5].

Theorem 5.3: All trees of order 9 are pair sum.

Proof: Follow from theorem 5.1 and Remark 5.2.

Theorem 5.4: All trees of order <9 are pair sum.

Proof: Follow from theorems 2.3, 5.3. o
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