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Abstract

In this paper we have generalized some results of Rahman [1] by considering the maximum of | f (z)| over a

certain lemniscate instead of considering the maximum of | f(2)

, for |z| =r and obtain the analogous re-
sults for the entire function | f (z)|=i )2 (z)[q(z)]ki1 where q(z) is a polynomial of degree m and
k=1

D (z) is of degree m — 1. Moreover, we have obtained some inequalities on the lover order, type and lower
type in terms of polynomial coefficients.

Keywords: Lemniscate, Lower Order, Lower Type, Slowly Changing Function, Polynomial Coefficients and

Entire Functions.

1. Introduction

Let
f(z)= Z a,z"
n=0

be a nonconstant entire function and assume that a, # 0
for n =1, 2, 3,--- For classifying entire functions by
their growth, the concept of order was introduced. If the
order is a (finite) positive number, then the concept of
type permits a subclassification. For the class of order p
=0 and p = o no subclassification is possible. For exam-
ple all entire functions that grow at least as fast as exp
(exp (z)) have to be kept in one class. For this reason,
numerous attempts have been made to refine the concept
of order and type. Boas [2] define the order p (0 < p< )
and the type 7' (0 < 7'<0) as follows:

loglogM (r, .
limsup PEOEMS) 0B gy
r—>m IOgV n—»o 0 ‘ n|
log M (7,
lim supM = T = limsup (in la, WJ (1.2)
F—® 7’ n—»00 ep
where

M ()= max| £(2)1.
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Rahman [1] studied the type by taking the function
* (log, )", (log,r)* in place of r” and shown
that

I logM(r,f)
imsup
row  pP (logl F)al yeeeen (lng 7')

—=T(p)
(1.3)

= limsup
n—w e (logl n)al yeeeen (logk n)ak

In this paper, we show that instead of considering the
maximum of |f(z)|, for |z| = », we can consider the maxi-
mum of fz) over a certain lemniscate and obtained
analogous results for entire function

)= Zp @[a(:)]"",

Walsh [3], Borwein [4], where ¢(z) is a polynomial of
degree m and py(z) is of degree m — 1 and the equipoten-
tial curve |g(z)] = R defines the lemniscate mentioned
above, various authors such as Rice ([5,6]), Juneja [7],
Juneja and Kapoor [8], Kumar [9], Kumar and Kaur [10]
studied the growth of above entire function but non of
them studied the analogous results of (1.3). Therefore we
have obtained lower order, type and lower type in terms
of polynomial coefficients.
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Rice [5] has extended the results (1.1) and (1.2) for the

log logM(FR,f)

lemniscate ['z.: |g(z)| =R, i.e.,

nlog n

limsup = p/m=limsup > 1.4
R log R e log[ 1| 2, (2) ]
A lOg M(FR,f) . m p/mn
llrgljrpva:thgp;n("pn(z) W (1.5)

where

MTr)= | f@) I, =max | £(2).

I' is the boundary of the lemniscate.
Analogous to (1.4) the lower order A if f{z) can be de-
fined as

loglogM (T

2 im inf 22Ul (L)
m R log R

2. Definitions and Auxiliary Results

Definition 2.1. Slowly changing function ¢(r) is defined
as:
1) ¢(r) is positive, continuous and tends to oo as r—»o,

n—x%

o(x)

Now we prove
Lemma 2.1. f(z)= ipk (@Ng(2)]""

is an entire function of order p > 0 and type T, withre-
spect to order p, if and only if,

R— Rp/mQ(Rl/m) -

—>(o(p)¢0,b0undedas X — 0.

Proof. Set S = R (1+ O(1)), so that from the esti-

go(kr) mate Rice [5], || T, | = 2nR"" (1+O(l)) as R — oo for
2) 113.1 (p(r) =1, for every fixed £> 0, z € Ty, |z2| = S, we have
limsu log M(FR,f)_l, logM (S, f) i logM (S, f)
p /m 1/m =lum Sup P =um Sllp P e
o RG(R™) st (s200)) p(SA+0M) | 5= S7e(S)
o ~ then,
Lemma22. f(z)=) p,(2)g(2)]"" klogk
=1 A2 mliminf -
is an entire function of order p > o and lower type T, if =2 log[ 1l pe(2) IIr. ]
and only if
Proof. Let
timing €M (T f) klog k
R—>» Rp/m¢(R1/m) @ liminf 1 =) <o,
. .. ko lOg[Hpk(z)Hra]
Proof. Proof can be done in a similar manner as
Lemma 2.1. SO

3. Main Results

First we prove the inequality for lower order A in terms
of polynomial coefficients.
Theorem 3.1. Let o be fixed and

7(2)= p, @M
k=1

be an entire function of order p> 0 and lower order A,

21 R*

logM (T, f) =1 T 0o
ogM (T, f) Og[urRH 10|l
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I P (2) ||r,, ] >

klogk

log || p (2) [lp,> —7——, fork>K(e).
(r-¢)

Using the relation Rice [5]

[ Tp 1M (T S)

T 19 I, a<R  (3.1)

| P () [Ira<
have Q(z) is a polynomial of degree m — 1, independent
of K and R, we get

r
klogR —logu 19(2) ”rR

_klogk+
y— 2n
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Choose R = ek"" ™), since a < R, for sufficiently

U(y-¢)

logM (T, f) > klog (Rk™)

or
log M (T,

or

I
e leljocy, -

1)> (Rfe) ™

large k, we obtain

Ir|
gl (e

Ir.|
oe oo,

r-e [y
loglogM (T, /) > (7 —¢)log(R/e)—log [1—(e/R)}( ) log”2—n"||Q(z)||FR

In view of a result of Rice [5]

ITe I pim
S =R (1+0),

we get

loglogM (T, f)

ogR >(y—g)+0().

Proceeding to limit as R— oo, we get

m

Hence the proof is complete.
Theorem 3.2. Let « be fixed. The necessary and suf-
ficient condition that

7(2)=3 p, @M
k=1

is an entire function of type 75 (0 < T4 < o) with respect
to order p (0 < p <), is

) 10gM(r,f) . p/mk
lim sup =T = limsu Il p.(2) ]l (3.2)
DTN epglp) ke pUk) lin@l)
Proof. Let Choosing a sequence of values of R such that
p= hmsup ("pk( )|| )p/mk RPIm L;ﬁ(/{) )
P(k) (B-¢)

Then for a given £> 0, we get

mk/ p
||pk(z>||m-[(ﬂ )¢(k)j .

For an infinite sequence of values of &, so that from

(3.1), we have
2n‘:RP/m (ﬂl:g) ¢(k):|m g

M(Ty, )2
ITllecl,

(3.3)

logM(FR,f) m k
Rp/m (Rl/m) p Rp/m¢(Rl/m)

Applying the limits as R — oo, we get

remB-o 1 3.4
“Tp e op) G4

In order to prove reverse inequality, from (3.2) we
have
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For these R the right hand side of (3.3) attains its
maximum value, that is,

2n(e)""”
M@y, )2 =
IT=llo@l,
or
logM (T, f) Zm—k+ log2n - log[ ||FR ""Q(Z)"rR J
P
or
_m(B-¢) $(k)

1/ C(l)
[ J

50 (" p,.(z )||)p/mk < f+e¢, forsufficiently large k.

3.5)

Now following the same manner as in the proof of
(3.4), we get
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T, < m( ﬂ +¢) (3.6)
epp(p)
Since ¢ s arbitrary, combining (3.4) and (3.6) we get
mp
" epp(p)

Now we have to prove that 7, is a type of f (z) with

respect to order p, when
mp
epp(p)

In fact we can assume that the inequality (3.5) holds
for all k as we can always add a polynomial to f{z) with-
out afficting its order. Thus

0=

7= 1 Zp @ 3 R0 < S, 1 <R3 C g |

k=1

For k = ky, given by ki = (8 + &) ¢ (ki) R”" "V, we

find that

((ﬂwxo(k)j”’k”
k

R™ QZ[( )¢<k)jmk/pR =R" ZZ[(

R*is maximum and the maximum value is
exp{ [1-0))=(5+ g)¢(k1)R"”"e0(”1}
el
Now choosing K such that K; < k; < K; + 1. Then

)¢(k)) R+ S (—(ﬂ;:g)r/ﬁ(k)j e

k=K +1

<K,R"7exp { [1-0() = (B +¢) ok )R""e?V + R’“N*}
Y%

mk/p
: < +
where N is the sum of the convergent series z [Qﬂk)] R".

k=K, +1

So

MTe )= || f(2) |, <KR"exp {[1 - 0(1)]%( B+e)g(k )RV (1+ 0(1))}

<(B+¢)dk))R"" eV 'R”’zexp{[l oM]— (ﬂ+g)¢(k1)R'”/'”e0“"1-(1+0(1))}

which gives

m plm _O(1)-1
logM (T f) (1—0(1));(ﬂ+8)¢(k1)1€ e’

Rp/m¢(R1/m) Rp/mw(Rl/m)

In view of Lemma 2.1 and condition (3) of Definition
2.1, we get

om (B+e) 1
e op)
Similarly we can prove
Sm (B-¢e) 1
p e op)

(/’

by taking

(k)(||pk( )" 2

for an infinite sequence if values of k — co and choosing
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< +o() = (1-0(1) =

m(B+¢) e P(k,) +0(1).
e

1p
p ( ke J
Pk (B +¢)
a corresponding sequence of values of R such that

eof_e k)T
((ﬁ—s)w(kJ

with (3.1). Hence the proof is complete.
Theorem 3.3. Let o be fixed. If

f()= 2 p@Nan

is an entire function of order p > 0 and lower type ¢,
where

t, = 1iminfw,

r—»o0 VP(D(V)
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Then

lim 1nf

po(p) 1 ¢<k>("pk( A, ) <

Proof. The proof of this theorem follows on the lines
of the necessary part of Theorem 3.2, by writing

(3.7)

L= hmmf ("pk( )" )p/mk
and for a given £> 0,
plmk
m("m @l )" > 5o fork= K,

so that we may choose a sequence of values of R satisfy-
ing

k e
p(k) (B'-¢)

Now using the relation (3.1) and Lemma 2.2, we get
the required result. Hence the proof is complete.

Remark 3.1. Theorem 3.2 is the generalization of the

result (1.3) by Rahman [1].
Remark 3.2. Rahman’s theorem [1], if

log M (r,
TP) _ iy ing— 108 M(rS)
roo 1 (log, r),....(log, r)™

plm _

then

a1
T(p) 2lim inf| 2 " la, [P
>0 e (log,n)™,....(log, n)™

is a special case of Theorem 3.3, if we take
¢(r)=(log, r)" ,...(log, r)* and consider the circle |z| =
r, instead if the lemniscate |g(z)| = R

Copyright © 2011 SciRes.
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