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Abstract

Trust-region methods are popular for nonlinear optimization problems. How to determine the predicted re-
duction of the trust-region subproblem is a key issue for trust-region methods. Powell gave an estimation of
the lower bound of the trust-region subproblem by considering the negative gradient direction. In this article,
we give an alternate way to estimate the same lower bound of the trust-region subproblem.

Keywords: Trust-Region Method, Unconstrained Optimization, Trust-Region Subproblem

1. Introduction

There are many methods for solving an unconstrained
optimization problem
minf (), @
xeR"
where f isasmooth function. Line search methods [1,2]
and trust-region methods [3] are the two popular classes
of methods for the problem (1). In this article, we consi-
der the trust-region method for this problem. The trust-
region method for the problem (1) need to solve the fol-
lowing trust-region subproblem at every step:

1
min qk(s)zgls+—sTBks, 2
seRr” 2
subjectto ||s| <A, (3)

where g, = Vf(x,) is the gradient of the objective fun-
ction f() at the current approximation solution x,,
B, is an n by n symmetric matrix which approxi-
mates the Hessian matrix of f ,and A, >0 is a trust-
region radius.

It is a key issue to estimate the lower bound of the
trust-region subproblem (2) and (3) for analyzing the
global convergence of the trust-region methods for the
problem (1) [1-5]. Powell [5] obtained a lower bound of
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the subproblem (2) and (3) by considering the quadratic
model qk(s)along the negative gradient direction —g, .
In the next section we give an alternate way to obtain the
same estimation of its lower bound. Throughout the
paper ||| denotes the Euclidean vector norm or its in-
duced matrix norm.

2. A New Estimation Technique

In this section, we give an alternate way to estimate the
lower bound and upper bound of g, (0)-q,(s,), res-
pectively, where s, is the solution of the subproblem (2)
and (3). Firstly, we give the well-known properties of the
trust-region problem [6,7]:

Lemma 2.1 Vector s, is a solution of the problem
(2)-@3)iif ||s,]|< A, and there exists 4, >0 to satisfy

(By +A41)s, = -0, 4)
(B +41)=0, ®)
A(Ac=Ts ) =0, ®)

where B, € R™" is a symmetric matrix.

This lemma can be proved by the KKT (Karush-Kuhn-
Tucker) conditions for the constraint optimization pro-
blem [4].

Powell [5] obtained an estimation of the lower bound
of q,(0)—q,(s) in the trust region [s|<a, as fol-
lows:

Lemma 2.2 (Powell, 1975 [5]) If s, is a solution of
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(2) and (3), then

a, (0)-, (s,) = 3min{a Jo, /B o).

The estimation of the predicted reduction (7) is a key
property to analyze the convergence of the trust-region
method. Here, we are interested in the question whether
we can obtain the analogous result of (7) if we directly
consider the solution of (4) and (5). Our motivation is
that we obtain the solution of the trust-region subpro-
blem (2) and (3) by solving (4)-(6), and we need to dire-
ctly consider the search direction s, of (4) and its res-
tricted step [2] or the parameter A4, [8-11] for some tru-
st region methods. Therefore, we give an alternate way to
estimate the lower bound of q, (0)—gq, (s,) by directly
considering the solution (4)-(6) of the trust-region sub-
problem (2) and (3).

Lemma 2.3 If 4, >0 such that (5) is satisfied and
S, isa solution of (4), then

> o min{lsJ.Jo.J/JBJ} @

Proof. From (4) we get

qk( ) qk Sk

~ 4 S¢S — Oy Sy )
Combining the above equality and (4)-(5), we have

a (0)-a, (s.)=

1
=Ll Lol (B A g

1 2 2
> A|ls I +———]la.[ |.
Z[zkn Tl ku]

SI Bys, =

1 1 1
_ESI By sy _glsk =_A1<5:Sk __glsk

(10)

where (B, +41)" is the generalized inverse of B, +4,1.

Now we consider the properties of the function

2)=As ]+ (1)

— .
2+

It is not difficult to know that the function ¢(4) is
convex when A+ |B, | >0, since

9"(4)=2|9, ||2/(/1+||Bk ||)3 > 0. Thus, the function (1)

attains its minimizer ¢(4,,) when A satisfies
¢'(Ain) =0 and ,1>—||B |.ie.
0 (Zmn) = 2] aulllsel =Bl (12)
when
Zoin =[98l =Bl and 2oy > ~[B - (23)

We will prove this property by distinguishing two
cases separately, namely A, is nonnegative or negative.
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When g |/[sc]|=[B|. from (13), we have 4, >0.

min

In this case, combining 4, >0 with (10)-(13), we obtain
6 (0) = (s) > Al [ +mllgkll
=0(2) 2 0(2n)
= (2lolls - Jls. )
> ~Jols

The other case is |g,|/|Isi]|<|Bi] . which gives
Amin <0 from (13). Since the function ¢(4) is mono-
tonically increasing forall 2> 4, >0 when
lgell/lIsc]l < By from (10) and (11), we obtain

1 2
Ol G (80) 2| A g J
O-a ()24 Al ol -
1 2
=20(4)220(0)= 3|0l /I8
Combining (14) with (15), we obtain
—||@1kIImm{Ilgkll/llB [ s} @6y

When A4, =0 which shows the constraint is inactive,
from (4) and (5), and the definition of g, (s), we have

q (0)-q, (Sk) =

which shows that (8) is also true. [

g (0)-a, (s¢)

1 ... 1
EQI By 9« Zgllgkllz/llBk " A7)

3. Conclusions

In this article, we give an alternate way to estimate the
lower bound of the trust-region method. This new te-
chnique can be applied to analyze the convergence of
trajectory-following methods for unconstrained optimi-
zation problems [9-11]. The interested future works is
that this new technique is applied to estimate the lower
bound of the trust-region subproblem of the constraint
optimization.
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