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Abstract

In recent years, dynamical systems which are conjugate to their squares have been studied in ergodic theory.
In this paper we study the consequences of groups having elements which are conjugate to their squares and
consider examples arising from topological dynamics and more general dynamical systems.
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1. Introduction

Our intention is to introduce the reader to a number of
topics in dynamical systems related by the group
theoretic notion of conjugacy of an element to its square.
In recent years there has been some interest in dynamical
systems that are conjugate to their composition squares
(see [1,2] and [3]). Although these ideas appeared in an
ergodic theory setting, they can just as well be consi-
dered in the areas of topological and chaotic dynamics,
and this is our point of view. This work arose during the
teaching of a Senior Seminar (capstone) course given on
chaotic dynamics. Some of the topics were introduced
with the aim of having students give presentations in
related areas using articles from various journals. The
intention was to motivate students to learn more about
chaotic and topological dynamics, ergodic theory and
other aspects of dynamical systems (see [4] and [5]). We
start in Section 2 with some group theoretic consequ-
ences of having elements conjugate to their square. The
rest of the paper is concerned with examples. These include
homeomorphisms of the interval [0,1], the circle S ' and
the 3-adic adding machine. We also take a look at tran-
sitive homeomorphisms having topological discrete spec-
trum and which are conjugate to their squares.

2. General Groups with Elements Conjugate
to Their Squares

Let G be a group and a e G. We consider the con-

sequences of a having the property that it is conjugate
to its square, i.e., there exists g € G such that
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ga=a’g.
Denote by C(a) the centralizer of a:
Cla)={g e G:ag=gaj},

and set
S(a)={geG:ga=a’g}.

If geS(a), we see that ga" =a™g for neZ
and g'a= azng” for all neZ". It follows that if G
is abelian, a = e, the identity of G .

Fix keS(a) and define a map ®:C(a) > C(a’)
by ®(s)=ksk™, for s C(a). We can see that @ is
well defined since
®(s)a’ = ksk™'a* = ksak™ = kask™ = a’ksk™ = a*®(s),
so that ®(s)e C(a”). Clearly @ is one--to--one, and
it is a homomorphism since

D(ts) = ktsk ™" = ktk " ksk ™" = D(£)D(s).

® is onto, for if reC(a’), set s=k 'rk , then
O(s)=r and seC(a), which shows that ® is a
group isomorphism.

Since C(a)c C(a®) , there is an seC(a) with
®(s)=a,ie., ksk' =a,or s=k'ak,sothat

st=k7'akkak =k 'ka = a.

This shows that s is a square root of a which is
conjugate to a . We summarize this, and give some
additional properties of @ as follows:

Proposition 1 Suppose that aecG
ka=a’k forsome ke G. Define a map

satisfies
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®:C(a) > C(a®) by D(s)=ksk™, seC(a).

Then

(a) @ isawell defined group isomorphism.

(b) a=k'ak isasquarerootof a in C(a).

(c) C(a)=C(a®) if and only if there is exactly one
square root of a in C(a), which is conjugate to a.

(d) If C(a) is abelian, then ® is independent of the
conjugation k, C(a)=C(a’), so ® is a group auto-
morphism.

(e) If Cla)={a":neZ}, then a" =e for some
m>1 odd.

Proof. (c) First assume C(a)=C(a’) and s, = k; 'ak,
and s, =k, 'ak, are two square roots of a conjugate to
a . Then a=k'a’k =kj'a’k, .
kk'a® = a’lk, k!
particular

It follows that
and kk'eC@®)=C(a) . In

kok'a = ak k" = k\ak, = k;'ak, = s, = s,

(a may have other square roots either in C(a) or not,
which are not conjugate to a ).

Conversely suppose that b e C(a’)\C(a). We have
ka=a’k ,soset k'=bk,then

k'a = bka = ba’*k = a*bk = a*k’,

since be C(a’). Therefore (k') 'ak' is a square root
of a conjugate to a . If (k') 'ak'=k 'ak, then
ak'k "' =k''a or ab=ba so beC(a) , a
contradiction. It follows that k'ak and (k') 'ak’ are
distinct square roots and the result follows.

(d) If ka=a’k,, i=1,2, we see that k,'k, € C(a),
and since C(a) is abelian

(k' )s =s(k;'k,) forall seC(a),

or ksk;' =k,sk;', which says that ® is independent
of the conjugation £ .
1

Write s=a?,thenfor re C(a)

1 1

O(r)a=krk'a= kra’k™ = ka’ra™ = akrk™ = ad(r),

so that ®(r)eC(a) and since C(a)c C(a’) , it
follows that C(a)=C(a”). In particular, ® is a group
automorphism.

(e) Note that k'ak € C(a), so that k'ak=a" for
some neZ, and this implies ¢ =e. (The same
proof can be used to show that if C(a) is an infinite,
finitely generated abelian group, then « cannot be
conjugate to its square).

Remark. If G is a topological group, then the homo-
morphism @ : C(a) — C(a®) is continuous.

Examples. 1. Set G = {(a,k):ka=a’k}, a countably
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infinite, finitely generated non-abelian group.

Let O, = the subgroup of G generated by all
conjugations gag™, geG . Q, is the conjugacy
class of a, and every member of O, is conjugate to its
square. Elements of G can be written as products of the
form k"a’k", m,n,q €7, so that
gag™ =(k"a'k"ya(k™"a"*k™) will be of the form
k"a’k™", a member of C(a) (consider the cases where
n>0 and n<0 separately).

0, is abelian for suppose that g >m and consider

K"a” k™™ )k 'a k™)

=k"a’k""a" k™

— kmapaqufmkq—mk—q — kmap+r2q7mk—m’
and

kK'a"k™)(k"a’k™™)

=k%a" k" a”k™

— qum—qarzq_m apk—m _ kmap+r2q_m k.

In addition, O, has the following properties (based
on [1,6]):

Proposition 2 Let O, be the subgroup of G
generated by the conjugations gag™, ge€G.

(a) Q, is an abelian subgroup of C(a), consisting
of elements of the form k"a"k™, mneZ.

(b) The  map $:0, >R defined by
¢p(k"a"k™")y=n2" is an isomorphism onto the
subgroup H of R, H={n2":nmeZ} of dyadic
rationals.

(c) The commutator subgroup of G is Q, and
G/IQ, =Z.

(d) G=Hx,Z where Hx,Z denotes the semi-
direct product of H and 7 where the multiplication
is given by
(h,n)(r,m)=((h+2"r,n+m), hyreH, nmeZ.

Proof (b) ¢ is well defined for if
(k"a’k™™)=(ka"k™"), g>m,then
ap — kq—markm—q — ar2q7mkq—mk—q+m — arzqu
p=r and m=gq.

H is a subgroup of R with respect to addition and
¢:0, > H is ahomomorphism since if ¢ > m , then

(k" a” k™" )k a" k™))
— ¢(kmap-i-quﬂnk—m)
= p2" +12 = p(k"ak ") + (K a k).

, so that

Clearly ¢ isone-to-one and onto H .
(c) If gek'Q,nk’Q,, then k"' eQ,=i=j. In
addition, if geG then g is of the form
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g=k"a'k" =k""(k™"a’k") e k""" Q, . This shows that
G=U,,k'Q, as a disjoint union. In addition, If
g.,8,€G we can writt g =k'q,, g,=k'q, for
some i,je€Z and ¢,,q, €(Q,, and we can check that
2,8, €k Q, . It follows that G/Q, =Z.

Let G' be the commutator subgroup of G . If
2,8, €G, then we can write g, =k'q,, g, =k’q,
for some i,jeZ and ¢q,,q,€Q,.Then g,g,=k'"g
and in a similar way g;'g;'=k"'h, for some
g,heQ,,so that glgzgl_lgz_l €0,,and G'cQ,.

Also Q, <G’ since the commutator

[k,ak™]= kak 'k "'ka™

=kak'a' = d*kk7'a™ = d*a = a,

which gives

gag™' = glk,ak' g™ =[gkg ™', (gag ' Ngk g )]G’

(d) Set G,=Hx,Z and define y:G, >G by
w(h,n)=a"k" where we interpret «'"> =k 'ak and
similarly for other fractional powers. We see that y is

well defined and onto. It is easy to check that w is
one-to-one, and

h+2" rkn+m
>

wl(h,n)r,m)]|=w(h+2"r,n+m)=a

l//(h,n)l//(r,m) — ahknarkm — ahaZ”rknkm — ah+2”rkn+m’

so W is an isomorphism.

2 If we set G,={a,ky:ka=a’k,k" =¢} , then
necessarily a” =e for m=2"-1, so G, will be
finite, with order a multiple of m . The group
H,={{a,k):ka=a’k,a" = e}, for some n odd, is not
finite.

3 Let us consider an example related to the horocycle
flow in ergodic theory (see [7]). Set

b
G =SL(2,R)=2x2 matrices [a d} with ad —be=1,
C

1 ¢
and g, = [O 1] € G, then for ¢+ 0, the centralizer of

g, is the abelian group:

Clg) = {(‘0’ zj:a,b eR,a’ = 1}.

In addition, we can check that g, is conjugate to its
1
0

c d )
K= , where ¢~ =2.
0 ¢2

The automorphism @ :C(g,) = C(g,) is defined by

2t
square g/ —( 1} via elements of G of the form
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)

which is of course independent of the conjugation K
(because C(g,) is abelian).

This type of example can be generalized to
SL (n,R),

1t /2
e.g., when n=3,inplace of g, ,taking |0 1 t |,
00 1

again conjugate to its square with abelian centralizer.

Remark. Actions of the groups in Examples (1) and
(2) above have importance in measurable dynamics (see
[1] and [6] where the existence of weakly mixing rank-
one transformations conjugate to their square is demon-
strated. This answered an open question in ergodic
theory, see [2,3]).

3. Groups of Homeomorphisms

Denote by H[0,1] the set of homeomorphisms of the
unit interval [0,1], a group when given the operation of
composition of functions. There are two possibilities for
f eH[0,1]: either [ is orientation preserving (then
f is continuous, increasing, f(0)=0 and f(1)=1,
possibly with other fixed points, but no period 2-points
or points of greater period), or f is orientation
reversing (so f is continuous, decreasing, f(0)=1,
f(1)=0 with a unique fixed point and no additional
period 2-points or points of a greater period). We shall
show that for f € H[0,1] orientation preserving, f is
conjugate to its square f(x)= f(f(x)), and we shall
study properties of the conjugating map. The result
below shows that any orientation preserving home-
omorphism of [0,1] has a square root (in fact infinitely
many). We illustrate a standard method of showing
conjugacy using the notion of fundamental domain (see
[8,9] and [10] for related results).

Proposition 3 Let f € H[0,1] be orientation pre-
serving, with fixed points
0=¢ <ec,<--<c,,<c,=1.Then

(@) f is conjugate to its square [, i.e., there is a
map ¢ € H[0,1] satisfying ¢of = f>og.

(b) If ¢eH[0,1] with $of=f>op, then either
#(c)=¢ , i=1,-,n, or n=2 and @0)=1,
p(1)=0.

(¢) The conjugation ¢ in (b) must have fixed points
d, with ¢, <d,<c,, for i=1,2,---,n—1.

(d) The centralizers C(f) and C(f*) are not
equal, and f has infinitely many distinct square roots
(g € H[0,1] with g* = f), each conjugateto f .

Proof- (a) To keep the proof simple, we prove this for

AM



G. R. GOODSON 419

the case where there are only two fixed points, 0 and 1.
The general case is similar.

Either f(x)>x for all 0<x<1 or f(x)<x for
all 0<x<1 (since otherwise f will have additional
fixed points). Suppose the latter holds (the former is
treated similarly). In this case, if xe(0,1) then
limuoe /" (x)=0, so x=0 is an attracting fixed point
and lim,..f "(x)=1, or x=1 is a repelling fixed
point.

Fix a,b€(0,1) and define a map ¢ linearly on the
interval I =(f(a),a] onto the interval J = (f>(b),b]
(so that @(a)=bh, @(f(a))= f>(b)). These are called
fundamental domains for f and f*. Roughly speak-
ing, if we know the values ¢(x) takes on [, then the
equation @(f(x)) = f>(4(x)) determines the values of
#(x) on the rest of [0,1].

Extend ¢ toall of

0.1 =w, f"()

(a disjoint union since f(x)<x and f is strictly
increasing and continuous) as follows: Given any
x €(0,1), there is exactly one neZ with

xe f"(I), sothat f"(x)el,
and weset  p(x) = /" (p(f " (x))).

We can check that ¢(f"(a))= f>"(b) forall neZ
and that ¢ 1is well defined. If we let ¢(0)=0,
#(1)=1, then ¢ is a homeomorphism with the
property that go f(x)= f*og(x) forall xe[0,1].

(b) For i=ln, ¢(f(c)=/*(#c) . so that
f7(#(c;))=¢(c,), but f has no period 2-points, so
F@e) =d(c,).

It follows that {¢;.¢,.-+.¢,} = {(p(¢,), p(¢,), 0(c, )}
sothat ¢(c;)=c; forsome 1<j<n.

Since ¢ € H[0,1], ¢ cannot have periodic points
that are non-fixed in (0,1), we must have ¢(c,)=c;
for 1<i<n. If in addition ¢(0)=0,¢(1)=1, there is
nothing more to prove, so suppose that
#(0)=1,4(1)=0. In this case there is a unique fixed
point, so either n=2 or n=3. It follows from (c)
(below) that n =3 cannot happen as this would imply
the existence of other fixed points. This concludes the
proof of (b).

(c) Again we treat the case where f has only two
fixed points as the general case is similar. Let
f,¢peH[0,1] satisfy f(0)=0 , f(1)=1 and
d(f(x) = f2(p(x)), f(x)<x for xe[0,1]. Then for
any 0<x<1, f"(x)>0 as n—>ow.

Suppose that there exists 0<a <b<1with ¢(a)=>b
(if not there must exist 0 <b <a <lwith ¢(a)=>b and
we proceed in an analogous way). Set g(x)=d¢(x)—x,
then g(a)=¢(a)—a=b—-a>0.

Now ¢(f (@)= f2(#(@) = f*(b) , and generally
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#(f"(@)=f>"(®b) . We can find keZ® with

frby<a,sothat f* )= " (/)< f*(a).

Consequently,

g(fM @) =¢(f (@)~ f (@)= [ ()~ f(a)<0.
Applying the Intermediate Value Theorem, we see that

there exists x e[f*(a),a] with g(x)=0 , or

) =x".

(d) Part (a) shows that f has a square root ¢ f¢.
An argument similar to that in (a) can be used to show
that every square root of f is conjugate to f .
Suppose now that there exists he C(f*)\C(f). Set
w =h-¢, then by Proposition 1(d) we see that ¢' ¢
and y'fy are distinct square roots. It therefore
suffices to show that C(f*)\C(f) is an infinite set.

The method of part (a) can be used to construct
heC(f*) with the property that h(a)=h where a
and b are chosen arbitrarily in (0,1) (again, for
simplicity, assume that the only fixed points f has are
0 and 1 and that f(x)<x for all xe€(0,1)). Set
h(f*(a))= f*(b) and extend h:I —J by linearity,
where 1 =(f?(a),a], J=(f*(b),b] and continue the
definition of % as in part (a). Because of the way % is
defined on / we cannot have A(f(a))=f(h(a))=f(b)
(unless a=b ), so that h¢C(f) . By varying
a,be(0,1) we can define infinitely many distinct
heC(f*)\C(f), thus giving infinitely many distinct
square roots of f .

Our hypotheses exclude f(x)=x, xe[0,1] from
consideration, but the identity map has many square
roots in H[0,1]. These are the involutions of H[0,1]
and are easily constructed. Kuczma [10] has given a
general treatment of the square roots of members of
‘H[0,1]. We have used different methods with an aim of
keeping the technicalities to a minimum. For example, if
f(x)=x> for xe[0,1], then f has infinitely many

square roots in H[0,1] (besides g(x)= X ).

Clearly orientation reversing homeomorphisms of
[0,1] cannot be conjugate to their square. This is also
seen from the following proposition. Denote by Fix (7')
the set of fixed points of a homeomorphism 7 .

Proposition 4 Let S and T be homeomorphisms of
a compact metric space X . If ST=T>S and T has
finitely many fixed points, then

Fix(T) =Fix(T*) = S(Fix(T)).
In particular, T has no period 2-points.
Proof. Let A=Fix(T), B=Fix(T*), and let #A4

denote the number of elements of A . Clearly A< B.
If ge B then
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S'T*(q)=TS"(9)=S"'"(9)e A= g 54
so AcBc SA. Now A is a finite set, so that B is
also a finite set and we must have 4= B =S4, since S
is a homeomorphism.

4. Groups with the Weak Closure Property

Suppose now that G is a complete metric topological
group. We say that aeG has the weak closure
property if the closure of {a":neZ} in G isequal to
C(a).

In this case there is a dichotomy: the centralizer C(a)
of a is either trivial (C(a)=(a)={a" :neZ}), or
there is a sub--sequence k, of integers such that
a'" e as n—o , and the centralizer C(a) is
uncountable (see [11]).

Now if C(a) is trivial, with @® conjugate to «,
then we have seen that ¢ must be of finite order, so we
shall assume throughout that C(a) is uncountable.

Let WC(a) denote the closure of the powers a”,
neZ . It is clear that if a has the weak closure
property, then C(a) is an abelian group. As before
®:C(a) > C(a®) is the isomorphism of Proposition 1.

Proposition 5 Suppose that a has the weak closure
property, and keG satisfies ka=a’k (a" #e for
all n#0). Then

(a) © can be represented as an automorphism
®:C(a) > C(a), defined by ®(s)=s".

(b) Every member of C(a) is conjugate to its square
via k and has a unique square root in C(a).

(¢) C(a) does not contain elements of even order.

Proof. (a) If seWC(a), then s=lim,,.a" , for
some sequence 7, , SO
D(s) = limr P(@") = limisna”™ =57,
therefore ®(s) eWC(a”). We have shown that
OWC(a)) cWC(a®).

Now it is clear that WC(a’)<WC(a) and
C(a) < C(a®). Furthermore, we are assuming that a
has the weak closure property, so WC(a)=C(a) .
Hence
WC(a®) cWC(a)
= C(a) € C(a®) = D(C(a)) = DWC(a)) W C(a’),
so we must have equality throughout. It follows that a”
has the weak closure property and C(a’)=C(a).
Furthermore, ®(s)=ksk™' =s* defines an isomor-
phism from C(a) to C(a”), which may be regarded as
an automorphism of the group C(a).

(b) If seC(a), then ®(s)=ksk' =5>, so s is
conjugate to its square. Also, there exists a unique
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reC(a), such that ®(r)=r> =5, i.e., every member
of C(a) has a unique square root in C(a) which is
conjugate to its square.

(¢) Let reC(a)\{e} be of finite even order,
r"=e say, then kr"k''=(07)"=e=r"=e, a
contradiction.

Most of our results are equally valid for groups with
elements a conjugate to a° or a* etc. The
following proposition is an exception to this claim:

Proposition 6 I a has the weak closure property,
then all conjugations between a and a’ are con-
Jjugate.

Proof. Suppose that s, and s, are two conjugations
between a and a’, then s,'s, € C(a). Then since a
has the weak closure property
s;'s, = 1ima"i

1—>0
for some subsequence n,. We have sa" =a’"s,, for
all i>1, so we deduce, on taking limits, that

LN el N2
51053 8) = (55,875,

or s,(s;5;')=(s;5;')s,. This says that s, and s, are
conjugate (rs, = 5,7 ), via the conjugation r=s,s; .

5. The Topological Discrete Spectrum
Theorem

The main examples having the weak closure property
that we consider are those with (fopological) discrete
spectrum. Let T:X — X be a homeomorphism of a
compact metric space X . Denote by C(X) the
Banach space of complex valued continuous functions
f:X —>C with the supremum norm. A non-zero
function feC(X) is an eigenfunction of T with
corresponding eigenvalue AC if f(Tx)= Af(x) for
xeX.

Suppose now that T is a transitive map: there is a
point x, € X whose orbit O(x,)={T"x,:neZ} is
dense in X . If there is ge C(X) with g(Tx)= g(x)
for all x e X (an invariant function), then g must be
constant, because it is a continuous function constant on
the orbit of x, (a dense set).

Let feC(X) with f(Tx)=Af(x) for all xe X .

Then
| f(Tx) H ANLS(x) [= sup | /(Tx) |

xeX

=[Alsup| f(x) = sup| f(x) = A |sup|f(x)],
xeX xeX xeX
so |[AF1 and | f(x)|= constanton X .
It can also be seen that the eigenspace corresponding
to any one eigenvalue is one-dimensional, and any finite
set of eigenfunctions having distinct eigenvalues is a
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linearly independent set. Furthermore, the set of all
eigenvalues of 7 is a countable subgroup of the circle
group S'={zeC:z|=1} (see Walters [6]).

A homeomorphism 7:X — X on a compact metric
space X is said to have (topological) discrete spectrum
if the eigenfunctions of 7 span C(X) (ie, the
smallest closed linear subspace containing the eigen-
functions is C(X) ). One of the main problems of
topological dynamics is the question of when two
dynamical systems (homeomorphisms on compact metric
spaces) are conjugate. This is answered quite
satisfactorily in the case of maps having discrete spec-
trum:

The Discrete Spectrum Theorem of Halmos and von
Neumann says:

Let S,T:X > X be transitive homeomorphisms
defined on a compact metric space X and having
discrete spectrum, then S and T are conjugate if and
only if they have the same eigenvalue group A .

In addition, a transitive homeomorphism 7" having
discrete spectrum is conjugate to a rotation R:G —> G,
R(g)=ag,g<G on some compact abelian group G
(aeG fixed with the property that {a":neZ} is
densein G ):see [5,12].

If G is a compact abelian group and H(G)= the
set of self-homeomorphisms of G, define 7 € H(G)
by T(g)=bg forsome beG,arotationon G.Ifwe
set S(g)=g” then we see that ST =T">S since

ST(g)=S(bg) = (bg)’ =b’g’,
and T°S(g)=T(g*)=b’g".
T and T* need not be conjugate, but will be

conjugate if S is a group automorphism. For example,
they are conjugate when

G=27,={"":k=0,1,...,q-1} , ( g odd),
T:G—>G , T(g)=bg where b=e and
S(e)=g.

However, if we set G=S", the circle group, and
define a transitive map with discrete spectrum
T:S'>S" by T(z)=az where aeS' is fixed with
a"#1 for all neZ, then S(z)=z> is onto but not
one--to--one and ST =T>S (T is said to be a factor
of T in this case). Clearly T and T> are not
conjugate since 7  has  eigenvalue  group
A={a":neZ} and T* has eigenvalue group
AN ={a":neZ}. The eigenfunctions of T are the
continuous characters of S'. These are the continuous
homomorphisms y:S' — ', and are of the form
x,(z)=z" foreach neZ. T is an example of what
is called an irrational rotation of the circle and is
conjugate to the map

T,:[0,1)>[0,1) , T,(x)=x+a (mod

a= eZm'a

1) where
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We now show that transitive rotations have the weak
closure property. In order to do this we need to specify
the topology on H(G) . It is known that on any compact
metrizable group G there is a metric p which is
rotation invariant: p(gx,gy) = p(x,y) = p(xg,yg) for
all x,y,g€G. Now we define a metric d on H(G)
giving the compact-open topology:

d(S,T) = sup p(Sx,Tx)+sup p(S'x,T'x), S,T € H(G).
xeG xeG

With this topology, H(G) is complete metric topolo-

gical group.

Lemma 1 Let G be a compact metric abelian group.
If R:G—>G is the rotation R(g)=ag where
{a":neZ} is dense in G, then R has the weak
closure property. In addition, C(R), the centralizer of
R, is the set of all rotations on G .

Proof. For each be G, define a rotation 7, :G > G
by 7,(g)=bg, then there is a sequence of positive
integers n, such that ¢"* —»b in G, as k—>o. It
follows that R — T, in H(G),as k—>o.

It therefore suffices to show that the centralizer of R
is given by

C(R)={T,:beG}.

Clearly {I,:beG}cC(R) , so
T € C(R) then
TR=RT = T(ag)=aT(g)=>T(a"g)=a"T(g),
geG.

suppose that

Let xeG be arbitrary and choose 7, so that
a" — x,andset b=T(e),then T(a")=a""T(e) for
k=1,2,---, implies that T(x)=bx for all xe G, and
so Tel{l,:beG}.

Proposition 7 Let T:X — X be transitive with
discrete spectrum and suppose that S:X —> X is a
homeomorphism satisfying ST =T*S. Then T can be
represented as a rotation R:G —> G, R(g)=ag ona
compact abelian group G, and S can be represented
as S:G—>G, S(g)=bg’ forsome a,beG.

Proof. The Discrete Spectrum Theorem tells us that
T can be represented as a rotation R(g)=ag on a
compact abelian group G, so that we can assume

SR(g) = R*S(g)
and SR'(g) = R*"S(g) = S(a"g) = a™'S(g),
forall gegG,

Let xeG and choose a sequence a"* —x as
k—>o , and set b=S(e) , then we must have
S(x)=bx*> forall xeG.

In the following proof we talk about the character
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group G ofa (locally) compact abelian group G . This

is the set of all continuous characters y:G — S' (i.e.,
continuous homomorphisms y:G —>S'). If G is a

compact group, G is a countable group (called the dual
group of G). The Pontryagin Duality Theorem says that

the dual of G (the second dual of G) is topologically
isomorphic to G (both a homeomorphism and a group
isomorphism: see [13]).

Theorem 1 Let T be transitive with discrete
spectrum and eigenvalue group A. T is conjugate to
T* if and only if the map ¢:A—> N, ¢(A)=1 isa
group automorphism.

Proof. T is conjugate to a rotation R:G—>G ,
R(g)=ag for some compact abelian group G and
some a e G,where R hasthe weak closure property.
It follows that the map @ :C(R) > C(R), D(s)=s" is
a group automorphism. Because C(R)={T,:be G},
(where T7,(g)=bg ), this can be written as
O(T,) =T = T, . We deduce that the map

v:G>G, y(g) =g,

is a group automorphism.
The eigenfunctions of R are the continuous
characters y:G — S' since

2(R(g)) = x(ag) = x(a)x(g) , and the group of
eigenvalues of R is A={y(a): y € G}, where

G is the group of characters of G . We then see that
the map

wiA—> A, y(x)a) = 2(w(a) = (@) = (),

is an automorphism which can be identified with
¢:A—> A, ¢(A)=A which is therefore also an
automorphism.

Conversely, if 7:G —> G has eigenvalues A, a
countable subgroup of S§' , for which the map
¢:A—>A, ¢(1)=1" is a group automorphism, then
#(A)=A*,s0 R and R®> have the same eigenvalues,
and are conjugate by the Discrete Spectrum Theorem.

Examples. 1. Set S/ =S', i>0 and Q=117,S),a
compact group when given the product topology and
usual group operation. Let G be the subgroup of Q
defined by

G
= {(ZO’ZI’ZZ’.”) € Q:ZO = ZIZ’ZI = 222’.”’271 = Z’f+1""}'
( G is actually the inverse limit of the sequence
S' < S8' «---, where all the arrows denote the power
two homomorphism. This is written G = lim. S! ).

Fix z,=¢" where z] #1 for all neZ, and set
@, =(29»2,,2,>"+7) Where z, =z, for n=0,1,2---.

Copyright © 2010 SciRes.

Define a group rotation 7:G—>G by
T(w)=w, -® for weG.Itcan be shown that 7 isa
transitive homeomorphism having discrete spectrum, the
eigenvalue group being H = {¢"**" :m,n e Z} , and it is
easy to check that S(w)=w” is an automorphism
which conjugates T to T°.

If we define ¢:H — H ,by ¢#(1)=A",then ¢ isa
group automorphism and we see that the hypotheses of
Theorem 1 are satisfied.

Actually, it is a consequence of the Discrete Spectrum
Theorem that for any countable subgroup A of the
circle §' there is a transitive homeomorphism
T:G—>G (G=A a compact abelian group) having
discrete spectrum, and which has A as its eigenvalue
group. It follows that if A is any countable subgroup of
S' for which ¢:A—>A, ¢(A)=2", is an auto-
morphism, then there is a transitive homeomorphism
having discrete spectrum and eigenvalue group A,
which is conjugate to its square.

2. Let G= the group of 3-adic integers, and
T:G — G the adding machine. We can think of G as
G=0_7Z, where Z,=1{0,1,2}, the group of integers
modulo 3. The group operation on G can be defined as
“carry to the right”, so for example

(2,1,0,2,1,--)+(1,2,1,0,1,--) = (0,1,1,2,2,---).
The adding machine is then defined by
T(g)=g+1,
1=(1,0,0,---) and g=(g,,g,,>)eCG. T is
transitive and since it is a group rotation, it has discrete
spectrum. The eigenvalues are the 3" th roots of unity.

The map S(g)=2g is a group automorphism of G
which conjugates T to T>. S is not transitive as sets

where

of the form {(O,g2,g3,~-)eG:gie]R3} are S inva-

riant. However, the only fixed point of S is the
identity of the group G . Since 7T has the weak closure
property, all other conjugations are conjugate to S'.

3. One of the earliest results in dynamical systems is
due to Poincaré concerning homeomorphisms
f:S'"—>S" of the unit circle in the complex plane.
Before stating his result we shall give some properties of
circle homeomorphisms (see [8] or [4] for example).

Let F:R—>R be a strictly increasing continuous
function satisfying

F(x+1)=F(x)+1, forall xeR

(respectively  strictly  decreasing with  F(x+1)
=F(x)-1 for all xeR ). F determines a
homeomorphism of the circle f:S' — S' defined by

f(e2ﬂi)C) — eZ/riF(x)'

In addition, every homeomorphism of S' arises in
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this way. The homeomorphism is said to be orientation
preserving if F is strictly increasing and orientation
reversing if F 1is strictly decreasing. The map F is
said to be a lift of f . For example f(e”™)=e*™ is
a circle homeomorphism with a single fixed point.
F(x)=x*, 0<x<1 and extended to all of R so that
Fx+1)=F(x)+1 , is a lift of f Circle
homeomorphisms and their rotation numbers have the
following properties:

1) If f is orientation preserving with lift F, then
forall xeR,

. F'(x)
lim

n—® n

=p(f)

exists and is independent of x . Since the lift F is not
unique (any two differ by an integer), by choosing
0<F(0)<1, we may assume that 0< p(f)<1 is
unique and we call p(f) the rotation number of f . It
satisfies p(f")=np(f) (mod 1) for neZ , and
p(hfh™")= p(f) for any other orientation preserving
circle homeomorphism /.

2)If p(f)=0,then f has a fixed point. If p(f)
is rational, then f has a periodic point and p(f) is
irrational if and only if f has no periodic points. There
are circle homeomorphisms having points of any given
period.

3) Poincaré showed: A4  transitive circle
homeomorphism having irrational rotation number is
conjugate to an irrational rotation of the circle.

4) An orientation preserving circle homeomorphism
having points of period n can have points of no other
period.

5) An orientation reversing circle homeomorphism has
exactly 2 fixed points and can have any number of
2-cycles, but cannot have points of period greater than 2.

We have seen that irrational rotations of the circle
cannot be conjugate to their squares, so the same is true
for transitive circle homeomorphisms having irrational
rotation number. The situation is different for circle
homeomorphisms having fixed points.

Theorem 2 Let f:S'—S' be an orientation
preserving circle homeomorphism. Then

(@) f is conjugate to f* if and only if f has at
least one fixed point.

(b) If f has a single fixed point ¢ and
ho f = f*oh for some circle homeomorphism / , then
h(c)=c, and h has at least one other fixed point. If
S has fixed points Fix (f)={c,c,,-,c,}, then #h
permutes the set Fix (f) . If n is prime these points are
either fixed or constitute an 7 -cycle.

Proof. (a) Suppose f has a fixed point, then all
other periodic points are fixed. Use these to partition the
circle into subintervals and give an argument similar to

Copyright © 2010 SciRes.

that in Proposition 3(a) (see [9] or [14]).

Conversely if ho f=f?oh, we may assume h is
orientation preserving (otherwise look at 4°), so the
above properties imply
p(f)= p(h™ f2h) = p(f*) =2p(f) , s0 that p(f)=0,
and f must have a fixed point.

(b) If f(o)=c then h(f(c)=["(h(c)) , so
f(h(c))=h(c) as [ cannot have any period 2-points.
Since ¢ is unique, we must have A(c)=c . An
argument similar to that in Proposition 3(c) can be used
to show that 7 must have an additional fixed point.

If f has »n fixed points {c,c,,...,,c,} then as

above, f(h(c,))=h(c;) for i=12,...,n. We deduce
that 4 1is a permutation of Fix (/') .

If n is prime and the points are not periodic, then
since a circle homeomorphism can only have points of
one period, it must be an n -cycle for /.

4. Let X =[0,1], B= the Borel measurable subsets
of [0,1], and x a Borel measure on X . Denote by
Aut(X) the group of all invertible measure preserving
transformations of 7:X — X (7 will be one-to-one
and onto, but possibly only after a set of measure zero is
omitted).  These  satisfy  T(A), T '(4d)eB
u(T(A) = u(A)= u(T'(A)) for all 4eB . Aut(X)
is a Polish group (but not a topological group). The
3-adic adding machine can be realized as a member of
Aut(X) for u= Lebesgue measure on [0,1] in the
following way.

We define T as a rank-one (rational discrete
spectrum) transformation whose eigenvalues are the
3" th roots of unity, and constructed as follows:

Starting with the unit interval [0,1), subdivide into 3
equal subintervals and stack, placing [1/3,2/3) above
[0,1/3) and [2/3,1) on top. Now define T by linearly
mapping the bottom interval to the middle interval and
mapping the middle interval to the top interval, but
leaving T undefined on the top level. Continue this
process inductively, so that at the nth stage, 7 is
defined on the levels of a column consisting of 3"
equal subintervals. Again subdivide the column into 3
equal subcolumns and stack as before to extend the
definition of T . Ultimately, 7 is defined almost
everywhere on [0,1]. Denote by B;(n) the ith level
of the nth column (0<i<3"-1, n>0), then S can
now be defined inductively by mapping the level B, to
the level B, (working modulo 3" for n>1, where
B,=[0,1) ). By following the orbit of xeB;(n),
0<i<3"-1, we can see that ST =T>S where
S eAut(X).

5.Set X =[0,11" =117

i=—0

[0,1]; (where [0,1], =[0,1]),
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the Hilbert cube. Suppose we have a map
T:[0,11—[0,1] conjugate to its square (for example
T(x)=x") with kT=Tk . Set T" =k"'Tk and
define T:X —> X by

*

T(.”5'x727-x,13x0,x13x23”.)

= ("'9T1/4('x—2):T1/2(x—l)9T(x0)9T2(x]):T4(x2)a'")9
thenif S:X — X is the left shift map:

* *

S(”"x—ﬂxoﬂxl’”'):(”'7x05x1’x27”')5

(where the * represents the Oth coordinate), then we
can check that ST =T3S . In this case T is a
homeomorphism having uncountably many fixed points
(e.g., if T(x)=x"), but no period 2-points. S has
uncountably many periodic points of every order.

6. Concluding Remarks

1) In dynamical systems theory one studies the actions of
groups on sets of homeomorphisms or on sets of measure
preserving transformations. In the study of a single
transformation we are looking at actions of the countable
group Z . The examples of this paper may be thought of
as actions of the group G ={{a,k):ka=a’k}, the
countable non-abelian group that was studied in Section
2. Let X be a compact space and H(X) its group of
self-homeomorphisms. We can define a representation of
G (an action) as a continuous homomorphism
V:G—->H(X), V(g)=V,. Suppose we set V, =T

and V,=S , then Vi =V, V, =S8ST and
Vo =Vl =T?S, so we see that actions of G on
‘H(X) are determined by a pair of homeomorphisms S,

T satisfying ST =T°S.

2) All the examples we have considered have zero
topological entropy (except for the last example whose
entropy is infinite). This is because conjugate
homeomorphisms have the same topological entropy,
and if A(T) denotes the entropy of a homeomorphism
T ,then h(T*)=2h(T) (see[4]).

3) Other examples of interest are the homeomorphisms
of the Cantor set C , in particular for proving
category/density type results. Every invertible measure
preserving transformation may be modeled as a ho-
meomorphism of C . The adding machine can be seen
directly to be such an example.

4) It is natural to talk about conjugacy between a
continuous transformation f defined on some metric
space X and its square f° . The logistic map
f,(x)= wx(1-x) , x€[0,1] cannot be conjugate to

Copyright © 2010 SciRes.

f ”2 for u >3, because such maps have period 2-points.
However, conjugacies between continuous maps and
their squares on higher dimensional spaces may lead to
interesting dynamics.
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