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Abstract

In conjugate gradient method, it is well known that the recursively computed residual differs from true one
as the iteration proceeds in finite arithmetic. Some work have been devoted to analyze this behavior and to
evaluate the lower and the upper bounds of the difference. This paper focuses on the behavior of these two
kinds of residuals, especially their lower bounds caused by the loss of trailing digit, respectively.

Keywords: Conjugate Gradient, Residual, Convergence, Finite Arithmetic, Lower Bound

1. Introduction

Conjugate gradient (CG) method and its varieties are
popular as one of the best unsteady iterative methods for
solving the following linear system:

Ax=b (1

In CG method, an approximate solution x; is expected
to approach the exact solution x. For the symmetric
positive definite A4, it is proved that the 4-norm of the
error monotonically decreases as the iteration proceeds in
exact arithmetic. This will be called as 4-norm mono-
tonicity of the error in the remaining part of this article.
It is obvious that we cannot calculate directly such a
norm of the error without the solution. Therefore, almost
algorithms employ the residual which is easily calculated
as the difference between the left hand side (LHS) and
the right hand side (RHS) of (1), 7 : = b-Ax;. In practice,
the residual is calculated by the recursion formula be-
cause of the computational complexity of the matrix
vector product Ax; [1,2].

However, this recursion formula causes another prob-
lem in which the recursive residual differs from the true
residual as the iteration proceeds. It can be also observed
that the recursive residual decreases after the true one
seams to reach its lower bound. We should terminate the
CG steps just before the difference is too large to be ne-
glected.

Ginsburg has proposed a simple criterion [1]:

For the true residual calculated as the difference be-
tween LHS and RHS of a linear system and the recursive
residual calculated by using the recursion formula, the
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procedure is terminated when the 2-norm of their differ-
ence is greater than the 2-norm of the recursive residual:

Il < exp(k/n)” s =
where 7 is dimensionarity of a linear system.

Several researchers have proposed the estimations of
the lower and the upper bound of the norm of the error
and the residual. Wozniakowski investigated the nume-
rical stabilities and good-behaviors of three stationary
iterative methods and CG method using the true residual
b-Ax; [3,4]. Wozniakowski gave the upper bound of the
ultimately attainable accuracies of the A-norm and the
2-norm of the error, and 2-norm of the true residual. Bo-
llen gives the round-off error analysis of descent me-
thods and lead a general result on the attainable accuracy
of the approximate solution in finite arithmetic [2]. It has
also shown that the general result is applied to the
Gauss-Southwell method and the gradient method to
obtain the decreasing rates of the 4-norm of the error in
finite arithmetic. Greenbaum have shown that for tiny
perturbation ¢, the eigenvalues and the A-norm of the
error vectors generated over a fixed number of perturbed
iterative steps are approximately the same as those quan-
tities generated by the exact recurrences applied to a
“nearby” matrix [5]. The lower bound of the true residual
is pointed out in [6]. Two kinds of the estimates of the
A-norm of the error at every step in CG algorithm has
been proposed and verified that those estimates are the
lower and the upper bound in [7]. The lower and the up-
per bounds of the 4-norm of the error have been also
given by Meurant [7] and Strako$ and Tichy [8]. Strako$
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and Tichy have proposed the tight estimate for the lower
bound of both the 4-norm and the 2-norm of the error in
every step. This stepwise lower bound, however, keeps
decreasing after the error reaches its ‘global’ lower
bound. Therefore, the terminating criteria by using this
stepwise lower bound cannot detect the global lower
bound of the error. Calvetti et al. has proposed the esti-
mates of the lower and upper bound of the 4-norm of the
error in CG method [9]. Those previous studies give the
stepwise lower and the upper bound of the error and the
residual but the global bounds.

In the remaining part of this article, we will first show
that the true and the recursive residual almost monotoni-
cally decrease as the iteration proceeds. Then, these
lower bounds will be shown.

2. Notations

We shall give the notations appeared throughout this
article. 4 and b is, respectively, a coefficient matrix and a
constant vector in a linear system. ||-|| in connection with
a vector and a matrix, respectively, stands for the 2-norm
and spectral norm, ||-||4 in connection with a vector
stands for the norm under the metric tensor A. The exact
value of a variable x is denoted as X . The floating point
representation of a variable x is denoted simply as x. The
computational error caused by the floating point repre-
sentation is denoted as an operator &, (x) =x—-X .

The exact solution of (1) is denoted as x~ which is de-
scribed formally as x'=A"'h. At the k-th step, an ap-
proximate solution, the error, the true residual, and the
recursive residual is, respectively, described as x;, ey, sy,
and 7. They are computed in CG method as follows:

Xl =X D =X X,
s, =b—Ax, 1., =r —adp,
Since 4 is a constant matrix and ||g,(4)|//||4]| is almost

equal to &, without the dependence on the number of
iterations, &(A) is out of our concern as well as &,/(b).

3. Almost Monotonicity of Residuals in
Finite Arithmetic

In this section, we will see the true and the recursive re-
sidual has the 2-norm almost monotonicity in finite ari-
thmetic, respectively.

3.1. The 2-Norm Almost Monotonicity of True
Residual

The true residual is calculated as the difference between
LHS and RHS. This is equivalent to multiplication of A4
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to the error in finite arithmetic,
s, =b—Ax, =b—A(xk —x*)—Ax* =—Ae,

The behavior of true residual s; is, therefore, equiva-
lent to Aey.

The A-norm monotonicity of the error in finite arith-
metic has been proved in theorem-3.1 of [2]. The fol-
lowing theorem shows the error has the 2-norm almost
monotonicity.

Theorem-1. If ¢, has the 4A-norm monotonicity, e, has
the 2-norm almost monotonicity for a regular matrix A4,

3> el <[e ] @)

Proof. The relationship between 2-norm and 4-norm
of error is

lecl =4, <[4l G)
Similarly,
lecl, =[4" e <] 4" |l “)
Substituting (3) and (4) into (2) and we yield
[ el <[4 e, ®)

Equation (5) holds if & exists to satisfy the following
relation

fec < () e, ©

where x(A) is the condition number of a matrix 4. From
the 4-norm monotonicity of the error e, since the fol-
lowing relation holds for any positive value a,

3k > e, <ale],

there exists k > j that satisfies (6) and consequently (2).
We have to notice that (2) does not hold whena =0, i.e.,
the inverse of the coefficient matrix 4 is singular.

Theorem-1 leads to the 2-norm almost monotonicity of
the true residual using the relationship "Sk || = ||Aek|| .

Theorem-2. If ¢, has the 2-norm almost monotonicity,
sx has the 2-norm almost monotonicity for a regular ma-
trix 4,

3k > j, ||sk||<||sj|| (7)

Proof. The relationship between the 2-norm of the er-
ror and that of the residual is

lsell=N4ecl < |4l e ®)
Similarly,

e =145, 1< 47l | ©)
Substituting (8) and (9) into (7) and we yield
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[l <4 e (10)

Equation (10) holds if & exists to satisfy the following
relation

lecll<x(4)" e, (11)

From the 2-norm almost monotonicity of the error ey,
since the following relation holds for any positive value
a,

1 )

there exists k > j that satisfies (11) and consequently (7).

3.2. The 2-Norm Almost Monotonicity of
Recursive Residual

Before the proof of almost monotonicity of recursive
residual in finite arithmetic, we first give the proof of
almost monotonicity of recursive residual in exact arith-
metic.

From the A-norm monotonicity of the error in exact
arithmetic, the 2-norm almost monotonicity of the resid-
ual in exact arithmetic can be proved. We have to notice
that the recursive residual 7, is identical to the true re-
sidual s, in exact arithmetic.

’ en+l||A < ||en|

proposition holds for a regular matrix 4:

3k > 4] <[ (13)

, » then the following

Proof. The relationship between the error and the re-
sidual gives:

[l =[l4z | =4, (14)

Then we yield the lower and the upper bound of the
2-norm of the true residual:

[ el <l <42l a9

From above equation, the sufficient condition for (13)
can be given as follows:

4%l <[4 [, (16)
that is, the equation holds if there exists k£ > j so that
], <x(47) [z, (17)

From the A-norm monotonicity of the error e, , the
following equation holds for any positive value «a,

3> .l <ale), (18)
and (13) holds.

Now we show the almost monotonicity of the recur-
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sive residual in finite arithmetic.

Theorem-4. If the recursive residual has 2-norm al-
most monotonicity in exact arithmetic, then the recursive
residual has the 2-norm almost monotonicity in finite
arithmetic:

7 (19)
Proof. Equation (19) is rewritten as
3k > |7 + e (7)) <[ + e (7/)” (20)

The following relationship is one of its sufficient con-
ditions

The evaluation of the maximum value of LHS is

max ["ﬁ +&y (Fk )M < min[ 7t ey (7})

max [ = 1+ I | en
Similarly, the minimum value of RHS is evaluated as
min || = (1-2, [ | @2)

Substituting (21) and (22) into (20), the sufficient con-
dition of (20) is given as

> ifml<(-a)/(+e)F] @

There exists k > j for (1-¢, )/(l +&,)>0 from
theorem-3 and (23) holds.

4. Lower Bounds of Error and Residual in
Finite Arithmetic

It has been shown that the 2-norm of two kinds of re-
siduals, respectively, decreases almost monotonically in
finite arithmetic in the previous section.

Now we consider whether if the 2-norm of each vari-
able stops decreasing before the approximate x; does not
reach its target x .

4.1. Lower Bound of Error

Theoem-1 shows the approximate solution x; approaches
the exact solution almost monotonically in finite arith-
metic. The correction of the recursion formula of x,
however, vanishes by the loss of trailing digits so that the
error stops changing, i.e.,

45,0 ()

where x; (n) is the n-th component of x;.
On the other hand, the solution in finite arithmetric x
is not always identical to that in exact arithmetic x .
Therefore, the target for iterative algorithms in finite

|<5M:>x x

vtap stop+1 = stop
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arithmetic should not be X~ but x". The error caused by
the loss of trailing digits is described formally as
x" = Xy, - Since the true residual is given by multiplying
A to the error, the lower bound of the true residual is
given as A(x* ~ X0 ) -

4.2. Lower Bound of Recursive Residual

Theorem-4 shows the recursive residual reduces its 2-
norm almost monotonically. The next theorem proves
that the change of the recursive residual stops only when
[[Fes1]] < ear||7il]- It decreases almost monotonically until
then.

Theorem-5. The recursive residual never have a lower
bound caused by the loss of trailing digits.

Proof. The recursion formula of the residual is in gen-
eral described as

Ve =1 = A (24)
where Ary := a;Ap;. The residual reaches its lower bound
ri if the following condition is satisfied:

Ar, <&, (1) (25)

We will show the condition of (25) never be satisfied
in not only exact but also finite arithmetic.
In exact arithmetic, (24) satisfies the following relation-
ship:
ol =17 - A7 = [ - 27 8%) oz
=7l -2(7.7 -7.) Haz |
=7l -2 Haz ) =[] Ham
where using (7,7,,)=0.

Therefore, three vectors in above recursion formula
forms the right triangle so that the following relationship
holds in exact arithmetic :

SARA (26)
This shows that (25) never be satisfied in exact arith-

metic.
Now we evaluate above in finite arithmetic.

||Ark || . min["AFk +&, (AR )M

Il max[ [+, (7)]]
R A =[1_ 28, JIIA@II
(1+&,)[7] ey, ) 7]

According to (26), we yield

ar il = {1 =22, /(1+2.,)}
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and prove that the recursive residual never have a lower
bound caused by the loss of trailing digits.

The termination of the iterations is caused only when
||rk+1 || <&y ||rk || by the significant decrease of the recur-
sive residual for o, Ap, =1, .

5. Conclusions

In this article, the convergence behaviors of true and
recursive residual have been analyzed.

The results obtained are summarized below:

1) In finite arithmetic, the 2-norm of the error and the
residual, respectively, almost monotonically decreases.

2) 2-norm of the error has the lower bound in finite
arithmetic as well as the true residual.

3) 2-norm of the recursive residual never has a non-
zero lower bound caused by the loss of trailing digits in
finite arithmetic.

6. References

[1] T. Ginsburg, “The Conjugate Gradient Method,” Nu-
merische Mathematik, Vol. 5, No. 1, 1963, pp. 191-200.

[2] J. A. M. Bollen, “Numerical Stability of Descenet Meth-
ods for Solving Linear Equations,” Numerische Mathe-
matik, Vol. 43, No. 3, 1984, pp. 361-377.

[3] H. Wozniakowski, “Round-off Error Analysis of Iterati-
nos for Large Linear Systems,” Numeriche Mathematik,
Vol. 30, No. 3, 1978, pp. 301-314.

[4] H. Wozniakowski, “Roundoff Error Analysis of New
Class of Conjugate-Gradient Algorithms,” Linear Alge-
bra and its Applications, Vol. 29, 1980, pp. 507-529.

[5] A. Greenbaum, “Behavior of Slightly Perturbed Lanczos
and Conjugate-Gradient Recurrences,” Linear Algebra
and its Applications, Vol. 113, 1989, pp. 7-63.

[6] A. Greenbaum, “Estimating the Attainable Accuracy of
Recursively Computed Residual Methods,” SIAM Jour-
nal on Matrix Analysis and Applications, Vol. 18, No. 3,
1997, pp. 535- 551.

[71 G. Meurant, “The Computation of Bounds for the Norm
of the Error in the Conjugate Gradient Algorithm,” Nu-
merical Algorithms, Vol. 16, No. 3-4, 1997, pp. 77-87.

[8] Z. Strako$ and P. Tichy, “On Error Estimation in the
Conjugate Gradient Method and Why it Works in Finite
Precision Computations,” Electronic Transactions on
Numerical Analysis, Vol. 13, 2002, pp. 56-80.

D. Calvetti, S. Morigi, L. Reichel and F. Sgallari, “Com-
putable Error Bounds and Estimates for the Conjugate
Gradient Method,” Numerical Algorithms, Vol. 25, No.
1-4, 2000, pp. 75-88.

—
O
[

AM




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.66667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.66667
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 807.874]
>> setpagedevice


