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Abstract 
A new inequality on the minimum eigenvalue for the Fan product of nonsingular M-matrices is 
given. In addition, a new inequality on the spectral radius of the Hadamard product of nonnegative 
matrices is also obtained. These inequalities can improve considerably some previous results. 
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1. Introduction 
Let ( ) n n

ijA a ×= ∈ , and { }1,2, ,N n= � . We write 0A ≥  ( )0A >  if 0ija ≥  ( )0ija >  for any ,i j N∈ . 
If 0A ≥ , A is called a nonnegative matrix, and if A > 0, A is called a positive matrix. The spectral radius of a 
nonnegative matrix A is denoted by ( )Aρ . 

We denote by Zn the class of all n × n real matrices, all of whose off-diagonal entries are nonpositive. A ma-
trix ( )ij nA a Z= ∈  is called an M-matrix if there exists a nonnegative matrix B and a nonnegative real number 
s, such that A sI B= −  with ( )s Bρ≥ , where I is the identity matrix. If ( )s Bρ>  (resp., ( )s Bρ= ), then 
the M-matrix A is nonsingular (resp., singular) (see [1] [2]). Denote by Mn the set of nonsingular M-matrices. 
We define ( ) ( ) ( ){ }min :A Re Aτ λ λ σ= ∈ , where ( )Aσ  denotes the spectrum of A. 

The Fan product of two matrices ( ) n n
ijA a ×= ∈�  and ( ) n n

ijB b ×= ∈�  is the matrix ( ) n n
ijA B c ×= ∈� , 

where 

, if ,

, if .
ij ij

ij
ii ii

a b i j
c

a b i j

− ≠= 
=

 

If , nA B M∈ , then so is A B . In ([2], p. 359), a lower bound for ( )A Bτ   was given: if , nA B M∈ , 
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then ( ) ( ) ( )A B A Bτ τ τ≥ . 
If ( )ij nA a M= ∈ , and 0iia > , we write Q D A= − , where ( )diag iiD a= . Thus we define 1

AJ D Q−= . 
Obviously, JA is nonnegative. Recently, some authors gave some lower bounds of ( )A Bτ   (see [3]-[8]). In 
[4], Huang obtained the following result for ( )A Bτ  , 

( ) ( ) ( )( ) { }
1

1 min .A B ii iii n
A B J J a bτ ρ ρ

≤ ≤
≥ −                           (1) 

The bound of (1) is better than the bound ( ) ( )A Bτ τ  in ([2], p. 359). 
In [7], Liu gave a lower bound of ( )A Bτ  , 

( ) ( )
1

2 21min 4 ,
2 ii ii jj jj ii ii jj jj iji j

A B a b a b a b a bτ
≠

   ≥ + − − + Γ     
                   (2) 

where ( ) ( )2 2
ij ii jj ii jj A Ba a b b J Jρ ρΓ = . The bound of (2) is better than the one of (1). 

For a nonnegative matrix ( )ijA a= , let N A D= − , where ( )diag iiD a= . We denote 1
1AJ D N−′ = , where 

( )1 diag iiD d= , 

, if 0,
1, if 0.

ii ii
ii

ii

a a
d

a
≠

=  =
 

The Hadamard product of two matrices ( ) n n
ijA a ×= ∈�  and ( ) n n

ijB b ×= ∈�  is the matrix  
( ) n n

ij ijA B a b ×= ∈� � . For two nonnegative matrices A and B, recently, some authors gave several new upper 
bounds of ( )A Bρ �  (see [3]-[7] [9]). In [4], Huang obtained the following result for ( )A Bρ � , 

1) If 0,  ii iia b i N≠ ∀ ∈ , then 

( ) ( ) ( )( ) { }
1

1 max .A B ii iii n
A B J J a bρ ρ ρ

≤ ≤
′ ′≤ +�                          (3) 

2) If 
0 0

0i ia ≠  or 
0 0

0i ib ≠  for some i0, but 0,  ii iia b i N= ∀ ∈ , then 

( ) ( ) ( ) { }
1
max , .A B ii iii n

A B J J a bρ ρ ρ
≤ ≤

′ ′≤�                            (4) 

3) If 0iia =  and 0,  iib i N= ∀ ∈ , then 

( ) ( ) ( ).A BA B J Jρ ρ ρ′ ′≤�                                 (5) 

4) If 
0 0 0 0

0i i i ia b ≠  and 
0 0 0 0

0j j j ja b ≠  for some i0, j0, then the upper bound of ( )A Bρ �  is the maximum 
value of the upper bounds of the inequalities in (3)-(5). 

The bound of ( )A Bρ �  in [4] is better than that in ([2], p. 358). 
In [7], Liu gave a new upper bound of ( )A Bρ � , 
1) If 0,  ii iia b i N≠ ∀ ∈ , then 

( ) ( )
1

2 21max 4 ,
2 ii ii jj jj ii ii jj jj iji j

A B a b a b a b a bρ
≠

   ≤ + + − + Ω     
�                  (6) 

where ( ) ( )2 2
ij ii jj ii jj A Ba a b b J Jρ ρ′ ′Ω = . 

2) If 
0 0

0i ia ≠  and 
0 0

0j ja ≠  or 
0 0

0i ib ≠  and 
0 0

0j jb ≠  for some 0 0,i j , but 0,  ii iia b i N= ∀ ∈ , then 

( ) ( ) ( ) ( ) ( )
1 1
2 2max , .A B ii jj ii jji j

A B J J a a b bρ ρ ρ
≠

 
′ ′≤  

 
�                      (7) 

3) If 0iia =  and 0,  iib i N= ∀ ∈ , then 

( ) ( ) ( ).A BA B J Jρ ρ ρ′ ′≤�                               (8) 
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4) If 
0 0 0 0

0i i i ia b ≠  and 
0 0 0 0

0j j j ja b ≠  for some i0, j0, then the upper bound of ( )A Bρ �  is the maximum 
value of the upper bounds of the inequalities in (6)-(8). 

The bound of ( )A Bρ �  in [7] is better than that in [4]. 
The paper is organized as follows. In Section 2, we give a new lower bound of ( )A Bτ  . In Section 3, we 

present a new upper bound of ( )A Bρ � . 

2. Inequalities for the Fan Product of Two M-Matrices 
In this section, we will give a new lower bound of ( )A Bτ  . 

If ( ) n n
ijA a ×= ∈  and 0k ≥ , we write ( ) ( )k k

ijA a=  for the k-th Hadamard power of A. If ( ) n
ix x= ∈  

and 0k ≥ , we write ( ) ( )k k
ix x= . 

Lemma 1. [7] Let , nA B M∈ , and let , n nD E ×∈  be two positive diagonal matrices. Then 

( ) ( ) ( ) ( ) ( ) ( ) ( ).D A B E DAE B DA BE AE DB A DBE= = = =      

Lemma 2. [2] If ( ) n n
ijA a ×= ∈  is a nonnegative matrix and 1k ≥ , then 

( )( ) ( ).k kA Aρ ρ≤  

Theorem 1. Let ( )ijA a=  and ( )ij nB b M= ∈ . Then 

( ) ( ) ( )
1

2 221min 4 ,
2 ii ii jj jj ii ii jj jj iji j

A B a b a b a b a bτ γ
≠

   ≥ + − − +     
  

where ( ) ( )( ) ( )( )2 2 2 , ,ij ii jj ii jj A Ba a b b J J i j Nγ ρ ρ= ∈ . 

It is evident that the Theorem holds with equality for n = 1. Next, we assume that 2n ≥ . 
(1) First, we assume that A B  is irreducible matrix, then A and B are irreducible. Obviously JA and JB are 

also irreducible and nonnegative, so ( )2
AJ  and ( )2

BJ  are nonnegative irreducible matrices. Then there exist two  
positive vectors ( )iu u=  and ( )iv v=  such that ( ) ( )( )2 2

A AJ u J uρ=  and ( ) ( )( )2 2
B BJ v J vρ= . Let 

( ) ( )
1 11 1
2 22 2,    .i i i iu u u u v v v v

   
   
   

   
= = = = = =      

   
 

Then we have ( ) ( ) ( )( ) ( )2 2 2 2
A AJ u J uρ=  and ( ) ( ) ( )( ) ( )2 2 2 2

B BJ v J vρ= , that is 

( )( ) ( )( )
2 22 2

2 22 2
2 2,      ,      .ij j ij j

ii A ii B
j i j ii i

a u b v
a J b J i N

u v
ρ ρ

≠ ≠

= = ∈∑ ∑  

Let ( ) 1
ijA a U AU−= =�

��
 and ( ) 1

ijB b V BV−= =��  in which U and V are the nonsingular diagonal matrices  

( )1 2diag , , , nU u u u= �  and ( )1 2diag , , , nV v v v= � . Then, we have 

( )

112 2
11

1 1

221 1
221

2 2

1 1 2 2

,

n n

n n

ij

n n
nn

n n

a ua ua
u u

a ua u a
u uA a U AU

a u a u
a

u u

−

 
 
 
 
 

= = =  
 
 
 
 
 

�

�� �

� � � �

�
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( )

112 2
11

1 1

221 1
221

2 2

1 1 2 2

.

n n

n n

ij

n n
nn

n n

b vb vb
v v

b vb v b
v vB b V BV

b v b v
b

v v

−

 
 
 
 
 

= = =  
 
 
 
 
 

�

���

� � � �

�

 

It is easy to see that A� , B� , and VU are nonsingular since V and U are. From Lemma 1, we have 

( ) ( )( ) ( ) ( ) ( )1 1 1 1 1 .VU A B VU U V A B VU U AU V BV A B− − − − −= = = � �     

Thus, we obtain ( ) ( )A B A Bτ τ= � �  , and 

( )

1 112 12 2 2
11 11

1 1 1 1

2 221 21 1 1
22 22

2 2 2 2

1 1 1 1 2 2 2 2

.

n n n n

n n n n

ij

n n n n
nn nn

n n n n

a b u va b u va b
u v u v

a b u va b u v a b
u v u vA B c

a b u v a b u v
a b

u v u v

 − − 
 
 
− − 

= =  
 
 
 − − 
 

�

�� �

� � � �

�

  

We next consider the minimum eigenvalue ( )A Bτ � �  of A B� � . Let ( )A Bλ τ= � � . Then we have that 
0 ,  ii iia b i Nλ< < ∀ ∈ . By Theorem 1.23 of [10], there exist 0 0,i j N∈ , 0 0i j≠ , such that 

0 0 0 0 0 0 0 0 0 0
0 0

.i i i i j j j j i t j t
t i t j

a b a b c cλ λ
≠ ≠

− − ≤ ∑ ∑  

By Hölder’s inequality, we have 

( )( ) ( )( )( ) ( )

0 0 0 0

0 0
0 0 0 00 0 0 0

0 0 0 0

0 0 0 00 0 0 0

0 0 0 0 0 0 0 0 0 0

1
2 2 2 2 22 2 2 2

2 2 2 2

1
22 2 22 2 2 2 2 2 .

i t i t t t j t j t t t
i t j t

t i t j t i t ji i j j

i t t i t t j t t j t t

t i t i t j t ji i j j

i i j j i i j j A B i j

a b u v a b u v
c c

u v u v

a u b v a u b v

u v u v

a a b b J Jρ ρ γ

≠ ≠ ≠ ≠

≠ ≠ ≠ ≠

=

 
 ≤   
 

= =

∑ ∑ ∑ ∑

∑ ∑ ∑ ∑  

Then, we have 
( )

0 0 0 0 0 0 0 0 0 0

2 .i i i i j j j j i ja b a bλ λ γ− − ≤  

Since 0 ,  ii iia b i Nλ< < ∀ ∈ , then 

( )( ) ( )
0 0 0 0 0 0 0 0 0 0

2 .i i i i j j j j i ja b a bλ λ γ− − ≤  

Hence, 

( ) ( )
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1
2 221 4 ,

2 i i i i j j j j i i i i j j j j i ja b a b a b a bλ γ
   ≥ + − − +     

 

i.e., 
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( ) ( ) ( )

( ) ( )

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1
2 22

1
2 22

1 4
2

1min 4 .
2

i i i i j j j j i i i i j j j j i j

ii ii jj jj ii ii jj jj iji j

A B a b a b a b a b

a b a b a b a b

τ γ

γ
≠

   ≥ + − − +     
   ≥ + − − +     



 

(2) Now, assume that A B  is reducible. It is well known that a matrix in Zn is a nonsingular M-matrix if 
and only if all its leading principal minors are positive (see [11]). If we denote by ( )ijT t=  the n × n permuta-
tion matrix with 12 23 1, 1 1n n nt t t t−= = = = =� , the remaining tij zero, then both A T−   and B T−   are irre-
ducible nonsingular M-matrix for any chosen positive real number  , sufficiently small such that all the leading 
principal minors of both A T−   and B T−   are positive. Now, we substitute A T−   and B T−   for A and 
B, respectively, in the previous case, and then letting 0→ , the result follows by continuity. 

Remark 1. By Lemma 2, the bound in Theorem 1 is better than that in Theorem 4 of [8] and Theorem 2 of [7]. 
Example 1. Let 

4 1 1 1 1 0.5 0 0
2 5 1 1 0.5 1 0.5 0

,     .
0 2 4 1 0 0.5 1 0.5
1 1 1 4 0 0 0.5 1

A B

− − − −   
   − − − − −   = =
   − − − −
   
− − − −   

 

By calculating with Matlab 7.1, it is easy to show that ( ) 3.2296A Bτ = . 
Applying Theorem 4 of [4], Theorem 3.1 of [5], Theorem 2 of [7], and Theorem 3.1 of [8], we have 
( ) 1.5239A Bτ ≥ , ( ) 2.4333A Bτ ≥ , ( ) 1.5239A Bτ ≥ , and ( ) 2.9779A Bτ ≥ , respectively. But, if we 

apply Theorem 1, we have 

( ) ( ) ( )
1

2 221min 4 2.9833.
2 ii ii jj jj ii ii jj jj iji j

A B a b a b a b a bτ γ
≠

   ≥ + − − + =     
  

The numerical example shows that the bound in Theorem 1 is better than that in Theorem 4 of [4], Theorem 
3.1 of [5], Theorem 2 of [7], and Theorem 3.1 of [8]. 

3. Inequalities for the Hadamard Product of Two Nonnegative Matrices 
In this section, we will give a new upper bound of ( )A Bρ �  for nonnegative matrices A and B. Similar to [7], 
for ( ) 0ijA a= ≥ , write Q = A − D, where ( )diag iiD a= . We denote 1

1AJ D Q−′ =  with ( )1 diag iiD d= , where 

, if 0,
1, if 0.

ii ii
ii

ii

a a
d

a
≠

=  =
 

Note that AJ ′  is nonnegative, and AJ A′ =  if 0iia = ,  i N∀ ∈ . For ( ) 0ijB b= ≥ , let ( )2 diag iiD δ= , 
where 

, if 0,
1, if 0.

ii ii
ii

ii

b b
b

δ
≠

=  =
 

Similarly, the nonnegative matrix BJ ′  is defined. 
Lemma 3. [2] Let , n nA B ×∈ , and let , n nD E ×∈  be diagonal matrices. Then 

( ) ( ) ( ) ( ) ( ) ( ) ( ).D A B E DAE B DA BE AE DB A DBE= = = =� � � � �  

Lemma 4. [12] Let ( ) n n
ijA a ×= ∈  be a nonnegative matrix. Then 

( ) ( )
1
221max 4 .

2 ii jj ii jj ik jki j k i k j
A a a a a a aρ

≠ ≠ ≠

 
  ≤ + + − +  
   

∑ ∑  
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Theorem 2. Let ( ) ( ), n n
ij ijA a B b ×= = ∈� , 0A ≥  and 0B ≥ . Then 

1) If 0,  ii iia b i N≠ ∀ ∈ , then 

( ) ( ) ( )
1

2 221max 4 ,
2 ii ii jj jj ii ii jj jj iji j

A B a b a b a b a bρ η
≠

   ≤ + + − +     
�                  (9) 

where ( ) ( )( ) ( )( )2 2 2 , ,ij ii jj ii jj A Ba a b b J J i j Nη ρ ρ′ ′= ∈ . 

2) If 
0 0

0i ia ≠  and 
0 0

0j ja ≠  or 
0 0

0i ib ≠  and 
0 0

0j jb ≠  for some 0 0,i j , but 0,  ii iia b i N= ∀ ∈ , then 

( ) ( )( ) ( )( )( ) ( ) ( )
1 1 1

2 2 2 2 2max , .A B ii jj ii jji j
A B J J a a b bρ ρ ρ

≠

 
′ ′≤  

 
�                   (10) 

3) If 0iia =  and 0,  iib i N= ∀ ∈ , then 

( ) ( )( ) ( )( )( )
1

2 2 2 .A BA B J Jρ ρ ρ′ ′≤�                            (11) 

4) If 
0 0 0 0

0i i i ia b ≠  and 
0 0 0 0

0j j j ja b ≠  for some i0, j0, then the upper bound of ( )A Bρ �  is the maximum 
value of the upper bounds of the inequalities in (9)-(11). 

Proof. It is evident that 4) holds with equality for n = 1. Next, we assume that 2n ≥ . 
(1) First, we assume that A B�  is irreducible matrix, then A and B are irreducible. Obviously AJ ′  and BJ ′  

are also irreducible and nonnegative, so ( )2
AJ ′  and ( )2

BJ ′  are nonnegative irreducible matrices. Then there exist 
two positive vectors ( )ˆ ˆiu u=  and ( )ˆ îv v=  such that ( ) ( )( )2 2ˆ ˆA AJ u J uρ′ ′=  and ( ) ( )( )ˆ ˆk k

B BJ v J vρ′ ′= . Let 

( ) ( )
1 11 1
2 22 2ˆ ˆ ˆ ˆ,    .i i i iu u u u v v v v

   
   
   

   
= = = = = =      

   
 

Then we have ( ) ( ) ( )( ) ( )2 2 2 2
A AJ u J uρ′ ′=  and ( ) ( ) ( )( ) ( )2 2 2 2

B BJ v J vρ′ ′= , that is 

( )( ) ( )( )
2 2 2 2

2 22 2
2 2,      .ij j ij j

ii A ii B
j i j ii i

a u b v
d J J

u v
ρ δ ρ

≠ ≠

′ ′= =∑ ∑  

Let ( ) 1ˆ ˆijA a U AU−= =  and ( ) 1ˆˆ
ijB b V BV−= =  in which U and V are the nonsingular diagonal matrices  

( )1 2diag , , , nU u u u= �  and ( )1 2diag , , , nV v v v= � . Then we have 

( )

112 2
11

1 1

221 1
221

2 2

1 1 2 2

ˆ ˆ ,

n n

n n

ij

n n
nn

n n

a ua ua
u u

a ua u a
u uA a U AU

a u a u
a

u u

−

 
 
 
 
 

= = =  
 
 
 
 
 

�

�

� � � �

�

 

( )

112 2
11

1 1

221 1
221

2 2

1 1 2 2

ˆˆ .

n n

n n

ij

n n
nn

n n

b vb vb
v v

b vb v b
v vB b V BV

b v b v
b

v v

−

 
 
 
 
 

= = =  
 
 
 
 
 

�

�

� � � �

�
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It is easy to see that Â , B̂ , and VU are nonsingular since V and U are. From Lemma 4, we have 

( ) ( )( ) ( ) ( ) ( )1 1 1 1 1 ˆ ˆ.VU A B VU U V A B VU U AU V BV A B− − − − −= = =� � � �  

Thus, we obtain ( ) ( )ˆ ˆA B A Bρ ρ=� � , and 

( )

1 112 12 2 2
11 11

1 1 1 1

2 221 21 1 1
22 22

2 2 2 2

1 1 1 1 2 2 2 2

ˆ ˆ ˆ .

n n n n

n n n n

ij

n n n n
nn nn

n n n n

a b u va b u va b
u v u v

a b u va b u v a b
u v u vA B c

a b u v a b u v
a b

u v u v

 
 
 
 
 

= =  
 
 
 
 
 

�

�
�

� � � �

�

 

We next consider the minimum eigenvalue ( )ˆ ˆA Bρ �  of ˆ ˆA B� . For nonnegative irreducible matrices Â   

and B̂ , by definition of the Hadamard product of Â  and B̂ , Hölder’s inequality, and Lemma 5, we have 

( ) ( )

( )

1
22

1
22

1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆmax 4
2

1max 4
2

1max
2

ii jj ii jj it jti j t i t j

jt jt t tit it t t
ii ii jj jj ii ii jj jji j t i t ji i j j

ii ii jj jj ii ii jji j

A B c c c c c c

a b u va b u v
a b a b a b a b

u v u v

a b a b a b a b

ρ
≠ ≠ ≠

≠ ≠ ≠

≠

 
  ≤ + + − +  
   

 
  = + + − +  
   

 

≤ + + −

∑ ∑

∑ ∑

�

( )

( ) ( )( ) ( )( )

1
1 2

2 2 2 22 2 2 2 22

2 2 2 2

1
2 22 2

4

1max 4 .
2

jt t jt tit t it t
jj

t i t i t j t ji i j j

ii ii jj jj ii ii jj jj ii jj ii jj A Bi j

a u b va u b v
u v u v

a b a b a b a b d d J Jδ δ ρ ρ

≠ ≠ ≠ ≠

≠

 
     +           

   ′ ′= + + − +     

∑ ∑ ∑ ∑

 

Thus, we obtain 
1) If 0,  ii iia b i N≠ ∀ ∈ , then 

( ) ( ) ( )
1

2 221max 4 .
2 ii ii jj jj ii ii jj jj iji j

A B a b a b a b a bρ η
≠

   ≤ + + − +     
�  

2) If 
0 0

0i ia ≠  and 
0 0

0j ja ≠  or 
0 0

0i ib ≠  and 
0 0

0j jb ≠  for some i0, j0, but 0,  ii iia b i N= ∀ ∈ , then 

( ) ( )( ) ( )( )( ) ( ) ( )
1 1 1

2 2 2 2 2max , .A B ii jj ii jji j
A B J J a a b bρ ρ ρ

≠

 
′ ′≤  

 
�  

3) If 0iia =  and 0,  iib i N= ∀ ∈ , then 

( ) ( )( ) ( )( )( )
1

2 2 2 .A BA B J Jρ ρ ρ′ ′≤�  

4) If 
0 0 0 0

0i i i ia b ≠  and 
0 0 0 0

0j j j ja b ≠  for some i0, j0, then the upper bound of ( )A Bρ �  is the maximum 
value of the upper bounds of the inequalities in (9)-(11). 
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(2) Now, we assume that A B�  is reducible. If we denote by ( )ijT t=  the n × n permutation matrix with 
12 23 1, 1 1n n nt t t t−= = = = =� , the remaining tij = 0, then both A T+   and B T+   are irreducible nonsingular 

matrices for any chosen positive real number  . Now, we substitute A T+   and B T+   for A and B, respec-
tively, in the previous case, and then letting 0→ , the result follows by continuity. 

Remark 2. By Lemma 2, the bound in Theorem 2 is better than that in Theorem 6 of [6] and Theorem 3 of [9]. 
Example 2. Let 

2 0 1 1 2 0.5 0.5 0.5
1 4 0.5 0.5 1 1 1 1

,     .
1 0 3 0.5 0.5 0 2 0.5

0.5 1 1 2 0 1 1 2

A B

   
   
   = =
   
   
   

 

By calculation with Matlab 7.1, we have ( ) 0.8182AJρ ′ = , ( ) 1.1258BJρ ′ = , ( )( )2 0.3047AJρ ′ = , 
( )( )2 0.6263BJρ ′ = , and ( ) 6.3365A Bρ =� . 

If we apply Theorem 6 of [4], Theorem 3 of [7], and Theorem 2.2 of [9], we have ( ) 11.5266A Bρ ≤� , 
( ) 9.6221A Bρ ≤� , and ( ) 9.4116A Bρ ≤� , respectively. But, if we apply Theorem 2, we have 

( ) ( ) ( )
1

2 221max 4 7.3620.
2 ii ii jj jj ii ii jj jj iji j

A B a b a b a b a bρ η
≠

   ≤ + + − + =     
�  

The numerical example shows that the bound in Theorem 2 is better than that in Theorem 6 of [4], Theorem 3 
of [7], and Theorem 2.2 of [9]. 
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