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Abstract

In this paper we study properties of H-singular values of a positive tensor A € R™*™™ and
present an iterative algorithm for computing the largest H-singular value of the positive tensor.
We prove that this method converges for any positive tensors.
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1. Introduction

Recently, eigenvalue problems for tensors have gained special attention in the realm of numerical multilinear
algebra [1]-[4], and they have a wide range of practical applications [5] [6]. The definition of eigenvalues of
square tensors has been introduced in [7]-[9]. Nice properties such as the Perron-Frobenius theorem for
eigenvalues of nonnegative square tensors [7] have been discussed. The authors give algorithms to compute the
largest eigenvalue of a nonnegative square tensor in [6] [10]. Singular values of rectangular tensors have been
introduced in [11]. In [11] [12], properties of singular values of rectangular tensors have been discussed. In
particular, Chang, Qi and Zhou [11] established the Perron-Frobenius theorem to singular values of nonnega-
tive rectangular tensors. They also proposed an iterative algorithm to find the largest singular value of a nonne-
gative rectangular tensor. In [13], the authors studied the convergence of the proposed algorithm.

In this paper, we focus on the tensor A e R™*™™ and study properties of H-singular values of a positive
tensor A e R™ ™™ For more about the definition of the H-singular value of a tensor A € R™*™™  one can
turn to the paper [14].

The paper is organized as follows. In Section 2, we recall some definitions and define H-singular values for a
positive tensor, we extend the Perron-Frobenius theorem to H-singular values of positive tensors. In Section 3,
we give an algorithm to find the largest singular value of a positive tensor, some numerical experiments are
given to show that our algorithm is efficient.
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2. H-Singular Values for a Tensor

Let AeR™ ™™ In this paper, we extend the definition of the classical concept of rectangular tensors, the
tensors are no need square or rectangular. Consider the optimization problem

maxz Zr: iy (Xl)i1 "'(Xm)im v X5 € R", @

under the constraints that

u m m
;(Xl)i == Z(Xm )i =1
We obtain the following system at a critical point:
AXZ . Xm = ﬂxlm_l]’
@)

where

'm

(A% %y ), = Z?;:l"’zr:aiizmim (X )iz (%),

(“4)(1 Xy )i = i:l:l”.zhm:lail-z-im,li (Xl)h "'(Xm—l )im,l .

Im-1

If 2eC, X, eCch \{ } are solutions of (2), then we say that A4 is an H-singular value of the tensor A,
X,y X, are elgenvectors of A, associated with the H-singular value A .
Let

R ={xeR*:x>0,i =1,2,--~,k},
int(Pk)z{Xe R¥:x >0,i =1,2,--~,k}.

A vector x e R is called nonnegative if x e P, and it is called strongly positive if xe int(Pk). For any
1=12,--,m,let x; P, \{0} be a nonnegative vector. We give our main theorems as foIIows
Lemmal Ifatensor AeR™™ i positive, then for any x; e P, \{ boi=12

AX, -+ X, >0,
3 ®)

AX -+ X4 > 0.
Proof. If Xx; eint(Pnj), j=12,---,m, suppose Ax,---X, =0,andthen a ,; =0,a contradiction.
If X, eint(Pnj),and X; #0, j=12,--,m), there exists (xj)ilo #0, and we can get

a, . (% )ig (X )ig > 0.
Then
AX, -+ X, > 0.

Similarly, we can get AX,---X, ; >0. O

Lemma 2. Let a tensor .4 e R™*™ be positive, and let (4,%,-,%,)e R, xint(P, )x---xint(P, ) be a
solution of (2). If (o, ¥;,,Y,) € R, x(P, \{0})x--x(P, \{0}) satisfies

Ay, Yy 2 O'ylmil]v
: 4
Ayl Yo > Uyr[:]_l],

()
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Then o<A.
Proof. Define t, = max{szo‘xj -9y, € Pnj} . Since x; eint I 0. We have

X; —-ty; 20,
ifand only if te[0,t,]. Thus
AT = Ay Xy 28 AY Y 28Oy

At = AX X 2t A ey 2t oy

ie.,
N
o \m-1
X 2 to [IJ Yis
1
o |m-1
Xy 2 tO (E\J Y
This implies o< A4. O
Remark. If there exists (o y;, -, Y,,) € R, xint(R, )x---xint(P, ) such that
[m-1]

Az Ym 2OV
: ®)

Ay Y 2 oY,

Then o is the eigenvalue of A and y; is the corresponding eigenvectors of o, j=12,---,m. This re-
mark can be obtained by similar process in [12] [15].

Theorem 1. Assume that a tensor A € R™™™ s positive, then there exists a solution (20, X, x°) of

m

system (1), satisfying 4, >0 and x? € int(Pnj ) Moreover, if A4 is a singular value with strongly positive ei-

genvectors Xx;, j=12,---,m,then A=4,, The strongly positive eigenvectors are unique up to a multiplica-
tive constant,

Proof. Denote D, ={z =(z,,,2, ) €P,
itself:

i=1i

7z =1} . Provide by Lemma 1, the map Fon D, x---xD,  into

(A& &)t
Z?L(‘A‘:Zl”fm_l)imj

(A% -& )
(AL &)

F(fl,“',égm):

is well defined.
According to the Brouwer Fixed Point Theorem, there exists (§l°,~--,§§) €D, x---xD, ~ such that

AZ) 8 = o™,
: (6)
AZ &0 =anelm,

where

i=1

of{i(Aéfw n‘i)i“} ,

m-1
O'r?q :('m (Aflo'” rgl)lmll] .

i=1
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Let

=t 0 =48 and A =(of ol
Then (ﬁo(xfxg)) is a solution of (2).

Letus show: (x’,---x),)eint(P, )x---xint(P, ). If not, suppose (x?)i=0,that is to say,

(Axio" —lXj+l v r?])l =0,
this contradicts the result of Lemma 1. Therefore,
(%, x0 ) eint(P, )x---xint(P, ).

The uniqueness of the positive singular value with strongly positive left and right eigenvectors now follows
from Lemma 2 directly. The uniqueness up to a multiplicative constant of the strongly positive left and right
eigenvectors is proved in the same way as in [7]. O

Theorem 2. Assume that A € R™™™ s a positive tensor, then

min max (A% X), ,(Axi 1), ] Ao = n[(sz”'Xm)i ’“.,(AX1~~~Xm_1)i],
xjeR \{0} i (Xi)lm‘1 (xm )I X; ePn\{U} i (Xl),m_l (Xm )im-1

where A, is the unique positive singular value corresponding to strongly positive eigenvectors.
Proof. Let x; € B, \{0}, j=12,---,m.We define

[(sz“'xm)i (Axl”'xml)iJl

U (X0, Xy ) = min

() (%)

Since it is a positively 0-homogeneous function, it can be restricted on D, x---xD, . Let
I :u*(x1,~~ , m) Xmeeéxu(x1 X )
Let (ﬂo(xfxg)) is a solution of (2). On one hand, we have
o = U (X, X0 ) <UL (X0, X ) = T
On the other hand, by the definition of u. (X, ), we get
(_AX;...X;)i (AXI"'X;—l)i

Gt )

r. =u*(x1,--~,x;)=miin

This means
A x 2 e
: ()
AX x> ex
According to Lemma 2, we have I. < A, and the we get
Ay = I
Similarly, we prove the other equality. O

Theorem 3. Assume that A e R™ ™™ is a positive tensor, and 4, is the positive singular value with
strongly positive eigenvectors. Then |/1|</10 for allsmgularvalues A of A.
Proof. Let x; C, \{} forsome A1eC, j=12,-,m.Wewishtoshow |A|<4,.Let y; =|x|. We get

|ﬂ“|(yl V’HX | ‘ .AXl Xj4Xj- .Xm)i‘S(Ayl'”yj—lyj"'ym)i'
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Apply Theorem 2, we can get

AV, v ) AV, - '
|2] < max m_in(( Yo Yn), ( Yoo Yma) =1,. O

1 I 1 1
yieh\o} i (yl):" (ym )|m
Theorem 4. Suppose that A € R™™™ s a positive tensor satisfying
n Ny mn N
Zi; ...Zim 8, == Zil .”Zim,llail«--im -C,

where C>0 isaconstant. Then 4,(A)=C.
Proof. Let (4y,(x,+ xp )) is a solution of (2). Without loss of generality, we suppose that (x; )1 = m_ax(x?)i ,

m
1

j=L1---,m.Then
(Axg X0 )1 ( in::l'”zrleail---im (0),, -+ (0), )1
AO = 0\m1 = 0\m-1
(Xl )1 (Xl )1
Ere e (0), (4,

()

On the other hand, it is easy to check that C is an eigenvalue of A with corresponding eigenvectors (xj ) =1,

j=1---,m.So C<A4,. Thuswe have 4,=C. O

3. An Iterative Algorithm

In this section, we propose an iterative algorithm to calculate the largest H-singular value of a positive tensor
based on Theorem 2 and Theorem 3. This algorithm is a modified version of the one given in [11] [13], and we
will show the convergence of the proposed algorithm for any positive tensor. In this section, we always suppose
that A is a positive tensor.

For a positive tensor A eR™ ™™, p>0, x e P, let

771(X1,---,xm)=Ax2...xm +pxi[m71]'

(8)
nm(Xi""’xm)zAxl"'Xm,l‘FpXI[nm_l],
Algorithm 3.1
Step 0 Choose X" >0,---,x!¥ >0.Set k=1;
Step 1 Compute
771(k) :771(X1k,'~-,xr‘;),
| )
nf(ﬂk):nm(xik! ,Xrl;)
Let
u, = min (nl(k))i . (ﬂmk))i w0
Hk (X(jk) |>0 (Xl(k))_m_l ! ’(Xr:))-m_l ’
(k) K)
m) )
= R b )1 ' | 2'1 : (11)
A )

Step 2 If u, =0, then stop. Otherwise, compute
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and replace k by k+1 andgo to Step 1.

In the following, we will give a convergence result for Algorithm 3.1.

Theorem 5. Assume that (uo(xiJ x° )) is a solution of (2). Then,

0<u,fu,<---<U, <--- <0, WL
Proof. By (8), 0<uU,.From Theorem 2, for k=1,2,---,
u, <u, <0,.
We now prove forany k>1,
Up SUpps Uy ST

Foreach k=12,---, by the definition of u, and Lemma 1, we have

-1 -1
Az u, () 5 0 20, (0 S0

Then,
(nl(k>){ml—1}2(u )ml,lxl( )50, (,7<k>){ml—1}2(uk)mll x>0
So,
(k) {ﬁ] ("
TN L) N Y i S
(" wnﬁf))[”“‘J (" nnfnk)){”“]
1
Xr(nk+1) _ (nr(nk)){ml] . (gk )ﬁ Xr(nk) 1 o
(fh(k) ..,nqu))[ml} (’h(k) n(k)){ml]
Hence, we get
771(k+l)> !kﬂl(k) 1 mil:!k(xl(ku))m’l
(-
77r(ﬂk+l) !kﬂl(k) — _k( r(nk+1))m’l
(-

(12)
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which means for j=1,2,---,m
(k+1
(771 ))i
u, <

u Egng

Elk < Elk+1'

Therefore, we get

Similarly, we can prove that

o <0, 0
From Theorem 5, {gk} is a monotonic increasing sequence and it has an upper bound, so the limit exists.
Since {Uk} is monotonic decreasing sequence and it has a lower bound, the limit exists as well. We suppose
u=finy, =jims,
By Theorem 5, we have
O<u<u, <T. (13)
The argument used in the following proof is parallel to that in [13]. We proceed the proof for completeness.
Theorem 6. Let {x(.")} , {ngk)} (J=1,2,---,m) be the sequences produced by Algorithm 3.1. Then

]

a) i k} have convergent subsequences which converge to xJ respectively. Moreover, x]f € Pnj \{0},
J_ y &y “1m

) 7, (o) 2 ()" () 2u ()
C) Uu=u,=0.
Proof. As “(xfk),-~-,xk))

m

‘:1 for all k>2. Hence, there exists a convergent subsequence by the com-

pactness of the unit ball in R" and x’; must not be a zero vector.

By the continuity of 7;, (8) and (9), we get the result (b).

If u=U, we getthat someone of the follow inequations exists:
m (G %) # u(xi)m S (%) = u(x;, )mfl. By Theorem 2.5 in [13], there exists a positive integer
S such that

1 1
gn;<x;.---,x;><n;[(n:)m1.~~,(n;)m1].

By (a) and the continuity of 7, , for any sufficiently large k;, we obtain

o 1 e . |

Then we obtain Ug s > U, which contradicts with Theorem 5. So (c) holds. O
By Theorem 6, we can get the largest H-singular value of A is
Ay = Uy = p.

In the following, in order to show the viability of Algorithm 3.1, we used Matlab 7.1 to test it with some
randomly generated rectan ular tensors. For these randomly generated tensors, the value of each entry is be-
tween 0 and 10. we set x” =[11 1] eR™,... =11, 1] e R™ . We terminated our iteration when
A -4, <10°°.

Our numerlcal results are shown in Table 1. In this table, Ite denotes the number of iterations, 2 -4 and A
denote the values of AK A, and 0.5(4 + A, ) at the final iteration, respectively. NormXJ(J =12, )
denote the values of at the final iteration, respectively. The results in Table 1 show that the proposed algorithm
is promising. The algorithm is able to produce the largest singular values for all these randomly generated posi-

®
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Table 1. Numerical results of Algorithm 3.1 for randomly generated tensors.

(n,n,.n,) Ite A-2 p NormX, NormX, NormX,
2x3x3 26 8.95e—007 36.78 2.42¢—008 1.96e—008 1.87e—008
2x3x4 27 7.68e—007 41.08 1.18e—008 8.30e—009 8.86e—009
2x3x5 28 6.10e—007 46.39 2.82e—009 2.44e—009 1.87e—009
2x3x10 29 9.24¢—007 77.87 2.16e—009 1.71e-009 8.89¢—010
3x6x10 30 7.27¢—007 165.51 6.59¢—009 4.04e—009 3.57e—009

tive tensors.

4. Conclusion

In this paper, we give some eigenvalues properties about the H-singular value of a positive tensor A € R™*>™
introduced in [6]. We find that the Perron-Frobenius like theorem for nonnegative square tensors can not be
extended to the nonnegative tensor A € R™™™ | so here we limit the tensor A4 € R™ ™ to the positive case.
An algorithm is given to compute the largest H-singular value of the positive tensor.
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