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Abstract

The proposed model considers the products with finite shelf-life which causes a small amount of
decay. The market demand is assumed to be level dependent and in a linear form. The model has
also considered the constant production rate which stops attaining a desired level of inventories
and that is the highest level of inventories. Production starts with a buffer stock and without any
sort of backlogs. Due to the market demand and product’s decay, the inventory reduces to the lev-
el of buffer stock where again the production cycle starts. With a numerical search procedure the
proof of the proposed model has been shown. The objective of the model is to obtain the total av-
erage optimum inventory cost and optimum ordering cycle.
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1. Introduction

With a view to solving the inventory problems, it is highly essential for the business institutions to obtain the
economic order quantity (EOQ) and obtaining this quantity leads to reduce the total average inventory cost. This
is why the business institutions emphasize on inventory management and solving inventory problems. The
problem can only be solved if a suitable inventory model could be established which is fit for all the parameters
concerned like, market demand, production rate, product’s life, etc. The innovative EOQ model is, therefore, a
highly demand on regular basis and when required in spite of having existence of huge number of inventory
models. Inventory, indeed, is a stock of materials. Inventory problems are mainly related to the proper manage-
ment of this inventory which can lead to minimize the inventory cost. Generally, we have two kinds of materials
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in our daily needs as far as damage, wastage, deterioration or decay is concerned. Items like radioactive sub-
stances, food grains, fashionable items, pharmaceuticals, etc. are the items of finite life and the items like elec-
tronic goods, steels, woods, etc. are the items of ling life. Due to the limited shelf-life and market demand, the
stock level or inventory continuously decreases and the items in the inventory deplete or deteriorate. This dete-
rioration affects the inventory and inventory cost increases. To make the inventory cost at optimum level i.e. to
get the minimum inventory cost, a suitable inventory model is required to be formulated. An inventory model
with linear demand, small amount of decay and constant production rate has been proposed in this paper to mi-
nimize inventory cost. Keeping the buffer stock as a reserve, the production is assumed to start and after certain
periods at the highest level of inventory, it stops. In this model, we have considered constant production rate
along with the deterioration, whereas the classical inventory models and many researchers use the instantaneous
replenishment. Finally, by proving the convex property and using a numerical searcher procedure, the paper jus-
tified the correctness of the model.

2. Literature Review

Since long the researchers had been focusing on obtaining inventory models suitable to the needs in real life
with a view to solving inventory problems. The problems are related with what will be the pattern of demand in
the market, what may be the production rate of the business institutions, whether there will be finite life of the
products, whether backlogs or shortages and delay in payments are allowed etc. Many researchers have struc-
tured various types of inventory model basing on the situation or the market demand. It may arise different types
of demands in the market. Demand may be linear, quadratic, exponential, time dependent, level or stock depen-
dent, price dependent etc. Considering all the parameters the inventory model is designed. There are two types
of models in this field which covers all the parameters mentioned above. One is deterministic model which deals
with the constant demand and lead time; the other one is stochastic or probabilistic model which deals randomly
with the variable demand and lead time. In this review of the literature, mostly the inventory models with deter-
ministic demand have been discussed. Determining EOQ is one of the most important factors to formulate the
inventory model. The ultimate aim of formulating the model is to minimize the inventory cost by finding the
EOQ. Harris [1] was the first researcher to study the inventory model. The new horizon is opened in the field of
the inventory control management since he presented the famous EOQ formula. Whitin [2] developed the in-
ventory model for the first time which was suitable for fashionable goods considering its little decay in the in-
ventory. Ghare and Schrader [3] first pointed out the effect of decay in inventory analysis and discovered the
economic order quantity (EOQ) model. They showed the nature of the consumption of the deteriorating items.
Skouri and Papachristos [4] discussed a continuous review inventory model considering the five costs as deteri-
oration, holding, shortage, opportunity cost due to the lost sales and the replenishment cost due to the linearly
dependency on the lot size. Chund and Wee [5] developed an integrated two stages production inventory deteri-
orating model for the buyer and the supplier on the basis of stock dependent selling rate considering imperfect
items and just in time (JIT) multiple deliveries. Applying inventory replenishment policy Cheng and Wang [6]
expressed the inventory model for deteriorating items with trapezoidal type demand rate, where the demand rate
is a piecewise linearly functions. Hassan and Bozorgi [7] developed the location of distribution centers with in-
ventory. Sarker et al. [8] explained an inventory model where demand was a composite function consisting of a
constant component and a variable component proportional to inventory level in a period in which decay was
exponential and inventory was positive. Tripathy and Mishra [9] discuss the inventory model with ordering pol-
icy for weibull deteriorating items, quadratic demand, and permissible delay in payments. Khieng et al. [10]
presented a production model for the lot-size, order level inventory system with finite production rate and the
effect of decay. Ekramol [11] [12] considered various production rates assuming the demand is constant. Mishra
et al. [13] explained an inventory model for deteriorating items with time dependent demand and time varying
holding cost under partial backlogging. Ukil [14] discussed the effect of just in time manufacturing system on
EOQ model. Sivazlian and Stenfel [15] determined the optimum value of time cycle by using the graphical solu-
tion of the equation to obtain the economic order quantity model. Shah and Jaiswal [16] and Dye [17] estab-
lished an inventory model by considering demand as a function of selling price and three parameters of Weibull
rate of deterioration. Billington [18] discussed classic economic production quantity (EPQ) model without
backorders or backlogs. Pakkala and Achary [19] established a deterministic inventory model for deteriorating
items with two warehouses, while the replenishment rate was finite, demand was uniform and shortage was al-



S. 1. Ukil, M. S. Uddin

lowed. Abad [20] discussed regarding optimal pricing and lot sizing under conditions of perish ability and par-
tial backordering. Sing and Pattanak [21]-[23] developed the model for deterioration and time dependent qua-
dratic demand under permissible delay in payment, whereas we have used the demand of linear trend but ignor-
ing the payment aspect. Amutha and Chandrasekaran [24] formulated the inventory model with deterioration
items, quadratic demand and time dependent holding cost, but in our proposed model, we have emphasized on
the production rate, linear type of demand and constant holding cost. Ouyang and Cheng [25] explained the in-
ventory model for deteriorating items with exponential declining demand and partial backlogging. Dave and Pa-
tel [26] introduced an inventory model for deteriorating Items with time proportional demand, but we have con-
sidered the demand which is level dependent and a type of linear trend. Teng et al. [27] developed the model
with deteriorating items and shortages assuming that the demand function was positive and fluctuating with re-
spect to time, but in the proposed model, the demand was considered as a linear function and production starts
with a buffer stock as a reserve. The previous model established various types of inventory models considering
several parameters which did not consider the production rate, linear demand along with the buffer stock. Here
comes the necessity to build the proposed model.

3. Assumptions and Notations

o Production rate A is constant and greater than demand rate at any time.

. a+bl (0) = Demand rate at any instant &, where “a=0,1,2,---”and 0<b<1 satisfying the condi-
tion A>a+bl(6).

o For unit inventory, amount of decay rate g is very small and constant.

. Production starts with a few amounts of items in the inventory as a buffer stock.

. Inventory level is highest at a specific level and after this point, the inventory depletes quickly due to
demand and deterioration.

o Shortages are not allowed.

. 1(6) = Inventory level at instant 6.

. I, =Un-decayed inventoryat T=0 to t .

. I, =Un-decayed inventoryat T =t to T,.

J D, = Deteriorating inventoryat T =0 to t .

J D, = Deteriorating inventoryat T =t, to T,.

o Q,Q, and Q = Inventory level attime T =0, t, and T, respectively. Here, Q is the buffer stock.
o dé =Vary small portion of instant 6.

] K, = Setup cost.

o h = Average holding cost.

e TC=TC(T,) =Total average inventory cost in terms of T,.
o t, = Time when inventory gets maximum level.

J T, = Total time cycle.

o Q" = Optimum order quantity.

o t; = Optimum time at maximum inventory.

e T =Optimum order interval.

TC" = Total average optimum inventory cost.

4. Formulation of the Model

Basing on the demand pattern, the business institution decides the structure of the model (Figure 1). This de-
mand very often changes because of various reasons. In reality, the demand may at times the demand be depen-
dent on the level or the stock on hand in the inventory. To meet this type of situation, this model is developed.
The model is suitable for those kinds of products which have finite shelf-life and ultimately causes the products
decay due to its limited life. At the beginning, while timeT =0, the production A starts with Q inventories and
the production remains constant for entire production cycle.

The inventory increases at the rate of A—a—bl(6)—ul(#) during T=0 to t,. The market demand is
a+bl(0) and ul(0) isthe decay of I(6) inventories atinstant & where, x is the decay of unit inven-
tory in the mentioned period. With the help of the above criteria we can formulate the differential equations as
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A
Q [Tttt
Next Cycle
Q >
tl T]_
Buffer Stock
Q=0 >
Figure 1. Inventory model with linear demand.
below:
1(0+d0)=1(0)+{1-a-bl(0)}d0-ul(0)do
or, 1 (0+d0)-1(0)={1-a-bl(0)-ul(0)}do
_1(6+do)-1(6)
or, Lim———~——~= {A-a-bl(0)}-ul ()
or, L1 (0)+ ul (0)= 4 —a—bi ()
dé
The general solution of the differential equation is 1 (6) = A _2 + Ag P
U+
Applying the following boundary condition, we get | (9) =Q at 6 =0, Solving these equations, we get,
A-a
A=Q- )
Q H+D
Therefore, 1(6)= A-a, Q _AZ@ ) lunow (1)
u+b u+b

From the other boundary condition, i.e.at =t , | (0) =Q,, taking up to first degree of ., we get the fol-

lowing equation:
Q :ﬂ—a+ Q_/i—a e,(,”b)tl
You+b u+b

A- A—
:ﬂ+z+(Q—ﬂ+Zj{l—(y+b)g} )
=Q+Q(u+b)t —(A-a)y
=Q+(A-a-Qu-Qb)t,
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Using the Equation (1) and considering up to second degree of 4« for our convenience, the total undecayed
inventory during =0 to t we get,

I, = |(9)d9:j{’1 a+(Q A aje ”*ﬂde

{ u+b u+b
:{A—G{Q—i—a]{ g (100 Htl
u+b u+b )| —(u+b) .
(A-a)y (4 A-a)fe
"~ u+b Q u+b u+b ®)

S (g 28| L v+ hue ot

u+b u+b )\ u+b

= QL -5 Q(u b +5(2-a)t

We calculate the deteriorating items during the period considering the decay of the items as below:

oo o-Sig)e o

1
=Qut, =5 Q(u+b) +§(/1—a)/ﬁf
On the other hand, the inventory decreases at the rate of a+bl (8)+ 1 () during T =t, to T, as thereis

no production after time t,. The inventory depletes due to market demand and the deterioration of the items.
Similar approach as used before can be applied to get another differential equation which is as follows:
d

51(0)+ 1 (6)=-a-bl (0)

The general solution of the differential equation is defined below:

1(0)= ‘ib"

Applying the boundary conditionat 6 =T,, we get, 1(6)=Q.
By solving we get, (Q L j ol
u+b

+ Be™

Therefore, I(€)=— a +Q+ e glusd)T-0) 5)
u+b u+b

Substituting another boundary condition, i.e. at 6=t , | (6’) =Q,, taking up to first order of 4, we get the
following equation:

_ a a (u+b)(Ti—t )
=— +Q+—— e
R (Q o bj

=—ﬂib+[Q+ﬂibj{l+(,u+b)(Tl—t1)} (6)
=Q+{a+Q(/¢+b)}(Tl—t1)

Now, using Equation (5) and considering up to the first degree of x we get the un-decayed inventory during

T=t to T, as:
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0)do = Tj 2 o+ g0 L
u+Db +b

4

fio )
E———

a .
=_ T,-t)- 1 glub)(t) 7
#+b( ) (QUHJ(;HJ{ ! )
T, -
+b( -t)+ (Q+ j( -t)
= Q(Tl _tl)
Considering the decay of the items, we calculate the deteriorating items during the period as below:
T T
a a "

D, = [ u1(0)do = Jﬂ{—wb +[Q+ Mbje‘” R }de Qu(T,-t,) ®

4 t

From Equations (2) and (6), we get,
Q+(A-a-Qu-Qb)t, =Q+{a+Q(u+b)}(T,~t,)

or t =Mn ©)

Considering the value as

a+Q2y+b): (10)

We construct the following equation with the help of Equation (9),
t=vT 11)
Total Cost Function: The cost function can be described in the following form,
Ko +h(l,+D, +1,+D,)
Tl

TC =

(12)

By substituting the Equations (3), (4), (7), (8) and (11) in (12), we get the value of total average inventory
cost as below,

TC =—{KO +th1—gQ(,u+b)tf +g(ﬂ—a)tf +hQut, —gQ(#Jfb)ﬂtf +g(ﬂ—a)ﬂﬂ

{KO +hQ(1+u)t, +2(/1—a—Q,u—Qb)(l+ 1) +hQ(1+ u)(T, —tl)}
(13)

[
X Rl

=—+hQ(1+,u)v+h(l a—Qu—Qb)(L1+u)vT, +hQ(L1+ u)(1-v)

~

:T—°+ hQ(l+y)+g(ﬁ,—a—Q,u—Qb)(1+ )V,

Now with a view to obtaining the total time cycle T, that minimizes the total average inventory cost for the
inventory system we shall adopt the convex property. The total average inventory cost is depicted by the equa-
tion no (13). To obtain the optimum time cycle and verify Equation (13) as convex in T, we must satisfy the
following well established convex property,

0 -L1c=0 and
dQ,
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d2
(i) —TC>0
dQ,
Now differentiating Equation (13) with respectto T, we get the following equation,
dTC K, h 2
—=——+—(1-a-Qu-Qb)(1+ 14
T 5 Qu-Qb)(1+u)v (14)
Putting the value of Equation (14) in the convex property (i) and then using (10), we get
K, h
—2=—(2-a-Qu-Qb)(1+ u)v?
T 2
2K, A2

h(4-a-Qu—-Qb)(1+u)(a+Qu+Qb)’

2
or, T, = 2Ko (15)
h(

or, T2 =

A—-a-Qu-Qb)(1+ u)(a+Qu+Qb)’
Now with the help of Equations (11) and (15), we get the value of t, as below,

2K
L= ° (16)
\/h(/l— a—Qu—Qb)(1+ x)
Again differentiating Equation (14) with respectto T,, we get,

2
LS CRLS

17
dT1? T} (0

2

From Equation (17) we come to an end that the convex property (ii) is satisfied, i.e. ddT_ZTC >0,as K, and
1

T, both is positive. Finally, we conclude that total cost function (13) is convex in T,. Hence, there is an optimal
solution in T, for which the total average inventory cost must be minimal.

5. Numerical Search Procedure

According to the result in section 5, we give an example that may illustrate how the numerical search
procedure works. Suppose that there is a product which is a linear function in the inventory system
and adopts the following parameters:

K, =100,Q=10,4=50,h=2,a=5b=0.8,and £ =0.01.

We now put all the values in Equations (15), (16), (2) and (13) and then we get the results as optimum order
interval T, =6.252 units, optimum time t, =1.638 units at maximum inventory level, optimum order quan-
tity Q =70.442 units and total average optimum inventory cost TC" =52.19 units respectively. Substituting
the values of T, arbitrarily either bigger or lesser than T,”, we get the inventory cost gradually increased from
the minimum inventory cost at optimum level, which is show in Table 1 and Figure 2. The table and figure jus-
tify the total average optimum inventory cost. If we analyze the table and figures we can observe that in a par-
ticular point total inventory cost is minimal and the order interval is optimum.

6. Sensitivity Test

Now, how the inventory system or the solution is affected by even a little changes of parameters Q, 4,a,b,h and

Table 1. Order interval (T, ) verses total cost (TC ).

Order Interval (T, ) 5.250 5.500 5.750 6.000 6.252 6.500 6.750 7.000 7.250
Total Cost (TC ) 52.67 52.45 52.30 52.21 52.19 52.21 52.28 52.39 52.54
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Table 2. Effects of the changes of parameters.

Parameters

52.8
52.7
_ 526 \ P
[S)
- -
§ 52.3 \ /
g 52.2 T~ —— —
52.1
52
51.9
5.25 5.5 5.75 6 6.25 6.5 6.75 7 7.25
Order Interval (T,)
Figure 2. Time verses total cost.
Value of
Change in % N N N
G T Q
+50 1.736 5.061 68.808
+25 1.685 5.570 69.625
+10 1.656 5.954 70.115
-10 1.620 6.592 70,769
-25 1.595 7.200 71.259
=50 1.555 8.591 72.076
+50 1.265 7.241 111.392
+25 1.416 6.754 90.918
+10 1.537 6.454 78.632
-10 1.762 6.052 62.252
-25 2.014 5.765 49.967
-50 2.884 5.505 29.492
+50 1.697 5.438 66.347
+25 1.667 5.807 68.395
+10 1.649 6.063 69.623
-10 1.627 6.457 71.261
-25 1611 6.797 72.490
=50 1.582 7477 74.537
+50 1.735 5.072 63.890
+25 1.684 5.577 67.166
+10 1.656 5.957 69.132
-10 1.621 6.588 71.753
-25 1.595 7.186 73.7187
=50 1.556 8.549 76.994
+50 1.337 5.105 70.442
+25 1.465 5.592 70.442
+10 1.562 5.961 70.442
-10 1.727 6.590 70.442
-25 1.891 7.219 70.442
=50 2.317 8.842 70.442
+50 1.635 6.217 70.360
+25 1.636 6.238 70.409
+10 1.637 6.245 70.426
-10 1.638 6.259 70.459
-25 1.639 6.266 70.475
-50 1.640 6.287 70.524

TC'
70.696
61.395
55.852
48562
43.205
34.569
48.121
49.900
51.205
53.265
54.996
56.826
57.338
54.747
53.200
51.192
49.727
47.378
60.491
56.293
53.812
50.602
48.302
44752
70.284
61.237
55.808
48,570
43.142
34.005
52.469
52.301
52.245
52.133
52.078
51.910
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4 on the optimal time t; at maximum inventory level, optimum length of ordering cycle T,”, optimal order
quantity Q and the total average optimum inventory cost TC™ per unit time in the model, will be shown in
the following table. If the parameters change the values mentioned in Table 2 by adding and subtracting respec-
tively, we see the effect on the on the optimal time t; at maximum inventory level, optimum length of ordering
cycle T,”, optimal order quantity Q; and the total average optimum inventory cost TC™ per unit time. While
the change of one parameter take place, the other parameter must remain unchanged. Table 2 shows the effect
or the sensitivity.

Table 2 shows that small amount of a particular parameter may affect on the values of t;,T,",Q and TC”
even on great extent. On the basis of the results obtained in Table 2, the following observations can be hig-
hlighted:

e t/ and TC™ decrease while T, and Q increase with increase in the value of the parameter A. Here
A is highly sensitive to Q; and moderately sensitive to other values.

e t' and TC’ increase while T, and Q decrease with increase in the value of the parameter Q,a and b.
Here, Q,a and b all are moderately sensitive to the values of t;,T,",Q; and TC".

o U,T" and Q decrease, while TC™ increases with increase in the value of the parameter . Here, u
is moderately sensitive to all the values of t;,T,",Q and TC".

e t/ and T," decrease and TC" increases, while Q remain unchanged with increase in the value of the
parameter h. Here, h is highly sensitive to the value of TC™ and moderately sensitive to all other values.

7. Conclusion

Because of the development of inventory management in the present age, the business institution cannot think its
cost minimization without the proper use of it. By the proper use, management and thereby developing the suit-
able inventory models, the business enterprise can save its huge inventory cost. Before using model the enter-
prise needs to know the actual pattern of demand in the market. This demand always fluctuates. The suitable
model is developed by considering the actual demand. The inventory model we have proposed in this paper is
dependent on the stock, even we have considered buffer stock. Hence, the stock goes out due to any unavoidable
circumstances, demand could still be met. The model also considers the deterioration, so due to the finite
shelf-life of the items this model gives the correct. In the proposed model, the production rate and the decay
have been considered constant through. The model develops an algorithm to determine the optimum ordering
cost, total average optimum inventory cost, optimum time at maximum inventory level and optimum time cycle.
The model could establish that with a particular order level Q' =70.442, the total average optimum inventory
cost TC" =52.189 units.
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