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Abstract

This paper proposes an output feedback nonlinear general integral controller for a class of uncer-
tain nonlinear system. By solving Lyapunov equation, we demonstrate a new proposition on Equal
ratio gain technique. By using Equal ratio gain technique, Singular perturbation technique and
Lyapunov method, theorem to ensure regionally as well as semi-globally exponential stability is
established in terms of some bounded information. Moreover, a real time method to evaluate the
ratio coefficients of controller and observer are proposed such that their values can be chosen
moderately. Theoretical analysis and simulation results show that not only output feedback non-
linear general integral control has the striking robustness but also the organic combination of
Equal ratio gain technique and Singular perturbation technique constitutes a powerful tool to
solve the output feedback control design problem of dynamics with the nonlinear and uncertain
actions.

Keywords

General Integral Control, Nonlinear Control, Robust Control, Output Feedback Control, Equal Ratio
Gain Technique, Singular Perturbation Technique, State Estimation, Integral Observer, Output
Regulation

1. Introduction

Integral control [1] plays an important role in practice because it ensures asymptotic tracking and disturbance
rejection when exogenous signals are constants or planting parametric uncertainties appear. However, output
feedback nonlinear general integral control design is not a trivial matter because it depends on not only the un-
certain nonlinear actions, disturbances and nonlinear control actions but also the uncertain estimation error dy-
namics. Therefore, it is of important significance to develop the design method for output feedback nonlinear
general integral control since some states cannot be measured in practice.

How to cite this paper: Liu, B.S. (2015) Output Feedback Nonlinear Generallntegral Control. International Journal of Mod-
ern Nonlinear Theory and Application, 4, 101-116. http://dx.doi.org/10.4236/ijmnta.2015.42007
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For general integral control design, there were various design methods, such as general integral control design
based on linear system theory, sliding mode technique, feedback linearization technique and singular perturba-
tion technique and so on, which were presented by [2]-[5], respectively. In addition, general concave integral
control [6], general convex integral control [7], constructive general bounded integral control [8] and the gene-
ralization of the integrator and integral control action [9] were all developed by using Lyapunov method and re-
sorting to a known stable control law. Equal ratio gain technique firstly was proposed by [10] and was used to
address the linear general integral control design. After that Equal ratio gain technique was extended to the ca-
nonical interval system matrix [11] and was used to deal with nonlinear general integral control design. All these
design methods and general integral controls above are all based on the state feedback. Presently, output feed-
back general integral control along with its design method has not been developed.

Motivated by the cognition above, this paper proposes an output feedback nonlinear general integral control-
ler for a class of uncertain nonlinear system. The main contributions are that: 1) as any row integrator and its
controller gains of a canonical interval system matrix tend to infinity with the same ratio, if it is always Hurwitz,
and then the same row solutions of Lyapunov equation all tend to zero; 2) theorem to ensure regionally as well
as semi-globally exponential stability is established in terms of some bounded information; 3) a real time me-
thod to evaluate the ratio coefficients of controller and observer are proposed such that their values can be cho-
sen moderately. Moreover, theoretical analysis and simulation results show that not only output feedback nonli-
near general integral control has the striking robustness but also the organic combination of Equal ratio gain
technique and Singular perturbation technique constitutes a powerful tool to solve the output feedback control
design problem of dynamics with the nonlinear and uncertain actions.

Throughout this paper, we use the notation 4, (A) and 4, (A) to indicate the smallest and largest eigen-
values, respectively, of a symmetric positive define bounded matrix A(x) , forany x e R". The norm of vector x

is defined as ||x| = v/x"x , and that of matrix A is defined as the corresponding induced norm || A| = /4, (AT A) .

The remainder of the paper is organized as follows: Section 2 describes the system under consideration, as-
sumption and output feedback nonlinear general integral control. Section 3 demonstrates a new proposition on
Equal ratio gain technique. Section 4 addresses the design method. Examples and simulation are provided in
Section 5. Conclusions are presented in Section 6.

2. Problem Formulation

Consider the following controllable nonlinear system,

X =X
X, =X,

: @)
X, = f(x,w)+g(x,w)u

where xeR" isthestate; ueR isthe control input; weR' is a vector of unknown constant parameters and
disturbances. The uncertain nonlinear functions f(x,w) and g(x,w) are all continuous in (x,w) on the
control domain D, x D, c R"xR'. We want to design an output feedback control law u such that x(t)—>0
as to>w.

Assumption 1: There is a unique pair (0,u,) that satisfies the equation,
0=f(0,w)+g(0,w)u, )

so that x=0 is the desired equilibrium point and u, is the steady-state control that is needed to maintain
equilibrium at x =0, irrespective of the value of w.
Assumption 2: Suppose that the functions f (x,w) and g(x,w) satisfy the following inequalities,
||f (x,w)— f (Ow)” <17 ()

0<g, <g(xw)<g, (@)
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o (xw)—g(0.w)] <15 |x] (5)
||f (0,w)g (0, W)" <7, (6)

forall xeD, and weD,,where If, I, g,, g, and ygf are all positive constants.

For the purpose of this paper, it is convenient to introduce the following definition.

Definition 1: F, (a,.b,.X) with a, >0, b, >0,and xeR denotes the set of all continuous differential
increasing function [12], ®(x), such that

®(0)=0,
|@(x)| 2, VxeR:|x>a,
dd(x)/dx>0, vxeR

where |+ stands for the absolute value.

Figure 1 depicts the example curves for the functions belonging to the function set F, . For instance, for all
x € R, the functions, arcsinh(x), tanh(x), ax+bx’ (a>0b>0), sinh(x), ax and so on, all belong to
function set F,.

The output feedback nonlinear general integral controller [11] and observer [12] are given as,

{u =—y’l(ul(>“<1)+u2()“(2)+---+un (Rn)+aaa)—¢(f<)—¢(a) @
6= 0(0) (Vi (%) +V, (%) +--+V, (%))

6 =(d(5)/d5) " (%~ %)

)?1 = )A(z +et (Xl_)’il)

)A(z =% +572h2(xl_)21) (8)

%, = f(RW)+e7h, (% =)+, @ (6) - G (X W) 7™ (uy (%) +U, (R,) +-+u, () +@,0)

where X eR" is the estimated state; We R' is the prescient constant parameters and disturbances; u, s, a,
and h; (j=12,---,n+1) areall positive constants;

u(%)=a (%)% (0<a’ <a(%)<a’),

Figure 1. Example curves for the functions belonging to the

function set F, .
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Vi (%) =5 (%)% (0<:5im3ﬂi(§(i)5ﬂiwl)’

o (%) and g (%) are the slopes of the line segment connecting & to the origin (i=12,---,n);¢(X)
(#(0)=0) is used to attenuate the uncertain nonlinear action of f(x,w); 6(c) (0<6,<6(c)<6,) is
applied to reorganize the integrator output; go(a) (¢(O)=0) is utilized to improve the integral control per-

formance (0<a) <a, +dp(c)/do <o ) ; f(%W) and §(XW) are the normal models of f (x,w) and

g(x,w), respectively. ®(+) belongs to the function set F,.
Assumptions 3: By the definition of controller (7), it is convenient to suppose that the following inequalities,

[ (xw)— (0.w) =g (xw)g(x)] <15, x| (©)

lo(o)=0(o0)| <15 o =] (10)

hold forall xeD,, weD, and o, o,eR,where If, and |7 are all positive constants.
By the definitions of u; (%), v, (%) and 6(c), and letting e =x —% (i=12,--,n), the controller (7)
can be written as,

{u =—u (X + %+ +a, % +a,0)-¢(X)-p(o) 1)
O.-:Il'lil(ﬁl)?i—‘rﬂz)zz +“'+ﬂn)2n)
and the whole closed-loop system can be written as,
X =%,
X, =X
o 3 1 (12)
%, = f(xW)=g(x,wW)g(R)-g(x,W)p(c)— g (X, W) (X + X, +-+a X, +,0)
+ g (X W) (8 +ay8, +oo e,
o= /u_l(ﬂlxl +,32X2 +"'+ﬁnxn)_ﬂ_l(ﬁ1el+ﬁ2ez +"'+ﬂnen)
®(6)=¢,
& =8 _g_lhlel
e’.2 =e,—¢’he 13
6, =A; —&"he —& " () - 1A (X + X, ++ X, +a,0)
+ A (8 + a8y + o+ a8,)— Ay (4(R)+ 9 (o))

where

Ap=f(xw)-f(RW), A, =g(x,w)-§(& W),

and 0(o) isintegrated into B (i=12,---,n).
By the equation (2) and inequality (4), and choosing x* and ¢ "*'h
Xx=€6=0 and x=e=0 ofthe systems (12) and (13), we obtain

f(0,w)g™(0,w)=pa, 00 +p(0,) (14)

to be large enough, and then setting

n+1

Agg =Ry ('uilaao_o +(p(60)) =", .0 (6,) (15)
where

A= f(0,w)-f(0,W) and Ay =9(0,w)-§(0,W).
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Thus, we ensure that o, and &, are the unique solutions of the systems (12) and (13), respectively.
Defining z :[XT O'—GO:‘T, & =®(6)-P(5,) and 7 = g™, (i=0,1,2,---,n), and substituting (14)
and (15) into (12) and (13), respectively, the whole closed-loop system can be rewritten as,

{Z=Azz+Fz(z,e) )
en=An+eF, (z,e)
where
0 0 0
0 0 0 0
A=l o 0 1 0
ey~ —pa, —pa,
LB 1T B, 0 |
0 1 0 0 0 O]
0O -h 1000
h, 0 . 00
A=l o v 00 10
0O -h, 00 01
h,, -h, 0 0 0 0

8, =9(x W) (a8, + 8, +-+ a8, ),
O, =8+ 5.6+ -+ 58,
A =A¢=A—AgB(R)=A, (0(0)—0(05))~(Ay —Age) T (O,W) g™ (0,W),
A, = Ay (f + @8+ +a,8, )= Ay (X + 2%, +-+a X, +a, (0 -0y)),

and g(x,w) isintegratedinto o; and «, .
By Assumptions 2 and 3, the uncertain terms &,, J,, 8;, A, and A, satisfy the linear growth bound,

el =< 73 lzll+ 75 (2)lnl (17)
[&.1< 73, (£)l (18)
;] < 73 () (19)
[ad <72 12l + 72, ()l (20)
18] <72, 2+ 72, ()] (21)

where i, y2(g), vl (e), vi(e), ra, vi(g), rs, and yl (&) areall positive constants.
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3. Propositions on Equal Ratio Gain Technique

Equal ratio gain technique is firstly proposed by [10] and is extended to the canonical interval system matrix in
[11]. For analyzing the stability of the closed-loop system (16), it is necessary to review two important proposi-
tions on Equal ratio gain technique as follows.

Proposition 1 [10]: as any row controller gains, or controller and its integrator gains of a canonical system
matrix tend to infinity with the same ratio, if it is always Hurwitz, and then the same row solutions of Lyapunov
equation all tend to zero.

Proposition 2 [11]: a canonical interval system matrix can be designed to be Hurwitz as any row controller
gains, or controller and its integrator gains increase with the same ratio.

Based on two Propositions above, it is not enough to analyze the stability of the closed-loop system (16). So,
a new proposition on Equal ratio gain technique is demonstrated in the next two subsections.

3.1. New Proposition

Consider the following controllable canonical interval system matrix A,

0 1 - 0 0

0 o . 0 0

A=| © o - 1 0
ey e, e —pTe, —pay,
e SR T U

where

O<a" <a, <a (i=12,-,n+1),

0<Ar<p,<p" (j=12,-,n),

and 4 isa positive constant.

By Proposition 2, the interval system matrix A can be designed to be Hurwitz for all 0<e" <a, <@,
0<p'<p, sﬁjM and O< u<u". Thus, for any given positive define symmetric matrix Q there exists a
unique positive define symmetric matrix P that satisfies Lyapunov equation PA+A"P =—-Q, and the solution
of Lyapunov equation can be obtained by skew symmetric matrix approach [13], that is,

P=05(S-Q)A™
where
S=PA-ATP and ATS+SA=ATQ-QA.

The inversion of the matrix A with z=1 is,

% % * 0 (ﬂ1 )_
10 0 0 0
o 0 1 0 0 0 (22)
00 0 : )
00 -1 0 0
_* % ... % —CC,:l -0y (am—lﬂl)_l_

where the elements * are omitted since it is useless to achieve our object. The interesting reader can evaluate
themby AA™=1.

It is well known that the solution P of Lyapunov equation is more and more complex as the order of the sys-
tem matrix A increases. Therefore, for clearly showing the results, we consider a simple case, that is, taking
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Q=1 and n=2 of the system matrix A. Thus, taking « =1, obtain,
-1 Sz Si3
S-Q=|-s, -1 s,
S5 S 1

* 0 (5 )_1
Al=|1 0 0
* —(a3 )_1 -0y (a3ﬂ1)_l
where

ot (0‘1 +a,p, )0‘1 + BB+ By — B,

a, (asﬂz o ) -

SlZ

_ 40, — B B — a0, B — s — s By

a, (0‘3:32 ta ) -

13

. toy (asﬂz +o ) + 0,8, + , B,
23 — T
a, (asﬁz +oy ) - f

and then we have,

o _ 1 _ a,
" 2B ’ 20,8,
oL
23 2,

Si3 o
= —_—— + —_—
Ps 2B, 20,p

Now, a,, a,, a,, B, and B, are multiplied by x*,then we obtain,

w ot + (“1;“ +a, 5, )0’1 + B Bu+af, —a, b,
12 =
Q, (asﬂz +ua ) —posf3y

u _ a0, 3y — A3 3, B — Ay 0, iy — OO — sl 3y
‘=
@, (asﬁz +Ho ) — oy

_ 1oty + 0t By + ot + 4 o B, + 1L By
a, (aaﬂz + Hay ) — posfy

Mo
S23_

p _ _i _ QM al
13 2, H—35;3 20!3_,31 H

Si3 o
=2 4
Ps 25 # 20,3

Itis obvious that si;, sj; and sf; all tend to the constants as « — 0, and then we have,

7
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||P3||:||P3#||y 50 as u—0

where P, =Pfu=[p; Py Ps)-

From the statements above, it is easy to see that for n=2 of the system matrix A, |P,| can be formulated
as the linear formon x and tends to zero as u« — 0. Moreover, the solution of the matrix S is more and more
complex as the order of the system matrix A increases. Thus, by the inversion of system matrix A™ (22),
|P,..] can be formulated as the linear form on x for the n+1-order system matrix A, and with the help of
computer, it can be verified that the solution of P/, still tends to the constant as x — 0. Therefore, for the
n+1-order system matrix A, we can conclude that |[P,,,| >0 as x—0. As a result, the following theorem
can be established.

Theorem 1: If the interval system matrix A is Hurwitz for all 0<a" <o, <o, 0< B <p; < ﬁjM and
0< u <y, and then we have,

[P =[Pl e —0 as u—0.
where
— pH —
Pn+1 = Pn+1tu = [ pn+1,l pn+l,2 T pn+1,n+1:| ’
/— -1 u -1 u u -1 u H -1 -1 u -1
Pn+l - _O'Sﬂl |:1+ S1,n+lailan+1 S12 + S2‘n+1a1an+1 o s1,n—1 + Sn—l,n+1ala +1 ﬂlaml Sl,n+l + alan+1:| '

Discussion 1: From the statements above, the solution of the matrix S is more and more complex as the order
of the system matrix A increases. So, although Theorem 1 is demonstrated by taking Q =1 and the single va-
riable system matrix A, it is very easy to extend Theorem 1 to any given positive define symmetric matrix Q
and the multiple variable system matrix A with the help of computer since there is not any difficulty to obtain
the solution of the matrix S in theory, that is, Lyapunov equation applies to not only the single system matrix but
also the multiple system matrix. Thus, there is the following proposition.

Proposition 3: as any row integrator and its controller gains of a canonical interval system matrix tend to in-
finity with the same ratio, if it is always Hurwitz, and then the same row solutions of Lyapunov equation all tend
to zero.

3.2. Example

For testifying the justification of Theorem 1 and Proposition 3, we consider a 6-order two variable system ma-
trix A as follows,

0 0 0 0 1 0
0 0 0 0 0 1
g B 00 BB
A =
pBp 00 ;B
- —a, -a 0 -—a -ai
|- -af 0 -af -a -of]

The inversion of the system matrix A is,

AL ¥k 8y 8y 8 0
k

where
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a, =— B a. — B ay = B - B
CUOBR BB T BB BB T a (B -BA)
a, = o' B —a, B A, =- B L Ay = B
053}, (,Bzxﬂly - ﬂlxﬂzy) ﬂzyﬁlx - ﬁlyﬁzx ﬂzyﬂlx - ﬁlyﬁzx
a,, = Xalxﬂzx X—azxﬂf ., a, = ' By X_szyﬂlX -, Ay = _ix’ a, = _iy.
(BB -BB) o (BB -BB) a3 3

By the equation A'S+SA=A"Q-QA, it is very easy to obtain the fifteen linear equations with fifteen ele-
ments of the matrix S. So, it is omitted.

Thus, taking

[0 0 0 0 1 O]
0 0 0 0 o0 1
8 2 0 0 3 1

A =

2 7 0 0 1 5
-8 -2 8 0 -3 -1

-2 8 0 -8 -1 -3]

(30 10 -08 06 05 03]
10 50 13 10 08 02
08 13 6 08 04 10
06 10 08 20 13 05|
05 08 04 13 30 08
|03 02 10 05 08 6.0

Now, by Routh’s stability criterion and with the help of computer, we have: 1) if « (i=12,--,5) and
B (j=12,---,4) of the system matrix A are multiplied by a7, then it is still Hurwitz for all
0< u<u" =145, and the numerical solutions of P, are shown in Table 1; 2) if «’ and B of the system
matrix A are multiplied by ", then it is still Hurwitz for all 0< x< " =2.90, and the numerical solutions
of P, areshownin Table 2.

From the example above, it is obvious that: 1) as shown in Table 1, Table 2, the absolute values of p,; and
Pui (i =1 2,---,6) are all decrease as u reduces; 2) although the result above is obtained by a constant sys-
tem matrix, it is easy to be extended to the interval system matrix. This not only verifies the justification of
Theorem 1 and Proposition 3 but also shows that for the high order and multiple variable system matrix, it is
convenient and practical with the help of computer.

Table 1. Numerical Solutions of P, forall o and g multiplied by x*.

pu=10 u=01 #=0.01
Pa 21.38 4.54e-1 4.27e-2
P -5.90 1.66e-1 1.81e-2
[ 25.78 5.65e-1 5.32e-2
P, —10.86 —2.32e-1 —2.24e-2
Pss 0.75 7.50e-2 7.5e-3
P —0.84 2.36e-1 2.46e-2
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Table 2. Numerical Solutions of P, forall o’ and B/ multiplied by ..

u=10 u=01 u=0.01
Pa —6.73 6.23e-2 7.70e-3
P.. 6.27 3.09%-1 2.97e-2
P —10.86 —3.13e-1 —3.10e-2
P 9.45 4.10e-1 3.93e-2
Pus 0.94 1.55e-1 1.60e-2
P 0.25 2.50e-2 2.50e-3

4. Stability Analysis

The asymptotic stability of the closed-loop system (16) can be achieved by Equal ratio gain technique and Sin-
gular perturbation technique as follows:
By Proposition 2 [11], the interval system matrix A, can be designed to be Hurwitz for all

O<a' <o <a, 0<pl<p;<p, a, and O<pu<u’,

and by choosing h; (j =1,2,~~~,n+1), the matrix A, can be designed to be Hurwitz, too. Thus, by linear
system theory, two quadratic Lyapunov functions,

V,(z)=2"Pz (23)

Vv, (n)=n"Pn (24)
can be obtained. Where P, and P, are the solutions of Lyapunov equations,
PA+AP =-Q, and PA +AP =-Q
with any given positive define symmetric matrices Q, and Q,, respectively.

Using V(z,7)=(1-d)V,(z)+dV, (n) [1] as Lyapunov function candidate, and then its time derivative
along the trajectories of the closed-loop system (16) is,

V(z,7)=(1-d)V,(z)+dV,(n)

oV, (25)
:(1—d)zT(AZTPZ + PZAZ)z+dg’177T(AIP,] + P,]A7)77+(1—d)avéz(z) F,(z,e)+d g’(;]) F,(z.e),

Substituting F,(z,e) and F,(z.e) into(25), obtain,
V(z,n)=(1-d)z" (A'P,+P,A )z+ds 'y (AP, +P,A Jn+(1-d) 2P, (8, + 1 '5,)
+(1-d)(8,+ 'S, )T P,z—-(1-d)u'z"P, 6, —(1-d) u '8} P,,,.2 (26)

+dn’ P (Al + A, ) +d (A1 + A, )T Ponaalls
where
P :[pnl Pra - pn,n+1:| )

P = [ Prazz Pz o pn+1,n+l:| J

Pryn+l = [ Prizg Praz pn+1,n+l:| :
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Now, by Propositions 1 and 3, we have,

” zn+l"

Substituting them and (17) - (21) into (26), obtain,

V(z7) £ =(1-d) (4 (Q.) - 20075 [P I

u—>0 as u—0.

zn+1

+2((1-d) (47 ()47, (6)) i+ (=) 7, (o) [Pial (7, + 772, ) [Pl 2l
(2 (@)-20(7% (o) a2, 0)) B
=—("AS,
where
=[]
pr = (Q,)-
Pl =l (8)+7 (2))|Pa )P
pr =74 + 177 )P
Pl =70(Q),
vy =272 (&)+ 770 (2))||Pyra
(1-d)pr  -(1-d)p! -dp]
|-y o2y,
The right-hand side of the inequality (27) is a quadratic form, which is negative define when,
(1-d)dpi (7200 ~7,)>((L-d) ol +dpz ) (28)

This is equivalent to,
1-d)dp!p’
E<gy = (1-d)drip; 5 (29)
(1-d)dpiy, +((1-d)p! +dp;)

By the dependence of &, on d, it is obvious that the maximum of ¢, occursat d” = p;’/(pj +p,j) [1]
and is given by,

z 0
£<s = ZL%M (30)
PV, 4P P,

Although ||Pzﬁ || and mﬂfu are dependent on X, they are fixed for any given moment t and all tend to
the constants as x — 0, and then there exists 4™ (t) such that p; >0 holds for all 0< x(t)<u™(t).
Thus, by choosing a moderate ,u(t) and solving the Equation (30), g*(y(t)) can be obtained, and then
A>0 holds for all 0<pu(t)<p™(t) and 0<e(t)<e"(u(t)). Consequently, if A>0 holds for all

()
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t[0,00), then we conclude that V (z,7)<0 holds uniformly in t.

Using the fact that Lyapunov function V (z,n) is a positive define function and its time derivative is a nega-
tive define function if A >0 holds forall te [O,oo) , we conclude that the closed-loop system (16) is stable. In
fact, V (2,77) =0 means x=0, e=0, o=0, and & =4, . By invoking LaSalle’s invariance principle, it is
easy to know that the closed-loop system (16) is uniformly exponentially stable. As a result, we have the fol-
lowing theorem.

Theorem 2: Under Assumptlons 1,2and3, |f the matrix A, is Hurwitz and the interval system matrix A,
is Hurwitz forall O<u<u’, O<a" <o, <a", 0< Bl <p; < ,B and «_ , and then the equilibrium point
x=0, e=0, o=0, and 6=0, of the closed-loop system (16) is uniformly exponentially stable for all
O<u(t)<u”(t) and O<e(t)<e’ (u(t)) Moreover, if all assumptions hold globally, and then it is globally
uniformly exponentially stable.

By the demonstration above, there exist ™ (t) and & (,u(t)) such that p; >0 and A >0 hold for all
te[0,0). So, it is practical and feasible to find a real method to evaluate the instantaneous values 4™ (t) and
& (u(t)), thatis, as follows:

Step 1: by the inequality 4, (Q,) P (1) s,

||m ~054,(Q.)/%

Step 2: by the definitions of (%) and S (%), the instantaneous values «;(t) and S (t) can be given

=200 k(0
-0 AL
O L OR
p-" ) AL

Step 3: by the values [P, (t)] ,
thod to solve Lyapunov equation,

N}

I(t), B (t) and the condition 0< u < 4, and using the iterative me-

P(OA[M+A (P ()=

” (t) can be obtained. Thus, by choosing a moderate 4 (t) and solving Lyapunov equation above again,
|| and \LZM || can be evaluated.
p 4: by the values o (t), S (t) and definitions of 7, =&""e,, 6, 5,, &,, A, and A,, 75, 74,
;/AZ, ;/él( ), 7l (), }/(}3( ). 7i(e) and )/A (g) can be obtained for given . |P, |l can be eva-
luated by solving Lyapunov equatlon PA,

o) A 7 7 7(e), (0. A (e), 7 (e) and
7% (&), and using the iteratlve method to solve the inequality (30), & (,u(t)) can be obtained.

Discussion 2: From the procedure of stability analysis above, it is obvious that: although e(t) is dependent
on u(t), &(t) can be chosen arbitrarily small. Thus, so long as the bounded conditions (17) - (21) are satis-
fied, the asymptotically stable control can be achieved. This shows that the striking feature of output feedback
nonlinear general integral control, that is, its robustness with respect to the nonlinearities, uncertainties and dis-
turbances from the real system, control input and estimated error dynamics, is clearly demonstrated by Equal ra-
tio gain technique and Singular perturbation technique. This means that the organic combination of Equal ratio
gain technique and Singular perturbation technique constitutes a powerful tool to solve the output feedback con-
trol design problem of dynamics with the nonlinear and uncertain actions.

()

zn+1 || || nn+l
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5. Example and Simulation
Consider the pendulum system [1] described by,
6 = —asin(0)—b6 +cT

where a,b,c>0, @ is the angle subtended by the rod and the vertical axis, and T is the torque applied to the
pendulum. View T as the control input and suppose we want to regulate 6 to r. Now, taking x, =6-r,
X, = 6, the pendulum system can be written as,

X =X,
X, =—asin(x, +r)—bx, +cu

and then it can be verified that u, = asin (r)/c is the steady-state control that is needed to maintain equilibrium

at the origin.
The nonlinear general integral controller and the integral observer can be given as,

U =—p (3% +3sinh (% )+3%, +tanh (%, ) +4c)-0.3tanh (o) +4sin (%, ) /3
6 = 7 (3% +sinh (%) + %, + 2tanh (%, ))

% =%, +e7'5(x - %)

X, =—10sin (X, +r)—7.5u+£7220(x — % )+ & 5sinh (&)

Thus, it is easy to obtain 6<¢, <14.1, 3<a,<4, a, =4, 4< 3, <6.68 and 1< f, <3, and then the
closed-loop system can be written as,

1=Az+F,(ze)
en=An+eF, ()

where
=[x X o-—aO]T,
e, =sinh(&)-sinh(&,),
e=x-% (i=12),

n=¢"e; (j=012),

0 1 0
A =|-u'cay, —uc(a,+ucb) —uca, |,
KB, P, 0
0 1 0
A=[0 -5 1],
-5 -20 0

F(z.e)= [0 S +uS, —ps, T '

F,(ze)=[0 0 A+u'a,],

()
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8, =—asin(x +r)+asin(r)+4csin(%,)/3-0.3¢(tanh (o) —tanh (o)),
5, =c(ae +a,8,),
o, = f& + 5,8,,
A, =—a(sin(x +r)=sin(r))+4a(sin (X +r)-sin(r))-bx, +(c—¢)(4sin(%,)/3—-0.3tanh (&) +0.3tanh (o, ) ),
A, =(c—¢)(ae +a,8,)—(c—C) (X + %, +a, (0 —0y)) -

The normal parameters are a=c=10 and b=2, and in the perturbed case, b and c are reduced to 1
and 5, respectively, corresponding to double the mass. Thus, with o' =6, o) =3, a, =4, B" =6.68,
S, =1, ¢=5 and b=1, the following inequality,

ca o, fy + u’ba + u(ca;”alm +ba, py —a, B ) >0
holds for all 0< <o, and then the matrix A, is Hurwitz for all 6<¢, <14.1, 3<q,<4, a, =4,

4< <668, 1<f,<3 and O<u<co,and A isHurwitz, too.
Now, solving Lyapunov equation, PUA,+A7TP,, =-1, obtain ||P

nn+l
c=10, b=2, obtain, '

<0.57, and using 4=10, =75,
6,]| < 4.5]|z||+13.4¢]]| ,
|6, <10\ (t)+ e (t) ||
[6:]1 < &> B2 (1) + Bz (V) ]

A, < 4.9||z]| +13.4¢]n|,

A, <25 (t)+a] ('[)||77||+2.5\/0112 (t)+al (t)+al |z

and then, we have,
75 =45, 7 (s) =10} (t)+ a2 (1),
yl(s)=134e, 7 (s)=* B (t)+ BE(t)
i ()=134z, yl (£)=25%a (t)+ai(t),
L =49, yi =25/a?(t)+ai(t)+a? .
Thus, using o (t), a,(t), B (t), B (t), a, =4, c=5, b=1 and x=1 tosolve the equations,

PA+AP == and &=p:p /(pir,+4p!p}). & (t) can be obtained.

Now, taking =1 and &(t)=¢&"(t), the simulation is implemented under the normal and perturbed cases,
respectively.

Normal case: the initial states are x, =X =-3.0 and x, =X, =0; the system parameters are a=c=10
and b=2.

Perturbed case: the initial states are x, =% =-3.0, x,=-15 and X, =0; the system parameters are
a=10, b=1 and c=5, corresponding to doubling of the mass. Moreover, we consider an additive im-
pulse-like disturbance d (t) of magnitude 60 acting on the system input between 3 sand 3.5 s.

Figure 2 and Figure 3 showed the simulation results under the normal (solid line) and perturbed (dashed line)
cases. The following observations can be made: 1) as =1, there exists &"(t) suchthat p; >0 and A >0
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0 2 4 6 8
Time(sec)

Figure 2. The values of 100¢ under normal (solid line) and
perturbed case (dashed line).

4

e

Positions, & (rad)

0 2 4 6 8
Time(sec)

Figure 3. System output under normal (solid line) and per-
turbed case (dashed line).

hold for all e (t), «,(t), B, (t) and B, (t). This shows that the closed-loop system is uniformly asymptotic
stable. 2) the optimum responses are almost identical before the additive impulse-like disturbance appears. This
means that by Equal ratio gain technique and Singular perturbation technique, we can tune an output feedback
nonlinear general integral controller with good robustness and high control performance. All these demonstrate
that output feedback nonlinear general integral control has the striking robustness, that is, so long as the bounded
conditions are satisfied, the asymptotically stable control can be achieved, but also the organic combination of
Equal ratio gain technique and Singular perturbation technique constitutes a powerful and practical tool to solve
the output feedback control design problem of dynamics with the nonlinear and uncertain actions.

6. Conclusions

This paper proposes an output feedback nonlinear general integral controller for a class of uncertain nonlinear
system. The main contributions are that: 1) as any row integrator and its controller gains of a canonical interval
system matrix tend to infinity with the same ratio, if it is always Hurwitz, and then the same row solutions of
Lyapunov equation all tend to zero; 2) theorem to ensure regionally as well as semi-globally exponential stabili-
ty is established in terms of some bounded information; 3) a real time method to evaluate the ratio coefficients
of controller and observer are proposed such that their values can be chosen moderately.

Theoretical analysis and simulation results show that not only output feedback nonlinear general integral con-
trol has the striking robustness but also the organic combination of Equal ratio gain technique and Singular per-
turbation technique constitutes a powerful tool to solve the output feedback control design problem of dynamics
with the nonlinear and uncertain actions.
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Abstract

Navier-Stokes equation has for a long time been considered as one of the greatest unsolved prob-
lems in three and more dimensions. This paper proposes a solution to the aforementioned equa-
tion on R3. It introduces results from the previous literature and it proves the existence and uni-
queness of smooth solution. Firstly, the concept of turbulent solution is defined. It is proved that
turbulent solutions become strong solutions after some time in Navier-Stokes set of equations.
However, in order to define the turbulent solution, the decay or blow-up time of solution must be
examined. Differential inequality is defined and it is proved that solution of Navier-Stokes equa-
tion exists in a finite time although it exhibits blow-up solutions. The equation is introduced that
establishes the distance between the strong solutions of Navier-Stokes equation and heat equation.
As it is demonstrated, as the time goes to infinity, the distance decreases to zero and the solution
of heat equation is identical to the solution of N-S equation. As the solution of heat equation is de-
fined in the heat-sphere, after its analysis, it is proved that as the time goes to infinity, solution
converges to the stationary state. The solution has a finite 7 time and it exists when 7 —  that im-
plies that it exists and it is periodic. The aforementioned statement proves the existence and
smoothness of solution of Navier-Stokes equation on R3 and represents a major breakthrough in
fluid dynamics and turbulence analysis.

Keywords

Navier-Stokes Equation, Millennium Problem, Nonlinear Dynamics, Fluid, Physics

1. Introduction

In this paper, the following form of Navier-Stokes equations in R® is studied:
0 . ou; op n
§Ui+2uj-y§:mui—a+fi(x,t) (xeR"t>0) )

j=1 j i
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divu=>2% 0 (xeR",t>0) @)
i=1 i
With initial conditions
u(x,0)=u’(x) (XGR”) (3)

Here u®=x, C” (divergence-free vector field on R"), f, (x,t) are the components of a given, externally
2

applied force, v is a positive coefficient (the viscosity) and A = 26_2 is the Laplacian in space variables. If
i=1 i
Euler equations are considered, then the same set of equation must be applied with the condition that viscosity is
equal to zero.
The following conditions must be satisfied as it is wanted to make sure that u(x,t) does not grow large as

|X| > o0
oeu° (x)| <C,« (1+|x|)7K on R" for any  and K 4
And
2o f (x,t)| <C,.« (1+|x|+t)7K on R"x[0, o[ for any a,m, K (5)
The accepted solution of N-S is physically reasonable if it only satisfies:
p,ueC” (R”X[O,oo[) (6)
And
[ |u(x.t)|dx < C for all t > 0 (bounded energy) 7
a0
At the same time, it is possible to look at spatially periodic solutions. We can assume the following condi-
tions:
u°(x+ej)=u°(x), f(x+ej,t)=f(x,t)for1§j£n )
Under the condition that e; = j" is unitvector in R". It must be assumed that u° is smooth and that
ojop f (x,t)| < Come (1+1)7 on R*x[0, 0] for any a,m, K 9
The solution is then accepted if it satisfies:
u(x,t)=u(x+ej,t)on R*x[0,00[ for1< j<n (10)

And
p,u GC°°<R"X[O,00[)

The problem is to find and analyze whether a strong, physically reasonable solution exists for the Navier-
Stokes equation.

The statement that will be proved is existence and smoothness of Navier-Stokes solutions on R*. Take v >
Oandn=3.Let u’(x) be any smooth, divergence-free vector field satisfying (1.4). Take f (x,t) to be
identically zero. Then there exist smooth functions p(x,t), u;(x,t) on R®X[0, o] and the above condi-
tions and equations are satisfied.

2. Results

Firstly, the definition of turbulent solutions (Oliver and Titti) [1] is provided. We must define the set of all C~
real vector functions ¢ with compact support in R" such that diveg=0. We define L as the closure of
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Cg, with respect to L" norm ||| ; (...) is the inner product in L% L' stands for the usual L'-space over R",

1<r<oo. Hj_ is the closure of C;, with respect to the norm |¢|. =|¢|, +|V¢|, where Vo= [%) .
i,j=1---n

j
When X is a Banach space, [/, denotes the norm on X. C"([t,,t,];X) and L'([t,,t,];X) are the Banach
spaces, where m=0,1,---, and t, and t, arereal numberssuchthat t, <t,.C denotes various constants.
Def 1. (Oliver and Titti) [1] A turbulent solution of Navier-Stokes equation is defined as following:

1) uel” (0,02 )N L*(0,T;H;, |forall0<T <o (11)

The relation

T

2) [[-(u,09/at)+(Vu,Ve)+(u-Vu,e) it =(a,¢(0)) (12)
0
Holds for almost all T and all ¢ e C* ([O,T[; Hg, M L”) such that ¢(-,T)=0
Strong energy inequality

3) Jul, +2f[vu(e)far < (s, (13)

Holds for almostall s>0 including s=0,andall t>s.
It is necessary to introduce the Stokes operator A in L, . The following Helmholtz decomposition is ob-
tained:

L'=L, ®G', 1<r<w

where G' = {Vp el’;pe L{ocl' P, denotes the projection from L" onto L . A defines the Stokes oper-
ator with domain D(A )=H*"nL . A denotes the Stokes operator A . {E,} >0 denotes the spectral de-
composition of self-adjoint operator A.

The existence of turbulent solutions for n = 3 and n = 4 is given by Leray and Kato. In order to derive the next
results, theorem from Takahiro Okabe will be introduced.

Theorem 1. Let 2<n<4 andlet r>1 and m>0 be

For n=2,

1<r<4/3,0<m<4/r-3and
For n=3,4

1<r<i,0£m<ﬂ—(n—1)
n-1 r
Suppose that K¢ for Kr‘;az{q)e L*; |p(£] = a|é|" for |§|s5l} for a,6>0 and m>0.If

m,a

aecll N2 nK?, for some &,5>0 then for every turbulent solution u(t) there exist T >0 and
C(n,r,m8,a,a)>0 such that:

|| E/lu (t)" C —(n/r-n+1-m)
oL, 7 =
holds forall A andforall t>T

Def 2. Let n<r<ow, ael].A measurable function u defined on R" x(0,00) is called a global strong so-
lution of Navier-Stokes equation if:

ueC([0,); L] )NC((0,0); L") (15)

N pue C((0.0); Ly, ) and u satisfies:
ot
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gt—u+Au+P5(u-Vu)=0,t>0 (16)

where P (u -Vu) denotes the projection from L" onto L, of the product of the divergence of solution u and
the solution itself.

Takahiro Okabe [2], in his paper named “Asymptotic energy concentration in the phase of the weak solutions
to the Navier-Stokes equation”, proves that turbulent solutions of Navier-Stokes equation become strong solu-
tions after some definite time. So for the turbulent solution of u(t) of Navier-Stokes equation there exists
T. >0 such that u(t) is a strong solution of Navier-Stokes equation on [T*,oo) , then the energy identity ex-
ists:

2

Lol +2)am ) <o (a7)

2

For t>T..Forany fixed A>0,the second term in (16) is estimated from below as:
[ =[] = [ a0 = afaE ], S0l e &
From (16) to (18), the following is obtained:
ol + Ao < 2]E,u O 19

Afted dividing the both sides of (19) by l"u(t)"z , the following is obtained:

d 2
Ok | [eu); o0
2 - 2
Al ol
By (17), the following is obtained (d/dt)[u(t)[} = -2[A*2u(t)[ =~2[vu(t)[} it follows from (17) to (20)
that:
1 [0 2P o)
IO/ U
By introducing the new theorem that is proved in Takahiro Okabe’s paper [2], the following is obtained.
Theorem 2. Let 2<n<4.Letrand mbe as
1) n=2
1<r<£,0£m<£—3
3 r
2) n>3
1< r<i,0sm<ﬂ—(n—1)
n-1 r
If acl) nL2 K, , every turbulent solution of u(t) of Navier-Stokes equation satisfies:
2
"VU (t)"2 <0 (t—(n/r—n+1—m) ) (22)

ol

As t—>oo.

The following theorem can be proved by using well-known Leray’s structure theorem, every turbulent solu-
tion of N-S becomes the strong solution after some time. Although Kato proves that the strong solution decays
in the same way as the Stokes flow e ™, we apply different approach by using Oliver and Titti’s paper [1]
named “Remark on the Rate of Decay of Higher Order Derivatives for solution to the Navier-Stokes equation”.
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By introducing the above mentioned theorem, the following result is obtained and it proves Theorem 1.

| Eiu(t)”z g < St g an s T

ucl, |~

This result proves that energy of the molecules of fluid moving is smaller than some value determined by C, n,
r, m and it proves asymptotic energy concentration. In order to prove that turbulent solutions are at the same
time strong solutions, blow-up time of solutions must be analyzed.

It is demonstrated that Navier-Stokes equation enter some class as it was already proved D(e”*; H r) in ar-
bitrarily short time. Foias and Temam have proved the following solution in the case of periodic boundary con-
dition and for the case of the Navier-Stokes equation on the two-dimensional. Kukavica and Grujic have ob-
tained the given results in L spaces. The following lemma must be introduced and it is proved in Oliver and
Titi’s paper [1]:

Theorem 3. Let 7>0, r>n/2 and s<n/2. Then there exists a constant C =C(n,r,s) such that any
two functions v and w in D(e”*; H r) satisfy the inequality:

| <C(n,r,s)(| Lz) (23)

2=

The theorem is proved by using Plancherel theorem, the triangle inequality, the inequality
(x+y) < 2”(xr +y") and the convolution estimate ||f *g] . <| f|.[g].. - These are the tools used to prove
the aforementioned theorem. For further details, look at the aforementioned paper. This theorem demonstrates
that the blow-up time is infinite so that the solution is existent. In order to find a solution, it must be captured in
some sort of space where the function oscillates. In order to introduce the following solution, a few more results
will be introduced.

Firstly, we assume the existence of solutions u e L” ([O,T]; H (R” )) r>n/2 is known for some T > 0. In
order to simplify the notation, the following is set:

A'e™w

A'e™ (vw)

Are”*w” +|

ASefAv"

H r-s H r-s

3, =|aul], (24)
G, =|Aeulf, (25)
where 7 =7(t) is to be specified later.
Then the Gevrey norm is used to find the following result:
%Gr =7G, ), —VG,,; — f Ae™ (u-Vu) A'e ™ udx (26)

RN

The contribution of pressure term is zero because A commutes with the Leray projection onto divergence free
vector fields. Note that:

By using Theorem 3 and Cauchy-Schwarz inequality, the following result is obtained.

Ae ., <c(GY?+GY?) (27)

Hr-s

[ A'e™ (u-Vu) A'e™udx| < | Ae™(u Vu)||| A“e”*u" <¢,(GY* +G/*)GIAG! +c (G5 +GY3)G,  (28)
an
In order to proceed, we introduce the Theorem 4.
Theorem 4. For all nonnegative p, g and = we have the following:
[areu]f <elArulf +(20) |Ar sty (29)

The proof is similar to that in Theorem 3, just it should be noted that for every x>0, m>0 one has
e* <e+x"e* since e*<e on [0,1] and e* <x"e* for x>1.

After introducing the theorem and interpolating G, by using Theorem 3 and Theorem 4 with p=s,
q=r-s, the similar thing is done with G,_, . If we apply the Young inequality, the following result is obtained.

(=)
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ArerA

s r+1 s+1 rr+l

j A'e™” (u-Vu)A'e udx s|
a

Ae™(u Vu)|||

< ¢ J¥2GM"2GY2 +¢,d1%G, +c, (1+ A )G G¥2  (30)

where n/4<r/2<s<n/2. After setting =t after interpolating the first term on (26) then use the estimate
on (30), the following equation is obtained:

G, <c(|uf,:)G, +c(r,s1)G? (31)

This proves that there exists a o < (0,T] such that G, (0) = |u,;,. is finite for te[0,o). This proves that
if space is finite, then Garvey space is finite which demonstrates the existence of stationary solution.

Now the result of differential inequality for longer time will be derived. The radius of uniform analyticity
p=z‘/\/ﬁ increases like vt as t—» oo as the solutions for heat equation. First the optimal decay rate for
Gevrey norm is established, the optimal decay rates for norms of finite order derivatives will be established and
it will be extended to infinite order.

If first two terms of Equation (26) are considered and it is assumed that only contribution from linear terms is
included, interpolation can be used as well as Young inequality while breaking the second term in several frac-
tions. Theorem 3 provides the following:

G, -2,
21’2 = Gr+1 (32)
we all together obtain:
TGr+1/2 VGr+1 = lzGr +172:Gr+1 _XGHl _XGr_—f‘]r
27 2 2 2 2t (33)
N R i T F TR L O
27 81 2 8 81 27 8
New theorem is introduced, it is already proved by using Plancherel theorem:
Theorem 5. Provided that 2q> p>0 and 7 >0, the following is obtained:
"Aqu"2 <c(p.q)cP™ ||u||||A”e’Au|| (34)
Combining Theorem 5 with g =r and the Young inequality, the following is obtained.
1 1
Jr£c3TTJO+§Gr (35)
Ifweset 7= (rg + at) where 7, >0 and 0<a <v/2. The following is immediately found.
1_ay (36)
2 4 8

So that the first two terms on the right of equation (33) are nonpositive and can be neglected. The main task is
now to analyze the nonlinear terms and if possible prove that these nonlinear solutions do not affect the decay
properties of the solution to infinite order. Applying the estimate on nonlinear term and by interpolating J, by
using theorem p=r, g=s; J, isinterpolated in an analogous manner. By application of Young inequality,
the following is found.

[ Ae™ (u-Vu)A'e™udx
Rn

<3 GTAGH + e PRI GY ¢, (14 07°) G, G < ¢ r UG (37)
3v

+er PG 1 ¢y (1472 )6 +5 G

3. Theoretical Findings

The following differential inequality is obtained.

(=)
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G < —érizer ‘e, ﬁ% 20,7 B IYGY + 20,7 IYGH + 20, (1474 ) G2 (38)

As we are considering global asymptotics and blow-up profiles, they are only possible in the presence of a
critical controlled quantity or the combination of a subcritical and a supercritical controlled quantity. It turns out
that the Navier-Stokes equation according to differential inequality tends to contract these quantities, in that way
leading to a useful way to force finite time blow-up. The idea of using minimal surface area as controlled quan-
tities originates from Hamilton. In order to discuss the blow-up time, we introduce the following well known
proposition:

Assume that 7,(M,) is non-trivial. Let f: S? - M, be any immersed sphere not homotopic to a point.

Each such sphere has an energy E(/,t) :=%j |d/if|2 using the metric g, attime t. If we define W, (t) to be
s? Ot

the infimum of E(,t) overall such A. It turns out from standard Sacks-Uhlenbeck minimal surface theory

that this infimum is actually attained. The differential inequality is obtained using structure of minimal surfaces

and the Gauss-Bonnet formula [3]:

oW, (t) < _4ﬁ_%Rmm (t)W, (t) (39)

where R, is the Ricci scalar. It demonstrates that the change of infimum of energy becomes negative in finite
which is absurd. Therefore this forces blow-up in finite time. This means that the solution blows up in a finite
time, which is why the surgery approach will be used.

If the above mentioned state holds, then the differential inequality, in order to make nonlinear terms of lower
order, has to satisfy the following form:

—iz > ¢, 2 IY2GY2 1 f TG o, (1+ TZ“*S))G, (40)
327

where se[(r/2),(r/2)+1] is fixed. First it must be noted that G_ is an increasing function of 7, so that at
the beginning at the initial time t=0, G, is bounded between [A'u,| when r=7,=0 and ||A"e”"u,
when 7 =17, =0 . Thus the left side of equation (39) diverges faster than the right side as 7 — 0, so that we
can satisfy condition at t=0 by choosing 7, (0, 0'] small enough. However, what happens when 7
doesn’t converge to 0. Imagine 7 — oo, then the left part of equation is 0 and the right part is higher than zero,
but that is not possible, because it is proved above that the infimum of energy becomes negative, that is absurd.
So the solution must blow up in some definite and the equation must hold even for 7 as a solution. This proves
that the solution is existent and smooth. In order to proceed, we will analyze the nonlinear terms. After having
proved that the above equation must hold even for some 7 that does not converge to 0, the only equation that
must be solved is the following:

G <-2G +C g (41)

r 2 ~r
r TZ(r+1)

where & =v/16 . According to assumption that there exist positive real numbers M, and y which may de-

M
pend on u, such that |u (t)||2 < n = forall t>0 where u(t) is a solution to the Navier-Stokes equa-
+t

tion J, <M, (z,/7)” provided ¢ :1/(r§ +at) and Jo =|ul’;, where z,>0 and 0<a<v/2, a final
form of differential inequality is obtained.

) k
<_Z _
r— z_2 Gf + z_2(;/4—H—1)

(42)

The integrating factor for linear differential inequality is:

F 2 +at e
exp(éfrz dt’):( o * J (43)
0

’
0Ty toat Ty

(=)
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So the following is obtained.
d

a(2_24)'/a(3r ) < kTZ(('i/a—;/—r—l) (44)

If we fix o small enough so that & > a(y +r), the following is concluded:

Sla
k 1|z k 1
G, (1)<| G, (0)- 2+ 45
r() ( r( ) 5_a(7/+r)rg(y+r)][z_2J 5_a(7+r)z_2(y+r) ( )
If the condition (39) is satisfied for all t, estimate (44) will be global in time. It is sufficient to show the fol-
lowing:
%rz (071“25\]3/263/2 +e,r VI IYAGY 1 (1+ ) )G, ) <g(t) (46)

for some non-increasing function ¢ (t) . Estimate (44) shows that this is the case whenever » >0 and

k 1
5—0.’(]/+ r) z_g(wr)

G, (0)> 47
which satisfies the above mentioned conditions and it proves the existence of a solution. As 7 -, G, con-
verges to zero therefore the solution is existent at the beginning, and if the equations exist, then the solution ex-
ists in the time 7.

It is obtained that:

C, _25/a
Gr (t)gz-z(—}ir)'i'O(T 20/, ) (48)

The upper bound of decay is calculated and given below:

12
||A”‘u||230(m,r)rrszé/zGﬂ/ZSC(m,r)r'ZmMW(T—OJy( G +O(125/“)J
T

(49)
<c,e(m, r)—z(im) (1+ O(r“”‘”“ ))
T

where c(m,r) is given above according to the following definition and maximum is attained at

|¢]=(2q-p)/r so the following definition demonstrates:
c(q,p)=(2q-p)*“"e* P for 29> p (50)
c(a,p)=1 for2g=p (51)

This proves that solution is existent even when 7 does not converge to 0.

Now in order to proceed and analyze the blow-up time, v as the solution of the heat equation will be intro-
duced. It should be proved that the solution w=u-v between Navier-Stokes and heat solution in ||Am || can
be made sufficiently small so that u must decay at the same rate.

First an estimate on the difference w in D(e”*; H' ) . Clearly, it satisfies the following equation:

O,W=VAW—-UuVu-Vp (52)

V-w=0 (53)

As the heat equation preserves the divergence condition, the following equation is obtained V-w=0 for all
t>0. Setting:

7 =| A, (54)

¢ =|aetw, (55)
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And repeating the steps, the following result is obtained:

G/ +¢,(GYi+GlY)G,

r+l1

17 v1 1 . v v 1 C, Vv 1
{5?‘57)4*(5”‘5)4”1‘5724*?WW’(W]

The second of nonlinear terms arises from (47) by using and choosing the smallest possible s=r/2. For
r <2, the following is obtained:

A s AR (e
(56)

(G¥3+GY%)G, =(G3..+GY3)G, =GY3.,G, +higher _order _terms
1 L) hih (57)
=0 e @] ) + higher _order _terms
The following differential inequality is obtained:
: o £C 1
- (t) S _T_z ¢t Tz(y+?+1) + O(T37+5r/2+1j (58)
And the following is obtained:
m,r .
| A"“W|2 < %+ higher _order _ terms (59)
T

After having proved that solution for z exists and if we examine the equation, as 7 — o the distance be-
tween heat equation solution and Navier-Stokes equation demonstrates convergence and if the following heat
equation solution is found then the solution for Navier-Stokes equations exist and is in the same range as heat
equation solution.

Now the heat solution equation Cannon [4] is analyzed. The solution of heat equation:

(6,—A)u=0 (60)
Satisfies a mean-value property
Au =0, (61)
Precisely if u solves
(6,-A)u=0 (62)
And
(x,t)+E, cdom(u) (63)
Then
2 v
u(x,t)=ZJ‘Eﬂu(x—y,t—s)s—zdsdy, (64)
where E, is a heat ball,
E, = {(y,s):cD(y,s)>/1}, (65)

4t

O (xt):= (4tn) 2 exp{_ﬁ} (66)

Notice that
diam(E, ) =o0(1) (67)

(=)
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So that 4 — o demonstrates that equation is existent and is captured in the ball if the A is finite.
The previous assumptions and results prove the existence of smooth and strong Navier-Stokes solution of eg-
uation in R® and represent the solution of millennium problem in R®.

4. Conclusion

It is proved that the strong solution of Navier-Stokes equation is smooth, existent and unique. Firstly, turbulent
solutions are defined and it is proved that they are strong solution, but as the turbulent solutions are only possible
for small time intervals, it is tried to extend the time interval by using the Equation (39) and it is proved that the
differential inequality (40) holds at the same time for some 7 that does not converge to 0. Then the result is
established, it is demonstrated that solutions exhibit possible finite blow-up time, which means that they exist and
persist in the system. In order to establish if the solution exists for the finite time, the heat equation solution and
Navier-Stokes solution are compared. It is proved that two solutions converge as 7 — o which proves the ex-
istence of solution in infinite time. If a surgery procedure is applied, the solution exists for some time, then blows
up, then arises again and that process repeats. This statement proves that the solution is either existent or periodic,
but it exists all the time. It is possible to introduce a stochastic process in order to explain the existence of the
dynamical periodic solution, but this is left for further research. This paper proves the existence of Navier-Stokes
solution in R® and represents a breakthrough in fluid dynamics analysis.
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Abstract

The upwind scheme is very important in the numerical approximation of some problems such as
the convection dominated problem, the two-phase flow problem, and so on. For the fractional flow
formulation of the two-phase flow problem, the Penalty Discontinuous Galerkin (PDG) methods
combined with the upwind scheme are usually used to solve the phase pressure equation. In this
case, unless the upwind scheme is taken into consideration in the velocity reconstruction, the local
mass balance cannot hold exactly. In this paper, we present a scheme of velocity reconstruction in
some H(div) spaces with considering the upwind scheme totally. Furthermore, the different ways
to calculate the nonlinear coefficients may have distinct and significant effects, which have been
investigated by some authors. We propose a new algorithm to obtain a more effective and stable
approximation of the coefficients under the consideration of the upwind scheme.

Keywords

Velocity Projection, Upwind Scheme, Penalty Discontinuous Galerkin Methods, Two Phase Flow in
Porous Media

1. Introduction

In the context of some fields, such as modeling and simulation of fluid flows in petroleum or groundwater re-
servoirs, the studies of processes of the simultaneous flow of two or more fluid phases within a porous medium
are of great significance. In this paper, we consider the cases of two-phase flow where the fluids are immiscible.
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A large number of methods, which are based on the finite difference (FD), the finite volume (FV) or the finite
element (FE) methods, have been developed to deal with the two-phase flow problem. As is well known, no
matter which kind of numerical methods is used, the upwind scheme is of great significance in the approxima-
tion of some problems such as the convection dominated problem, the two-phase flow problem, and so on.

To achieve stable numerical computations in the simulation of two-phase flow problem, an accurate approxi-
mation of the flux is one of the most important and desirable ingredients. If we use Penalty Discontinuous Ga-
lerkin (PDG) methods to discretize the pressure equation, like in [1]-[3], both the pressure and saturation equa-
tions will be discritized by the PDG methods, and a process of reconstruction of the velocity needs to be done
after the pressure equation is solved. In [2], an average total velocity was post processed by substituting the
piecewise constants of pressure gradient and saturation gradient into the velocity-pressure expression directly.
Actually such reconstructed velocity, on some level, belongs to the lowest order Raviart-Thomas finite element
space. In [4], a post-processed total velocity is reconstructed in the Brezzi-Douglas-Marini (BDM) finite ele-
ment spaces. But it needs that the degree of the polynomial is more than one, that is, using the linear approxima-
tion in DG method is not enough to reconstruct a velocity in BDM; space. A more stable and accurate recon-
struction was developed in [1], in which the velocity reconstructed from the piecewise linear pressures could
even belong to the first-order Raviart-Thomas finite element space. However, all the reconstructions mentioned
above didn’t consider the upwind scheme, which was basically used in the discretization of the equations. The
property of the local mass conservation is crucial in porous media flow and transport problems. The upwind
scheme has direct effect on the local mass conservation of the reconstructed velocity. We found that unless the
upwind scheme and penalty terms which are used in the discretization of the two-phase flow problem are consi-
dered together into the velocity reconstruction, the error of the local mass conservation cannot reach a satisfac-
tory level. In this paper, we present a scheme of velocity reconstruction in some H(div) spaces [5] with consi-
dering the upwind scheme totally.

The different ways to calculate the nonlinear coefficients may have distinct and significant effects, which
have been investigated by some authors. For the approximation of the coefficients, we extend the one used in [6]
to that each coefficient in element K is evaluated as the average of the upwind value on oK . This improves the
stability of the numerical scheme even when an explicit scheme is used. In contrast with the explicit scheme de-
scribed in [2], our explicit PDG scheme with this special approximation of coefficients can not only get rid of
the extra penalties from the pressure equation but also have a robust performance in the heterogeneous media.

The rest of the article is organized as follows: In addition to the introduction and conclusion, we divide the
text of this document into four parts. Section 2 is the first part and consists of two subsections, in which we in-
troduce governing equations of two-phase flow problem and the corresponding interface conditions in Subsec-
tions 2.1 and 2.2 respectively. The second part, Section 3, comes in four subsections. In Subsection 3.1, the up-
wind average approximations of coefficients are introduced. In Subsections 3.2 and 3.3, the PDG methods are
used for the pressure equation and the velocity reconstruction is presented respectively. In Subsection 3.4, the
PDG methods are used for the saturation equation. The third part, Section 4, consists of two subsections. In
Subsections 4.1 and 4.2, we introduce all the possible projection schemes with respect to the velocity recon-
struction and the scheme without any explicit projections. In the last part, Section 5, several numerical examples
in two dimensions are provided.

2. Problem Model

2.1. Mathematical Formulation

We consider two immiscible incompressible fluids in porous media and there is no mass transfer between the
phases. Various and alternative model equations for two-phase flow problem can be found in reference [7]. Here
we use the phase formulation for which the primary variables are wetting phase pressure and saturation ( p,,
and S, ), and in the absence of gravity and sink/source term we have:

-V (ﬂtDva + ln Dvpc ) = 01 (1)
oS dp,

—2+Vv| A f D—VS V(f =0, 2
$ 5y 0 evs, oy (1) @

where the denotations and meanings of each coefficient and their relationships are defined as follows: D is the
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absolute permeability tensor and is discontinuous in heterogeneous media; ¢ denotes the porosity of the me-
dium; p, is the capillary pressure; A4,, A, and A, are wetting, nonwetting and total mobility respectively;
f,, isthe fractional flow; V and V- are the gradient operator and divergence operator respectively. We will
use the Brooks-Corey model [8] throughout this paper, in which some of these coefficients are non-linear func-
tions defined below:

pc (Sw)= pdsv;g' (3)
(1-5,) [1—3_;;6]

ﬂn(sw): L ! (4)

AW(SW)=SV; , ©)

A=zn+zw,fw=%fn =%, ®)

c SW_SI'W

S 15 s "

where p, is the entry pressure needed for the wetting phase to enter large pores which are completely filled
with the non-wetting phase; g, and g, are the non-wetting and wetting phase viscosity; & is the parameter
associated with pore size distribution; S,, and S, are the residual saturation.

Some notations for the mesh are given below: Q is the domain; oQ is the boundary of the domain; 7, is
the partition of Q ; K is the finite elementin 7, ; oK is the edges of element K; & = {e:all edgesin 7, },
is the set of all edges contained in 7 ; &, is the set of all interior edges contained in 7, . The Equations (1)
and (2) are subject to appropriate initial and boundary conditions to close the system. Here we give two feasible
sets of boundary conditions: one is the Mixed-Neumann boundary condition as in [2],

(Suu + 4, f,DVp,)-n=S,u.-n, on Ty, (8)
A,1,DVp.-n=g,, on I, 9)
Pw=0p, On Iy, (10)
u-n=0, on I, (11)

and the other is Neumann-Drichlet boundary condition used in [9],

u,-n=(2,f,DVp, +f,u)n=gy, on I, (12)
S, =S4, on 'y, (13)
Py = Pair» ON T, (14)
U -n=gy-n onT . (15)

The whole boundary of the porous medium domain oQ is divided into three mutually disjoint parts: the in-
flow, noflow, and outflow boundaries (T",,, T',,, I',,), respectively. In the case of Neumann-Drichlet boun-
dary condition, T, and I', occupy the outflow boundary, ', and I'y, occupy the inflow and no-flow
boundaries such that g, <0 on inflow boundary and g, =0 on no-flow boundary. In the case of mixed-
Neumann boundary condition, ", occupies the inflow and outflow boundaries, T, occupies the no-flow

boundary, T, occupies the inflow boundary, and I, occupies the no-flow and outflow boundaries.
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2.2. Interface Conditions

In order to test the barrier effect phenomenon of two phase flow, the nonlinear interface condition discussed in
[1] [6] [10]-[13] will be introduced here. Following [9], we assume an initially fully water saturated domain
(Q=0,UQ,) withaninterface T', between two different sands, and the oil is injected from the inflow part of
boundary T, see Figure 1. In addition, we assume that €, stands the coarse sand and €, is the fine sand.

The process of the phenomenon is described briefly below. First, oil approaches the material interface but
cannot penetrate it and begin to accumulate. In this case, only water pressure p,, is continuous on the interface,

capillary pressure p, and saturation S, are discontinuous and satisfy:

1
pc Q) = p(;SwgI '
pc Qy = péll (16)
Sy —Su =S, —(1-Sm)-

Then, when more and more oils accumulate at the interface and the capillary pressure on the coarse side ex-
ceeds the entry pressure of the other side (pC o 2 py ), the oils begin to penetrate and enter the fine sand. At
this time, both p,, and p, are continuous, but saturation S, is still discontinuous and satisfies:

%

1\ I_cl Yo

si -5t =) —(1-sp s B | [ BB | s )
Py 1_Srw_srn

We note that a critical point of saturation can be found when the capillary pressure on coarse side increases to
the value equivalent to the threshold pressure on fine side. That is, deducing from p, |QI =p, we have,

1\
s;:(l—sr'w—sr'n)(p—” +S/. (18)
p

d

This point will be used to judge whether the nonwetting phase can or cannot penetrate the material interface.
So the interface conditions can be rewritten in the form below. For capillary pressure,

1

__97 *
Pefo, = Pefa, =1PeSy" —Pas Su>Si, (19)
| .
and for wetting phase saturation,
S, —(1-5n), Sy > S,
SVIV - SVIVI = 1 o | | % (20)
sp-(1-sh - B | [ Sei 1t sy <),
¥ 1-8! —S!
d w m
no-flow(I'p,)
coarse i fine
sand i sand
inflow(Ty,) —— I‘: 7 —+— outflow(T'ous)
Q 1 Qp
no-flow(I'p,)

Figure 1. The interface (dashed line) between two subdomains
with different rock properties.
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Condition (20) is the same as that described in [1] except that the wetting phase (instead of the nonwetting
phase) is used as the saturation variable. Moreover, (19) is only written for the capillary pressure and not for the
wetting phase pressure, since the variable p,, is always continuous in the problem discussed. Noting that if the
sub-domain Q, has a finer texture than Q,, , all the relationship above can be treated in a similar manner with
superscript 1 and 1l reversed.

3. Discrete Schemes

3.1. Approximation of Coefficients

For the approximation of coefficients,we extend the one used in [6]. Let o denote any coefficients waiting for
some proper approximations. Firstly we recall the original way to approximate the coefficients,

— 1
Oe _HL '
(21)
R
K]
The approach described in [6] is,
G_e = G(TSK’e),
_ _ 22
0'K=1 ae(TSKe), (22)
3eeaK ’

where TS, . denotes the mean water saturation on the edge e of the element K, see [6] for more details. Now it
is extended to the following one,

— 1
Oe = HLO-'

. (23)

Oy :gzae .

eedK

where the upwind value of the side average on the interior edge is considered. The quantity o' s called the
upwind flux which is done with respect to the normal component of the total velocity u,, such that for all

ec oK™ NoK™,
ol.., U -n <0,

o = b (24)
Ol s U "N, >0.

where the normal vector n, points from K™ to K~ . Throughout this paper, all the coefficients on element K
and edge e are calculated by the upwind averaged constant and the integral average constant which are described
in (23).

3.2. Pressure Approximation with PDG

In this section we apply the Penalty Discontinuous Galerkin (PDG) methods [14] such as Nonsymmetric Interior
Penalty Galerkin (NIPG) to the pressure Equation (1). Some notations for DG methods are defined:

v} ::%(v’+v*), [V]:=v -v*, Vee§, (25)
{v}=v, [v]=v, VeedQ, (26)
X, ={wel’(Q)| wieR(K),vK eT,}, (27)

)
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where v* are the restrictions of v on two adjacent elements K* respectively.
The pressure Equation (1) discretized by PDG reads as follows.

find pt™ e X, ,forallve X,,

ZJ‘ADVP‘;H Vv _ z I{ADVPKA }[]

KeeT, ecg Urp
+e ) _.'{21 DVv-n }[ k”] [ k”] (28)
ee& Urp eeé'h UFD
4
=—ZI( de] D VSy -V + X [ ( deJ DVS!-n, | [v]
KeTy eef Urp dsw

+EZM DVv-n, py, + ZJ o PairV - ZIgN

Indeed, the PDG methods are only applied to the wetting-phase pressure term, for the capillary pressure term
a traditional DG method with the upwind scheme is used.

3.3. Velocity Reconstruction

After solving the discrete pressure Equation (28), the total velocity will be reconstructed in the lowest-order Ra-
viart-Thomas space (RT,), the first-order Raviart-Thomas space (RT,) and the first-order Brezzi-Douglas-
Marini space ( BDMl) respectively, refer to [5] for more details about those spaces. The main idea of the re-
construction in the current section follows the one depicted in [1], and we will extend it to the situation that the
discretization of the pressure equation contains an upwind scheme.

A proper reconstruction of velocity stems from the local mass conservation law as shown in the following
description. Firstly, we recast the variational Equation (28) on element K into two parts as follows,

—[uft vy = [ A D VPt Vv | [ﬂ pCJ DVSy-Vv+e Y [ (A DVven [ pt* ], (29)

ecoK

[ultny =—[ {4 DVpy™-n,}[v]- .[H/l SEWJ DVS:,.nJ [v]+ j| |ﬂ[ Pt ][v]. (30)

Combing (29) and (30), it is easily seen that the local mass is conserved,

J'K(V 'Ulk+l)V _ —IKU1k+1 YV + zKJ'eutkH ‘nV= J'K( k+1 + qr|:+1) : (31)
eed

where g, and g, are the sink and source terms which are zeros here. Noting that if the edge e belongs to both
K and T, on the right hand side of Equations (29) and (30), | p k“] is equal to i(pk*l— Py ) and the
sign * is determined by the direction of n,, for example, the sign is positive when n, is the outer normal
vector with respectto oK .

Secondly, using (29) and (30) as the degree of freedom for some H(div) spaces, the total velocity will be ob-
tained as some appropriate projections or interpolations in these spaces. In order to have a proper interpolation
in RT,, RT, and BDM, spaces, we should specify a set of degree of freedom (DOF) for these H(div) spaces
and a corresponding set of basis functions. If let v be any constant in the polynomial space of degree zero P,,
(29) will vanish and (30) will become the RT, space’s DOF which is the integral of the normal component of
velocity on each edge. Correspondingly, the set of basis functions for RT, on the reference element is,

&, =ﬁ(x—ai), i=1,2,3, (32)

where ‘K‘ is the area of the reference element K and a, isone of its the vertices.

()
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Let v|K and v|e be any functions in the space of polynomial of degree one P,, then (29) and (30) be-
come the DOFs for RT,. The corresponding basis functions for RT, space on the reference elements are,

. 6x —8xy —8x’ . 8xy —10x +16x*
' ex+12y—8xy-8y2—4) 2" |16xy-14y—12x+8y? +6 )’

. [8x*—4x) . [2x+8xy-8x°
¢3: ' ¢4: 2 ’
8xy —2y 8y~ —8xy -2y
. (8xy-6y-2x+2) . (14x+12y-16xy-8x"-6
> 8y’ —4y ° 10y —8xy —16y?

. [16x—8xy-16x") . [ 8x—16xy—8x’
" 8y —16xy —8y? * l16y-8xy—-16y? )

Let v|e beany functionsin P, polynomial space, thus the basis functions of BDM, can be obtained in a
similar manner except that (29) is not used. All the DOFs for BDM, are just defined on the edges of element,
so only (30) is used to determine the basis functions. The corresponding basis functions for BDM, are,

. —2X . 6x

A7 exray-4) P27 (6-6y—12x)'
. [ 4x . [—6bx

O3 = _2yx Dy = 6y )

. (2-6y-2x . [6x+12y-6
Ps = 4y v P = 6y .

It is noted that the choice of DOFs for the BDM, and RT, spaces is not unique, for example, the half-edge
integral of the normal components of velocity is also available and applicable.

3.4. Saturation Approximation

The spatial discretization of the saturation equation is similar to that of the pressure equation given in (28). The
diffusion term of the saturation equation is discretized by the PDG methods, and the advective term is discre-
tized by a traditional DG method with using the upwind scheme. An Euler scheme in time is used. The satura-
tion Equation (2) equipped with Mixed-Neumann boundary conditions (8)-(11) could be written as:

findS{™ e X,,forallve X,,

k
dp
k+l _ y) f c D vskﬂ'v
ZJ‘K At w VK KEZThJ.K£ n wds \J K W VK

KeTy, w

g2

(33)
_ Sk+l k k+l
eE;sMJ. eesh [ :'
= Z.f SVK+ Zj (fou,) VvK—ZL(fWTut.ne)k[v]
KeTh eeéy
_EEZFS:N J.eng—eer ISInu “N,V.

The variational form in terms of Neumann-Dirichlet boundary conditions (12)-(15) reads:

()
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find Sk e X, forallve X,,

k
zjK Sutve— 2 [ [ﬂf J D, VSKt. vy,

KeTy KeTy

+eethU:FDJ' {[ﬂf SE;J DVSE? . }[v]
- Y j{[lf C]k DVv.ne}[s;“] > I|e|ﬂ[ sl (34)

eeshUl“D eeShUl“D
_ ¢ : -
_Kg;hJ'KAtSv +z;th(fWU Vv Eeghzur[’j( WU, n) [v]
-2 fowv- gZI(/lf Cj DVV-n,Sy, + X |, ;Sd,,v
eely eelp S, eelp ||
k
o3t ovn a(st)e 2[5 (s),
eel’y W eel, |E|

where J (SW) is the interface condition of saturation described in (20).

4. Feasible Projections of the Discrete Strategies
4.1. DDG Methods with Some Other Projections

The abbreviation DDG means that DG methods are used for both pressure and saturation equations. For a clear
comparison in the numerical experiments, we list all the possible and feasible projections below. Firstly, we de-
note RTY (or BDMWY) as the the velocity space projected into RT (or BDM) space by (29) and (30). Secondly,
RT® (or BDM@) means the projection into RT (or BDM) space with considering the upwind scheme but without
the penalty term,

k
k+1 k+1 dpc k
[ ut v = [ 4D VPt Vv + jK(/ln s, D, VSK -V, (35)

A
[ut-ny =—[ {4 DVpl™-n,}[v]- j[( dp°} DVSka-neJ [v]. (36)

Thirdly, for RT® (or BDM ), it means the projection with considering the penalty term but without the
upwind scheme,

k
dp
k+1 k+1 c k
[ Ut vv = [ 2D Vpy VV+IK[ln dSWj D, VS!-vv

@37)
w03 [ Ao pi]
w (38)

+L|e|e L

At last, for RT" (or BDM ), it means the projection without considering both the penalty term and the
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upwind scheme,

k
—J'Kutkﬂ YV = J'Kﬂtk D, Vp“* . Vv + J'K (;Ln %J D, VSE -V, (39)
dp ‘
J.eutkﬂ NV = _.L {ﬂtk DVp\:+l M } [V] N J‘e{{j’n dSC ] DVS:/ M }[V] (40)

As indicated in introduction, for all DDG methods the velocity derived by the projection RTY (or BDMl(l))
preserves the local mass conservation property best, which will shown in the numerical examples.

4.2. DDG Method without Explicit Projections

In [2] the velocity is used directly as the combination of the gradient of the solutions and coefficients, as
follows,

k
utk+1 N, = _{;Ltk Dvp\l/(\/+l ) ne} - {[ﬂ’n gzc J DVSVkV ’ ne}’ (41)

w

w

k
U K = =2 D Rl —[zn j%j D, VS I, “2)

w

where the average of the total velocity is used in the interior edges. Although it doesn’t use any projections ex-
plicitly, the velocities constructed from (41) and (42) are some kind of implicit projections into RT, space. The
velocity derived from (41) and (42) is close to the velocity projection in RTO(“) space which is constructed by
(39) and (40). But their value in each element is different. Furthermore, the DDG method with using the velocity
reconstruction presented in this subsection has certain differences in contrast to what proposed in [2], which are
reflected in two aspects below:

1) The variational form of the saturation equation doesn’t incorporate any additional penalties from the pres-
sure equation.

2) The approximations of the coefficients are totally different.

5. Numerical Examples

In this section, we present some computer experiments to examine the proposed methods on two dimensional
spaces. Both two boundary conditions with different types are used in the examination of all the methods. In
tests 1 and 2 we consider the displacement of the non-wetting phase by the wetting phase, which is similar to the
so called quarter-five spot problem introduced in [2]. In test 3 we consider the displacement of the wetting phase
by the non-wetting phase which is used to simulate the barrier effect in [9]. The domains used in the experi-
ments are the square (0,2)2 with two corners be cut off, and for the mesh used in the discontinuous problem a
small square with different rock property is fixed inside the domain, see Figure 2(a) and Figure 2(b). In each
test, we use the Nonsymmetric Interior Penalty Galerkin (NIPG) method with the penalty parameters ¢ =1,
o=1 and S =1.Inorder to prevent the oscillations, a slope limiter procedure described in [15] is used.

If considering the mixed-Neumann type boundary (8)-(9) for the saturation equation, the following initial and
boundary conditions are used:

S, (t=0)=02, (43)
S, =0.9 on Ty, (T}), (44)
gy =0m/s on Ty (T, Uy, ), (45)
Par = 3.45%x10° Pa on I (Ty,), (46)

()
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Figure 2. Meshes used in the experiments. (a) quarter-five spot mesh used in homogeneous medium; (b)
quarter- five spot mesh used in discontinuous media.

Pgr = 2.41x10° Pa on T, (T, ), 47
u.-n,=0m/s on 'y (T,). (48)

When the Neumann-Dirichlet type boundary (12)-(13) is used for the saturation equation, the following initial
and boundary conditions are considered:

S, (t=0)=1, (49)
U,-n,=0m-s™* on Iy (T,), (50)
U,-n=0m-s* on I (T,), (51)
Sgr =1 on Ty (T ) (52)
U -n, =2.05x10%m-s™* on T, (T}), (53)
U-n,=0m-s* on T (T,) (54)
Pgr =2.01x10° Pa on T (T, ). (55)

The parameters including rock and fluid properties used in the simulation are summarized in Table 1.

5.1. Test 1

In test 1, we examine the property of the local mass conservation law. For this purpose, we solve the so-called
quarter-five spot problem on a homogeneous medium and check the numerical local mass of the reconstructed
velocity. All the projection methods discussed above will be used and compared. The domain used in the expe-
riment is the square (0,2)2 with two corners be cut off, see Figure 2(a). The initial and boundary conditions
(43)-(48) is used. The parameters with respect to the rock property and Brooks-Corey model are listed in Table
1, Test 1. In Figure 2(a), the spot at the left bottom is the inflow boundary T, , the outflow boundary T, is
located at the right top corner, the rest of the boundary is the noflow boundary I',,. To make sure that the water
front stays inside the domain, the final time is set to T = 160 s. We use a constant time step, and the ratio of the
time step to the space step’s square is about dt/h2 ~45.Weuse DDG" to denote the DDG method without
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Table 1. Parameters used in the numerical simulations.

porosity

permeability [m?]
viscosity[kg/(ms)]
residual saturation

Brooks-Corey

porosity

permeability [m?]
viscosity[kg/(ms)]
residual saturation

Brooks-Corey

porosity
permeability [m?]
viscosity[kg/(ms)]

residual saturation

Test 1
$=04
D =[50.4,0;0,1]x107"
u,=1.0x10°, u, =1.0x10"
S,=005, S, =0.1
p, =3x10°Pa, =3

Test 2
$=0.2
D =[1,0;0,1]x10™"
u,=2.0x10", u, =5.0x10"
s, =0.05,5, =0.01
p, =5x10°Pa, =2

Test 3
¢, =02, ¢ =02
D' =[10,0;0,1]x10™, D" =[1,0;0,1]x10™"
4, =1.0x107, x4, =1.0x10"

5,=5.=0, S.,=5!=0

Brooks-Corey p; =1x10*Pa, p; =15x10°Pa, 6'=2, 6" =2

explicit projections. Since there is no sink and source terms the exact local mass is zero on each elements, that is,
vKeT,, Y Lut -n, =0, where n, is the outward unit normal vector to oK . Thus we can easily define the

eedK

errors of the local mass conservation under the vector norms 1” and 1° which are respectively

max{ } and [Z ]2. (56)
KeTy, K7

The errors of the local mass conservation at selected times are listed in Table 2 and Table 3.

Z Lut ‘N

ecoK

Z Lut N

eeoK

5.2. Test 2

In this test, we show the numerical solutions solved by our scheme with using projection RTO(l) in a homoge-
neous media. For the results with using projection BDM.Y and RT,”, they are similar with using RT" so
are omitted. The mesh used in test 2 is the same as the previous test.The initial and boundary conditions (43)-(48)
are used in this test. To make sure that the water front stays inside the domain, the final time is set to T = 180 s.
A constant time step is used, and the ratio of the time step to the space step’s square is about dt/h2 ~4.5.The
parameters of rock property and Brooks-Corey model are listed in Table 1, Test 2. The contours of wetting
phase saturation in the homogeneous medium at selected times are presented in Figure 3.

5.3. Test 3

In the last test, we examine our scheme in a discontinuous media. We assume that the domain used here is in-
itially fully water saturated and with the interfaces between two different sands, see Figure 4. Q, is the fine
sand and Q, is the coarse sand, so the oil-trapped phenomenon will appear on the interfaces I'j see Figure 4.
The critical point in (19) is S, ~0.44, and the oil will penetrate the interface T'; when S! <S. . The mesh

)
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Table 2. Numerical errors of the local mass conservation in test 1 at timest=40sand t =80 s.

t=40s t=80s
I I2 I 2
DDG" 2.2913e-04 5.7110e—04 2.3767e-04 5.8819e—04
RT" 2.8284e-09 1.6994e—08 2.2655e—09 1.6564e—08
RT? 2.2117e-04 5.2564e—-04 2.2860e—04 5.3194e-04
RTY 2.0947e-05 7.6105e—05 1.8192e—05 6.8195e—05
RT 2.2087e—04 5.2553e—04 2.2808e—04 5.3135e—-04
BDM,” 2.6577e—09 1.6747e-08 2.1773e-09 1.5875e-08
BDM 2.2117e-04 5.2564e—04 2.2860e—04 5.3194e-04
BDMY 2.1408e-05 7.8417e—05 1.7849e—05 6.9403e—-05
BDM" 2.2086e—04 5.2552e—04 2.2808e—04 5.3135e—-04
RT," 2.0632e-09 1.6436e—08 2.5179e-09 1.7404e-06
RT? 2.2933e-04 5.7035e—04 2.3798e—04 5.8939¢-04
RT," 2.1631e-05 7.9100e-05 1.7994e—05 7.0000e-05
RT, 2.2913e-04 5.7110e-04 2.3766e-04 5.8819e-04
Table 3. Numerical errors of the local mass balance in test 1 at timest =120 sand t = 160 s.
t=160s
1” |2 1” 12
DDG" 2.4309e—04 5.9636e—04 2.4690e—04 6.0363e—04
RT" 2.4551e-09 1.7281e-08 2.3734e-09 1.8916e—08
RT? 2.3367e-04 5.4152e—04 2.3644e-04 5.4898e—04
RTY 2.1099e-05 7.1351e-05 1.4933e—05 6.7183e—05
RT,Y 2.3305e-04 5.3781e-04 2.3576e-04 5.4316e-04
BDM” 2.4264e-09 1.7214e-08 2.4283e-09 1.7782e-08
BDM 2.3368e—04 5.4152e—04 2.3644e—04 5.4898e—04
BDM 2.1464e—05 7.2709e-05 1.5027e-05 6.7311e-05
BDM 2.3305e—04 5.3780e—04 2.3576e—04 5.4316e—-04
RT," 2.0203e-09 1.6556e—08 2.4811e-09 1.8123e-08
RT? 1.5926e—-04 5.9819e—04 2.4740e-04 6.0948e—04
RT," 2.1777e-05 7.3186e—05 1.5423¢—05 6.6493e—05
RT," 2.4309e-04 5.9636e—04 2.4691e—04 6.0363e—04
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(a) t=20

(h) t=160 (i) t=180

Figure 3. The contours of wetting phase saturation in the homogeneous medium at selected times in the Test 2.

I171,0 I\out
Pa

.

in Fno

Figure 4. Discontinuous quarter-five spot problem.

used in this test is Figure 2(b). The initial and boundary conditions (49)-(55) are used in this test. The initial and
boundary conditions (49)-(55) are used in this test. To make sure that the water front stays inside the domain, the
final time is set to T = 200 s. A constant time step is used, and the ratio of the time step to the space step’s
square is about dt/ h? ~ 4.5. The parameters of rock property and Brooks-Corey model are listed in Table 1,
Test 3. When the oil flows from coarse sand to fine sand with the injection of oil from the inflow boundary T, ,
more and more oil approaches and accumulates at the front of the interface of the fine sand. When the accumu-
lation reaches a critical point, that is, when the capillary pressure at the coarse side of the interface is greater

than at the fine side, the accumulated oil will penetrate the interface and enter the fine sand area. By contrast, in
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(a) t=20

1 A2

(e) t=80 (f) t=108

112

(g) t=135 (h) t=165 (i) t=200

Figure 5. The contours of wetting phase saturation in the discontinuous media at selected times in the Test 3.

the reversed direction the oil immediately penetrate the interface, that is, the oil-trapped phenomenon will not
happen if the oil flows from fine sand to coarse sand. The contours of wetting phase saturation in the disconti-
nuous media at selected times are presented in Figure 5.

6. Conclusion

The velocities reconstructed from projections RT.” BDM” and RT,” are much better to preserve the local
mass conservation property than the others. That is, the velocity reconstruction with the projection that considers
both the upwind scheme and penalty term can best preserve the local mass conservation property. The approxi-
mation of the coefficient (23) is very essential to the stability of all the DDG methods. Instead of (23), if the ap-
proximation of coefficient (21) is used, the variational form of the saturation equation has to incorporate addi-
tional penalties from the pressure equation; otherwise the scheme will be unstable.
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Abstract

In this paper, firstly, some priori estimates are obtained for the existence and uniqueness of solu-
tions of a nonlinear viscoelastic wave equation with strong damping, linear damping and source
terms. Then we study the global attractors of the equation.
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1. Introduction

We know that viscoelastic materials have memory effects. These properties are due to the mechanical response
influenced by the history of the materials. As these materials have a wide application in the natural science, their
dynamics are of great importance and interest. The memory effects can be modeled by a partial differential equ-
ation. In recent years, the behaviors of solutions for the PDE system have been studied extensively, and many
achievements have been obtained. Many authors have focused on the problem of existence, decay and blow-up
for the last two decades, see [1]-[5]. And the attractors are still important contents that are studied.

In [6], R.O. Aradjo, T. Ma and Y.M. Qin studied the following equation

|u|” g —Au - Au, +.fo+°°g (s)Au(t—s)ds+ f (u)=h(x) (1.2
and they proved the global existence, uniqueness and exponential stability of solutions and existence of the
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uation with Strong Damping and Linear Damping and Source Terms. International Journal of Modern Nonlinear Theory and
Application, 4, 142-152. http://dx.doi.org/10.4236/ijmnta.2015.42010
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global attractor.
In [7], Y.M. Qin, B.W. Feng and M. Zhang considered the following initial-boundary value problem:

|u|” U —Au - Au, +J';wg(s)Au(t—s)ds+ut =o(xt),xeQt>r
u(xt)=0xeoQ,t>r (1.2)
u(x,7)=ug(x), u (x,7)=u (x),u(x,t)=u, (x,t), xeQreR"

where Q is a bounded domain of R" (n>1) with a smooth boundary o€, u, (x,t) (the past history of u) is
a given datum which has to be known for all t <7, the function g represents the kernel of a memory, o = o—(x,t)

. . 2 . .
is a non-autonomous term, called a symbol, and p is a real number such that 1< p < P} if n>23; p>1if
n —

n=1,2. They proved the existence of uniform attractors for a non-autonomous viscoelastic equation with a past
history. For more related results, we refer the reader to [8]-[14].
In this work, we intend to study the following initial-boundary problem:

U —Au+ [ 7 g(s)Au(t-s)ds— AU, +&U, +&u" u=f(X), xeQt>0
(x,t):O, XeoQ,t>0 (1.3)
u(x,0)=uy(x), u(x0)=u(x), xeQ

where ¢,,¢,,6,20, and Q< R"(n>1) isabounded domain with smooth boundary 0Q,

{ 2n 2n+4
2< p<min
n-2" n

I g(s)Au(t—s)ds replaces J' g(t—s)Au(s)ds, and we consider the strong damping term - Au,, the li-
near damplng term &,U, and source terms g3|u|p_2u.We define

} if Nn>3; p>2 if n=12, for the problem (1.3), the memory term

n=n(s)=n"(xs)=u(xt)-u(xt-s)

A direct computation yields
7(8) = =71, (s) + U (t)
Thus, the original memory term can be written as
I g(s)Au(t-s) ds—j g(s)ds-Au- j g(s)An(s)ds

and we get a new system
( j a(s ds)Au £AU, j g(s)An(s)ds+eu, +&ul""u=f(x) (1.4)

e =15 + ut (15)
with the initial conditions

u(x,0)=uy(x), u (x,0)=u,(x), 7(0)=7"(x,0)=0, xeQ (1.6)
and the boundary conditions
u(x,t)=0, xeaQ,t>0 @7

The rest of this paper is organized as follows. In Section 2, we first obtain the priori estimates, then in Section
3, we prove the existence of the global attractors.
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For convenience, we denote the norm and scalar product in L*(Q) by || and (--), let Vv =H'(Q),
D(A)=H?(Q).
2. The Priori Estimates of Solution of Equation

In this section, we present some materials needed in the proof of our results, state a global existence result, and
prove our main result. For this reason, we assume that

(G1) ¢g:R" — R" isadifferentiable function satisfying 1— j g(s)ds=1>0;

(G2) g(s)=0,9'(s)<0,VseR";

(G3) There exists a constant & >0 suchthat g'(s)+&g(s)<0, VseR™;

Lemma 1. Assume (G1), (G2) and (G3) hold, let

2<p <ﬂ, n>3
-2
p=2, n=12
and (uy,u;) e Hg(Q)xL*(Q), fel?(Q), v=u +eu, then the solution (u,v) of Equation (1.3) satisfies
(u,v)e Hg(Q)xL*(Q) and

Wi(0) _, C w
o = 1ol ol < et Spae) @

here W (0) = v |2 +(1 - &.) [Vu, +2ﬁ||u0 |7, thus there exists E, and t, =t, () >0, such that

=[Vu@®[f +|v )} <Es(t>t,) (2.2)

(u, [,

Proof. We multiply v =u, +&u with both sides of equation and obtain
( ( -["a(s ds)Au &Au - [ g(s (s)ds+gzut+g3|u|p72u,v)=(f,v)

By using Holder inequality, Young’s inequality and Poincare inequality we get

Hix2

1d
(un,v)z(vt—gut,v)=5—||v||§—g U,Vv)= 2d ||v||2—g (v—eu,v)

= dt SV e v+ (v, V)>——||V||2— z|v ||2——||U||2——||V||2 (2:3)
1d
o L o - S vl - S
and
( ( _[ (s ds)Au v) —1(Au,u, +gu):|5%||Vu||§+lg||Vu||§ (2.4)
and

(j g(s dsv) (J' (s dsu)(j g(s ngu) (2.5)
For the first term on the right side (2.5), by using (G1), (G2) and (G3), we have
.[Jwg(s)jgvn(s)-Vuldxds :jomg(s)jQVn(s)(Vnt +V7,)dxds
=r°°g ()3 IV nlE s+ [, "o (s)d v @8)

g
> 2O, S,
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where
ol =1, 9(9)|va(s); os @7
For the second term on the right side (2.5), by using Holder inequality and Young’s inequality, we get
( .[ g(s s)ds, gu) 5J' g(s)[ Vn(s)Vudxds
2 & 2 28)
—zllnllg,v —l a(s)ds|vul;
So, we have

(- "9ls n(s)ds.v) = (-, a(s n(s)ds.u )+ (-1, als n(s)ds,zu)

: . (29)
>gallf7||gv Il ——I g(s)ds|vul,
By using Poincare inequality, we obtain
(—£,AU,V) = & (~AV+ AU, V) = & |V + &6 (Au,u, +eu)
ge d
= [Vt - 25 S vul} - 0% 2.10)
ge d
N Y ey
and
(£2Uv) = £ (U +eu) = &, ui [, e ul, Ju,
> 6, - 22 o, -2 fu @)
& &€
e
and
_ - d
(ealul™* uv) =5 (Ul *uy, +gu):isa||u||g +eelul’ (2.12)
By using Holder inequality and Young’s inequality, we obtain
1
(f (X):V)SIIfII'IIVIIS%IIVIIE +allf||§ (2.13)
Then, we have
1d, 2 & 1d,
S =l —ZA7 - S+ ol +1ef9uE + S S
£ &% o ge d
wqlly =1 o) asvul; + ek M, =g vl - [Vul;
(2.14)
&8
o, 1- )nu - 24w+ 2l +ege||u||"

S%IIVII?aIIfIIi
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That is
d 2 2 2 26‘3 p 2 2
a{||v||2+<l—ele>nwnz+||n||g,v g e U

+o0 E 2 § 2
+25[| —515—a—2_[ g(s)ds— Zij"Vu”z +§"77”g,v +2535”“"E (2.15)

&
25| 1-2 Jufs < 11

Next, we take proper ¢,¢,,¢&,,&,, such that

a =264 26— -1 >0

_Zg[l—glg— 7k +°’°g(s)o|s—2£—jjzo (2.16)

a, =2s, (l—g) >0

Taking a1=min{a1, % é,pg},then

l-¢ge
Iy (t)+ocw(t)si||f||2 =C (2.17)
dt ! R
where W (t)= ||v||2 glg)||Vu||§ +||77||;V +2—;3||u||i , by using Gronwall inequality, we obtain
W (t) <w (0)e™ +&(1—e"’1t) (2.18)

o

From 2<p< Z—nz,n >3, according to Embedding Theorem then H2(Q) < L (Q), let k =min{L,(I1-¢)},
n —

so we have
W(0) _, C w
A
Then
C
!Ln;" u V "Ho 12 Szlk

So, there exists E, and t, =t,(©)>0, such that

w9y =IVuOf, + IV < Es(t>1)

H0><L2

Lemma 2. Assume (G1), (G2) and (G3) hold, let

{2< p<2n+4, n>3
n

p=2, n=12
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and (up,u;)e H?(Q)xH'(Q), feH'(Q), V=U +&u, then the solution (u,v) of Equation (1.3) satisfies
(u,v)e HZ(Q)XH ( ) and
W(0) .

C —a
R 219
Here V(O)=||Vul+Vu0||§ +(I—glg)||Au0||§ , thus there exists E; and t, =t,(Q)>0, such that

(8%

Proof. We multiply —Av =-Au, —¢Au with both sides of equation and obtain

( ( j g(s ds)Au £AU, J' 9(s (s)ds+.92ut+53|u|p’2u,—Av)=(f,—Av) (2.21)

H2xH!

=|au(); + [ <E (t>t,) (2.20)

By using Holder inequality, Young’s inequality and Poincare inequality, we get

(un,_Av>=<vt—sul,—Av )=l PVE 2020

2 dt ||Vv||2 —e(v—eu,—Av)

LYoot ()
z ——||VV||2 —e[vol; ——||VU||2 ——||VV||2
>__"VV"2 e[[vvl; - ||AU||§—7||VV||§
and
(~{1- 1" 9 (s)ds) au,-av) =~ (a0, -0, ~ru) =S+l fau; (2.22)
and
(j g(s s)ds, —Av) (I g(s)An(s)ds, —Au) (J' g(s)An(s)ds, gAu) (2.23)

For the first term on the right side (2.23), by using (G1), (G2) and (G3), we have
j;wg(s)jQAn(s)-Autdxds:J-(; g(s)[ An(s)-(An, +An,)dxds
- a(s)5 s lan s+ [ g (s)aanf: (2.24)
L<
> 2 S8 o+ S o
where
71} oy = I, 9 (s)]An(s)]0s (2.25)
For the second term on the right side (2.23), by using Holder inequality and Young’s inequality, we get

(j g(s s)ds, gAu) g.[(: g(s)[ An(s)Audxds
(2.26)
& +o0

0l -5 (5 sl

so, we have
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( j (s s)ds, —Av)
( J' g(s s)ds, —Au) ( j g(s s)ds, —gAu)

LS
4||77||Z,,D(A> 1 o(s)as]auf

By using Poincare inequality, we have

(—&AU,—AV) = &, (-AV + eAU, -AV) = & ||Av||§ +&¢(Au,—Au, —£Au)

e d (2.27)
= ai[javl; - Al —ae? Jaul,
and
(£,U,~AV) = &, (U, ~AU, —eAU) = &, |[Vu, & — &6 [Vul, [Vu,],
(2.28)
& &,
26, (1-2 7 - 2
And using Interpolation Theorem, we have
(&5l u-av) < 5 ul},, IAVIIZ <&,C (IIUIIZ)IIAUIIZ IIAVIIZ
£ o (ul), %2
e A 229
&,
< S v+ ZJaulf +Cy (Jo, 1.601.6).
By using Holder inequality and Young’s inequality, we have
1
(f(x),-av)<|vE]-|vy] < %IIVVIIE +——|Vf,. (2:30)
A&
Then, we have
d &? &’ I d
> eIVl =V —allAUIlﬁ =WV + 5 I8l 12 aul;
f 2 &% pie d 2 2
LT e L S AT O LT (R A
g€ d & £,&
0 el (1= - 2
£ le & 1
< S, 100 ol ) + ST+ T
That is
d £
S +(1- ) +||n||:D(AJ e L
I o0 £
+2€(E—€15 “2r f‘[ a(s ;JHAU"; +§||77||;D(A) (2.31)

&
126, {1—5}”“% [ < E"Vf [ +2C, (Jul, 61,51, ).
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Next, we take proper ¢,¢;,¢&,,&;, such that

blz%—Zg—gz >0

|
bz=28(5 2/11 gj g(s s—-ﬂJ>0 (2.32)

b3 = 252 (1—5] >0

Taking az:min{bl, b, é},then

l-¢ge

%v (t)+aV (1)< > +2C, (ul, &850, 8)=C,, (2.33)
where V (t _||Vv||2 glg)||Au||§+||n||;D( »» Dy Gronwall inequality, we have
C
V(t)<V (0)e ! + 22 (1—-e " 2.34
(D) <V(0)e + 2(1-e) (2.34)
From 2<p< 2n2,according to Embedding Theorem, then H?(Q) cW** (), let k =min{L(I-£¢)},
S0, we have
V(0) _, C w
O e
then
im|(u, V) <2
ol et =

So, there exists E; >0 and t, =t,(Q)>0, such that

[(u.v) | = |au (t)||§ +||w(t)||j <E (t>t,).

H2xHY

3. Global Attractors
Theorem 1. Assume (G1), (G2) and (G3) hold, let

2< p<m|n{ 2n 2n+4}' nx>3

-2 'n
p=>2, n=12

and (uy,u,)e H?(Q)xH'(Q), feH'(Q), V=U +eU,so Equation (1.3) exists a unique smooth solution
(uv) € L7 ([0,+0); H? (Q)x H' ()

Proof. By the method of Galerkin and Lemma 1 and Lemma 2, we can easily obtain the existence of solu-
tions. Next, we prove the uniqueness of solutions in detail.
Assume that u,v are two solutions of equation, let w=u—v, then, the two equations subtract and obtain

( .[ a(s dS)AW j 9(s)(An, —An,)ds — AW + &,W

=g, (|v|rkz Vo u)

3.1
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where
m=u(xt)-u(xt=s), 7, =v(x,t)-v(xt-s)
By multiplying the equation by w' and integrating over Q, we get
( ( -["a(s) ds)Aw [ 9(s)(Am—An,)ds— AW + &, w)
=(6‘3(|V|p_2V—|U|p_ u),w’)
here

'

=3 3w

and

| d 2
(=L g (s)as) )= v
by using (G1), (G2) and (G3), we have

(—J.;wg(s)(Anl An,)ds, W) (.[ (s Anl—Anz)dS,(nl—nz)t+(771—772)S)

S
2 Ea”’h m, "g v 5"771 _’72”;\/
By using Poincare inequality, we have
(e, W) = & [V, > &4, [,
and
(W, W) =, W,
By using Holder inequality, Young’s inequality and Poincare inequality, we have

& (|u|p72 u—pv"* v,w’) = gzj'(|u|p72 u—p"* v)w’dx

< e, (ul" + P l)IWIIW'IdX < &:Co [wl|w]

&,C
< e W+ °||W||2—28311||W||2 0||v I

then, we have

5 ! !
B Y LT PR Y (Y RPN v s

<2e, 2 Wik + &:Co

v,

That is

[||W||2+'|IVW||2+|I'71 mly < 4 W+ °||VW||2+||771 A

&,Ce
Taking m=max14e,4,—>-,1¢, then
4471

3.2)

3.3)

(3.4)

(3.5)

(3.6)

3.7)

(3.8)

3.9)

(3.10)

(3.11)
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ar, , ,
S+ =, | < (e + v+l -l ) (3.12)
By using Gronwall inequality, we have
WG+l + =l <] )+ VWO +[ln. (0)=n: (O)f, e (313)

Sowe get w(t)=0, the uniqueness is proved.

Theorem 2. Let X be a Banach space, and {S (t)} (t>0) are the semigroup operator on X. S(t):X — X,
S(t)S(r)=S(t+7), S(0)=1,here I is aunit operator. Set S(t) satisfy the follow conditions.

1) S(t) isbounded, namely VR>0, |, <R, itexistsaconstant C(R),so that

[s(t)u], <C(R) (te[0,+x))
2) It exists a bounded absorbing set B, < X , namely, VB c B, it exists a constant t,, so that
S(t)BcB, (t=t))

3)When t>0, S (t) is a completely continuous operator A.
Therefore, the semigroup operators S (t) exist a compact global attractor.
Theorem 3. Under the assume of Theorem 1, equations have global attractor

A=o(8,)=US(E;

s>0t>s

2

2 = ||u||ig +V[E <Ep+ El} , B, is the bounded absorbing set of
OX

where B, ={(u,v) e H x H* [ (u,v)|

H?(Q)xHg(Q) and satisfies

1) S()A=A, t>0;

2) limdist(S(t)By, A)=0, here B HZ(Q)xH'(Q) and it is a bounded set,
dlst(X,Y)zsup|n$

xeX Y€

X_y||H2><H1

Proof. Under the conditions of Theorem 1, it exists the solution semigroup S(t), here X =HZ (Q)xH'(Q),
S(t): HZxH!' > H?xH.
1) From Lemma 1 to Lemma 2, we can get that VB < H{ (Q)xH*(Q) is a bounded set that includes in

the ball {"(u,v)"ngHl < R} ,

"S (t)(Ug,V5)

This shows that S(t)(t>0) isuniformly bounded in H?(Q)xH; (Q).
2) Furthermore, for any (uy,v,)e H? (Q)xH*(Q), when t>max{t,t,}, we have

||S (t)(uo,v0)|

So, we get B, is the bounded absorbing set.
3) Since H?(Q)xHg(Q)— Hy(Q)xL*(Q) is tightly embedded, which means that the bounded set in

0
H?(Q)xHy(Q) is the tight set in H;(Q)xL* (), so the semigroup operator S(t) is completely conti-
nuous.
So, the semigroup operators S (t) exist a compact global attractor A. The proof is completed.

2
H

vory = e + Mg < Doz +[velly +C < R*+C. (£20,(ugvo) < B)

2
HExH!

=[ully; + M <E0+E,
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Abstract

This paper discusses a comparative study of two modeling methods based on multimodel ap-
proach. The first is based on C-means clustering algorithm and the second is based on K-means
clustering algorithm. The two methods are experimentally applied to an induction motor. The
multimodel modeling consists in representing the IM through a finite number of local models. This
number of models has to be initially fixed, for which a subtractive clustering is necessary. Then
both C-means and K-means clustering are exploited to determine the clusters. These clusters will
be then exploited on the basis of structural and parametric identification to determine the local
models that are combined, finally, to form the multimodel. The experimental study is based on
MATLAB/SIMULINK environment and a DSpace scheme with DS1104 controller board. Experi-
mental results approve that the multimodel based on K-means clustering algorithm is the most ef-
ficient.

Keywords

Multi-Model Modeling, C-means Clustering Algorithm, K-Means Clustering Algorithm, Induction
Motor (IM), Experimental Validation

1. Introduction

Induction motors are the basis elements in industrial applications thanks to their economic cost, judicious size,
and easy maintenance [1] [2]. However, these motors are complex and have a strongly nonlinear system. It is
often hard to determine an adequate model that represents all the dynamic behavior of this machine.
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Modeling is an essential initial step in the industrial process control. This fundamental step is necessary either
for a control law development or for the development of a diagnosis procedure. Modeling a process consists in
establishing relationships between its characteristics variables and in representing the dynamic behavior of this
process in a particular field of operation.

Based on a priori knowledge of the studied process, many modeling types are used. The increasing complexi-
ty of industrial process pushes many researchers to develop modeling techniques that exploit linear systems
tools. Hence, in this paper we will consider the modeling based on multimodel approach that recently, has been
implemented in various science and engineering domains, concerning application to modeling, control and fault
diagnosis [3]-[10].

The multimodel approach consists in replacing the unique nonlinear model by a set of simpler linear models
to create a model-base. Generally, each model of this base contributes to the whole description of the considered
system through weighed functions or validities functions.

The modeling via this approach needs to follow up a scheme of four steps that are database acquisition, clus-
tering, structural and parametric identification and fusion.

For clustering, many algorithms are adopted in literature [11]-[14], in this paper we will focus on three fuzzy
clustering algorithms that are subtractive, C-means and K-means clustering algorithms. The subtractive algo-
rithm is used to determine the cluster number, whereas the C-means and the K-means will be exploited to gener-
ate the cluster centers then to construct the clusters. Thus, we will compare two modeling methods, the first is
based on the association of subtractive-C-means algorithm and the second is based on the association of subtrac-
tive-K-means algorithm.

The two proposed modeling method are experimentally implemented to an induction motor.

The organization of this paper is as follows. The second part consists in describing the modeling with multi-
model approach, the third part develops the application of the two modeling methods based on the two cluster-
ing algorithm to the induction motor. The part four is a comparative study of the two modeling method and fi-
nally the conclusion is in the fifth part.

2. Multi-Model Modeling

To obtain a multimodel, we have to follow a strategy of four stages that are database acquisition, data clustering,
structural and parametric identification and local models fusion.

The system is considered as a black box. Thus, it is exited via a rich frequency input. The collected data is
consisting of a set of input/output measurements. Then the collected data will be divided into N clusters through
clustering algorithms. Later, three clustering algorithms will be developed: the subtractive, C-means and
K-means algorithm. Next, structural and parametric identification follow the clustering to obtain the local mod-
els. The structural identification is achieved using the general procedure of order estimation and the Instrumental
determinant ratio (IDR). For the parametric identification, the generalized recursive least square is implemented.
The obtained local models are combined through weighted functions that are calculated based on residue ap-
proach [5]-[8].

Two strategies are adopted. The first is based on the C-means clustering algorithm and the second is based on
K-means clustering method as shown in Figure 1 and Figure 2.

3. The Clustering Algorithms

Clustering data consists of organizing and collecting similar data points into group or cluster. The similarity is
estimated by a function that computes the distance between the data points, usually, the Euclidean distance.

In literature, various clustering algorithm was proposed to deal with clustering problem [11]-[14]. Subtractive,
C-means and K-means are among the most commonly-used clustering algorithm

3.1. Subtractive Clustering

The subtractive clustering algorithm was suggested by Chiu as an extension of the mountain function. It is able
to determine the number and the value of cluster centers.
The process is provided with the following steps.
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Figure 1. Modeling strategy based on C-means clustering algorithm.
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Figure 2. Modeling strategy based on K-means clustering algorithm.
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1) Each data point is considered as a cluster center that has the calculated potential p; given in (1).
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where r, defines the neighborhood radius.
The data with the high potential is the first cluster center.
2) The data potentials are recalculated by (2).
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4) The process is repeated until the following condition (4).

P <eR 4)

3.2. C-Means Clustering

The C-means known as FCM is a data clustering algorithm that considers that each data point belongs to a clus-
ter through a membership function. It consists in producing an optimal partition by minimizing the objective
function J on the basis of the following process.

1) Initialize arbitrarily the Fuzzy membership matrix p

2) Calculate the cost function J by (5).

J :i‘Ji :ii(#i?()dii ®)

i=1 i=1 k=]

JiN

3) Estimate the clusters centers c; by the Equation (6).

N
Z(Mk) Xy
k=2
Ci = N (6)
Zl(lulk )
4) Updates the membership functions as the relation (7).
1
M = ™

2/(9-1)
c [ d.
{ Ik]
=1 djk

5) Recalculate the cost function J. If J is less than a threshold, the process will be ended. If not, return to step
3.

3.3. K-Means Clustering

The K-means clustering algorithm is known as an efficient and rapid one. It is able to construct a fixed finite
number of clusters by minimizing the Euclidean distance between the data and the equivalent cluster center.

The K-means clustering algorithm is detailed by the following process.

1) Select arbitrarily cluster centers c; from the training data set.

2) Calculate the membership matrix u;; using the Equation (8).

o= U el <l e ki o
"o else

3) Calculate the cost function J by the Equation (9). Stop the process if it is less than a certain threshold.

1-$0-5( T -l ®

i=1 i=1 Xk €Gj

4) Update the cluster center ¢; according to the relation (10).

“ |Z X (10)

Next, return to step 2.

4. Application of the Two Modeling Strategy on the IM

We propose in this section to modeling the IM by the two multimodel modeling strategies previously described.
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Firstly, we have to collect a rich data base from the measurement of input/output of the IM. The electric motor
is 1 kw squirrel cage Induction motor.

The training data set is generated through an experimental set-up that is described by Figure 3. It is used with
the help of Matlab/Simulink and DSpace system with DS1104 controller board to collect the database.

The data collection requires the use of speed and current sensors. For that, Hall type sensors are exploited to
measure stator currents and an incremental encoder position sensor delivering 1024 pulses per revolution is
mounted on the shaft to measure the IM speed.

To test the robustness of the modeling approach we propose to vary the IM parameter and to apply a wide
range of loads.

The load is a resistive bank fed by a DC generator that is connected to the IM.

To vary the stator resistances, three variable resistors are linked in series to the motor phases.

A large data set is selected out after input/output measurements at an operating point of 600 rpm.

4.1. Modeling of IM via the Method Based on C-Means Clustering Algorithm

The subtractive clustering algorithm helps to determine the clusters number that is N = 8. So, the objective of
the C-means clustering is to generate these eight clusters.

The obtained clusters will be identified to obtain the local models that are defined by these recurrent equa-
tions.

—0.0583

Ml(q_l) = q_lm (11)
M, (%)= q% 12)
My (a)= ql% (13)
M, (a7) = q% 14)
Ms(a”)= Q% (15)
Mo (q)=q" 0.0459 )

1+0.9517q* +0.1215q 2

Figure 3. Experimental set up.
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0.1853
M,(q")=q' ———— 17
(a7)=a 1+0.4071q7" an
0.0466
My (gt =gt ——— 18
o(a7)=a 1+0.4808q ™ (18

The combination of the local models through the validities shown in Figure 4 helps to construct the final
multimodel as shown in Figure 5.

4.2. Modeling of IM via the Method Based on K-Means Clustering Algorithm

The same modeling process is respected. In fact, the K-means clustering is applied in order to generate the
eight clusters that will be identified and combined to create the multimodel.
The local models are described by the following discrete transfer functions (19)-(26).

0.0285
M, (qt)=q* 19
i(a7)=a 1+0.1313q " —0.1460q 2 (19)
0.0167
M,(q")=q™ 20
2(47)=a 1+0.0438q " —0.0460q (20)
0.0818
M,(qt)=q" 21
s(a7)=a 1+0.5068q " —0.4906q (@)
1 1
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Figure 4. The validities evolutions.
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Figure 5. Multimodel modeling of IM based on C-means.
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(22)

(23)

(24)

(25)

(26)

M (q_l) -1 _0.0003
! 1+0.9977q —0.0061q 2
M (q’l) a 0.0826
® 1+0.4881q " —0.4940q >
0.2096
M -1 -1
s(a7) 1+0.3435q*
M (q_l) q_l 0.985
! 1+0.6524q7* +0.2575q
M (qil) — q71 0.4693
8 1+0.2808q " +0.6508q 2
The obtained results are illustrated by Figure 6 that illustrates the evolution of the real speed and the modeled
speed.
The different validities functions are illustrated by Figure 7.
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Figure 6. Multimodel modeling of IM based on K-means.
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Table 1. Comparative study of the two modeling strategies.

Algorithms NRMSE
C-means 0.0210
K-means 0.0177

We propose to compare the two modeling strategies. Therefore, we calculate for each strategy the normalized
roots mean square modeling error NRMSE. Then, a comparative table (Table 1) is dressed.

We can notice that the method based on K-means clustering algorithm is the most convergent as the NRMSE
calculated is the lowest.

5. Conclusion

In this paper, the multimodel modeling strategy is described. Two strategies are developed. The first is on the
basis of C-means clustering algorithm and the second is based on K-means clustering algorithm. The two me-
thods are applied in real time to an induction motor at an operating point of 600 rpm submissive to load insertion
and parameter variation. A comparative study helps to confirm that the method based on K-means is the most
convergent. In future work, to improve the modeling performance the modeling should take into account the to-
tal behavior of the induction motor.
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Abstract

This paper studies the problem of diagnosis strategy for a doubly fed induction motor (DFIM)
sensor faults. This strategy is based on unknown input proportional integral (PI) multiobserver.
Thecontribution of this paper is on one hand the creation of a new DFIM model based on mul-
ti-model approach and, on the other hand, the synthesis of an adaptive PI multi-observer. The DFIM
Volt per Hertz drive system behaves as a nonlinear complex system. It consists of a DFIM powered
through a controlled PWM Voltage Source Inverter (VSI). The need of a sensorless drive requires soft
sensors such as estimators or observers. In particular, an adaptive Proportional-Integral mul-
ti-observer is synthesized in order to estimate the DFIM’s outputs which are affected by different
faults and to generate the different residual signals symptoms of sensor fault occurrence. The con-
vergence of the estimation error is guaranteed by using the Lyapunov’s based theory. The proposed
diagnosis approach is experimentally validated on a 1 KW Induction motor. Obtained simulation re-
sults confirm that the adaptive PI multiobserver consent to accomplish the detection, isolation and
fault identification tasks with high dynamic performances.

Keywords

Diagnosis, Doubly Fed Induction Motor, Multi-Model Approach, Adaptive PI Multi-Observer

1. Introduction

Doubly-fed induction machine (DFIM) has become the most competitive choice in several applications related
with renewable energy especially wind energy as a generator or as a motor for industrial applications such as
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rolling, rail traction or even marine propulsion or pumping. Nevertheless, it arrives that this machine presents an
electric or mechanical defect.

In recent years, the development of fault diagnosis techniques has become an important issue seen the contin-
uing evolution of modern systems complexity and the increasing demand for improving the reliability and secu-
rity of controlled systems [1]-[5].

Observer-based diagnosis method is one of the wide variety of different diagnosis approaches that have al-
ready been proposed in the literature, these approaches are based on the use of an adequate model [6]-[10]. It is
often difficult to synthesize a sufficient model that is able to take into account the system’s nonlinearity and
complexity. Thus many different approaches have been developed to deal with this problem. As a solution, mul-
ti-model approach is one of the most widely used modeling techniques. This approach consists in representing
the whole behavior of a nonlinear system by a set of simple local models. Generated sub models are then com-
bined using validity function to contribute to the construction of the whole model [11]-[13]. Indeed, the multi-
models facilitate the extension of some analysis tools that are developed in linear context to nonlinear context.

Then, faults diagnosis consists in the use of multiobserver based on decoupled multi-model structure [14]-[19].

Within this diagnosis context, the main objective of this paper is the detection and isolation of different types
of sensor faults that may affect the doubly fed induction motor.

As it is the workhorse of industry, the use of the doubly fed induction machine (DFIM) in industrial applica-
tions has grown impressively in recent years especially for variable speed applications. Thus, an increasingly
growing interest is given to the implementation of a supervision process to ensure a safe application of this ma-
chine. As the DFIM is a nonlinear complex system that is subject of load disturbances, it is often difficult to
synthesize a single model, therefore, a single observer that is able to detect and isolate the system’s faults. Thus
the multi-model approach may be a solution to facilitate diagnosis task.

This paper treats the different steps for the study of the diagnosis of DFIM sensor faults based on multimodel
approach. Starting with the decoupled multi-model modeling of the DFIM Volt per Hertz drive system which
consists of a DFIM powered through a controlled PWM Voltage Source Inverter (VSI) in presence of load dis-
turbances, next the design of an adaptive Pl multi-observer that will be exploited finally for the faults detection.
The adaptive Pl multi-observer is synthesized after modification of the PI multi-observer in the case of variable
faults. Finally, the proposed diagnosis approach is validated experimentally on an Induction motor.

Section 2 is dedicated to DFIM modeling in the dg synchronous reference frame. Section 3 deals with the
DFIM modeling via decoupled multiple model approach respecting the different steps that lead to the realization
of this task. In section 4 an adaptive Pl multiobserver is synthesized to be used in section 5 for the detection and
isolation of sensor faults that can affect the motor. Section 6 is an experimental validation of the proposed diag-
nosis method on a squirrel cage induction motor.

Simulation and experimental results for the DFIM multi-model modeling and the implementation of the di-
agnosis approach are performed by using the environment MATLAB/SIMULINK.

2. Classic DFIM Modeling

The DFIM Volt per Hertz drive system consists of a DFIM powered through the grid in stator side and a PWM
inverter in the rotor side [1]-[4].

The mathematical model of the DFIM is presented here via the dq equations in the reference frame.

The equations for the stator and rotor voltage can be written as (1)-(4).

Va (0 =Ris 0+ 2220 g (1)
Vo (=R 0+ 222w .
Vo (0=Ris 0+ 220 g, 1)
V(=R 0+ 222w, )
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where
W, = W+W, )

The flux equations can be expressed as

¢sd (t) = Lsisd (t)+ Msrird (t)
Psq (t): Lsisq (t)"'Msrirq (t) 3)
wrd (t) = I‘rlrd (t)+ Msrisd (t)
¢fq (t) = Ll’irq (t)+ Msrisq (t)
The mechanic equation is described as
dQy(t)
J ———==T fQ(t)-T
t dt em t ( ) r (4)
w=N,Q

A Simulink model is built using the Equations (1)-(4) and the DFIM parameters in Table 1.
The DFIM model is highly nonlinear since it contains product terms such as speed w with flux ¢4 or ¢4, con-
sequently with current ig or ig. Thus to cope with this problem the multi-model approach is next suggested.

3. The DFIM Drive System Modeling via Decoupled Multi-Model Approach

The multi-model approach consists in representing the system’s behavior with a set of local linear models. Every
local model or sub model contributes to this global representation via a validity function which takes its values
in {0, 1}.

The DFIM Modeling with multi-model approach is executed through a sequence of four steps which are clus-
ters estimation, structure identification, parametric identification and local models combination.

The performance of the cluster estimation depends on the quality of data base which must be rich in informa-
tion. The process inputs and outputs are acquired after application of a voltage scalar control strategy as shown in
Figure 1.

An excitation produced by applying a variable amplitude high frequency signal at the desired speed loop. The
acquisition phase consists in the collection of the DFIM’s output signals; the speed, the rotor currents i,y and i
The rotor frequency fr is considered as the system’s input signal. The multi-model modeling is applied in such a
way to create the system’s model in presence of load disturbances, thus a variable Load torque is produced by a
pseudo random binary signal.

Next, the input-output collected data on DFIM are clustered into several groups through a Chui’s clustering

Table 1. The DFIM parameters.

Variable Value
Rs 0.05Q
R 0.38Q
Mg 47.3H
Ls 50 H
L, 50 H
J 0.05 Kg-m?
fi 0.003 N-m/rad/s
N, 2
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Figure 1. DFIM Volt per Hertz drives system.

algorithm. Then, the structure identification is performed on each cluster using instrumental determinants ration
(RDI) method or the general procedure for order estimation while the parameters identification of each sub model
are identified using recursive least square (RLS) method. Finally, obtained sub models are combined using the
validity concept.

The different steps of multi-model modeling and implementation are performed thanks to MATLAB/
SIMULINK environment

The modeling strategy leads to a decoupled multi-model with six sub models which can be presented as fol-
lows.

(k) )

u=fr (6)

V; is the i"" validity value which computes the i'" sub model’s contribution to the creation of the system’s glob-
al output. These functions have the following properties (7).

iZ::Vi(k)zl @)
0£Vi(k)£1 Vie{l,Z,-~-,N}

The different obtained DFIM system’s matrixes are expressed as (8)-(11).
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0.982

0 0 0990 0 0
A=| 0 0970 0 | A=l 0 0946 0 |
0 0 0941 0 0  0.960
0977 0 0 ] 0989 0 0 ]
A= 0 0945 0 |, A= 0 0957 0 |, ®)
0 0 0982 0 0 0968
0976 0 0 ] (0999 0 0 ]
A= 0 0986 0 | A=l 0 090 0
0 0 0959 0 0 0966
[0.025 0.081 0.057
B, =[0.011|, B,=[0.029|, B,=|-0.019|,
0.070 0.095 0.135
0.012 0.057 0.034 ©)
B, =|-0.004 |, B, =[0.016 |, B, =| 0.001
0.056 0.079 0.067
10 0
c,=[0 1 0|, C,=C,=C,=C,=C,=C, (10)
0 01
[-0.048 1.085 0.751
D,=| 0911 |, D,=|4.690|, D, =| 3.738 |,
1.678 2.331 ~0.856
- (11)
~0.550 4319 0
D,=| 5323 |, D, =| 2.263 |, D, =|0.025
3.188 ~3.662 0.064

By exciting the system with a variable input, the modeling results of the speed, the current i,y and the current
iq are shown in Figures 2-4. We can notice that the multi-model outputs follow with acceptable error the real

outputs.

200

Speed(rpm)
N
8

T

o
=]
T

50F
I I I

150 W 1 1

Multimodel output
— System output
Modeling error

0 0.5 1

I
15 2

Time(S)

Figure 2. Speed Multi-model modeli

ng.
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Figure 4. ig Multi-model modeling.

The normalized roots mean square modeling error NRMSE for each modeling error; the speed, iq and iq
modeling error are calculated and given in Table 2.

The obtained multi-model is compared to a model done by RLS method, Figure 5 approves the efficiency of
the multi-model.

Next this multi-model will be exploited in the multiobserver design.

4. Adaptive Proportional-Integral Multiobserver Designs

In this section we propose to study in the first part the PI multiobserver then the modified or adaptive PI mul-
tiobserver in second part of this section.

Firstly, the DFIM decoupled multi-model structure is modified in order to take into account the unknown in-
put vector, and then exploited in the rest of this paper in order to conceive the based observer diagnosis’s strate-

gy-

X (k+1)=Ax (k)+Bu(k)+D, +Ef (k)

y; (k) =Cix (k)+Mf (k) (12)

y(K) =2V, (k) v, (K)

i=1
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Table 2. NRMSE for the modeling errors.

NRMSE
Speed modeling error 0.0243
irg current modeling error 0.0947
ig current modeling error 0.0214
200 T T T T T T T I I
Multimodel output
System output
RLS output
150 n ,
o 1001 N’[ —
3
g AV RY t M1 NN A A o, b
=}
[
<3
o 50 —
0 - =
.50 Il Il Il Il Il Il Il Il Il
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Time(S)

Figure 5. Multi-model, System and RLS outputs.

where E; and f identify, respectively, the impact of the unknown input on the state’s system and the unknown
input vector.

4.1. PI Multiobserver

The PI structure is developed below in favor of achieving simultaneously estimation of both state and unknown
inputs.

f (k1) =  (k)+ 2V, (K)K, (v(k)-9(K)) (13)

where x; and y denote respectively the estimated state vector and output vector. V; are the validities functions
calculated in the modeling phase.

This observer is known as a robust observer regarding the unknown inputs that have feebly variation. The
main task of the observer design is to find out the gain matrices K, and Ky;.

The PI observer uses the influence of the rebuilding output’s error with a proportional effect to estimate the
system’s whereas the integral effect is used to estimate the signal of sensor or actuator’s defaults.

The sub models’ outputs yi(k), used, as modeling’s artificial signals, to represent the real system’s behavior are
not exploitable to control an observer, indeed only the multi-model’s total output y(k) as it is accessible to mea-
surement, can be designed with a system’s physical quantity. Thus an augmented system is defined below.

{i(k+1):A>"<(k)+ Bu(k)+ D +Ef (k) (14)

§(k)=C(k)%(k)+Mf (k)
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where
N

R(1) =X ()X ()] (t)]T eR", n=§ni (15)
~:oliag{Al o AL eR™,
e N] e R™™,

B=[8/

(k) iv.( )G, € R™,
[o-
[

(@h

= (16)
~Ci--0],

el
1]
O

D DT:| Rnxl ,

E =[E§,---,E;] e R™

By the use of the Lyapunov’s approach defined below and taken advantage of ensuring the employed observ-
er’s stability, and in order to guarantee the convergence of the estimation’s error, the conditions generated in
forms of linear matrix inequalities (LMI) permit to compute the observer’s gains. Thus the following theorem
proposed in [14] [15] suggests sufficient conditions ensuring the exponential convergence of the estimation’s
error.

Theorem: The estimation error between the decoupled multi-model (12) and the PI observer (13) converges
exponentially towards zero if there exists a symmetric definite positive matrix P and a matrix G verifying the

LMI following:
{(Zf‘_l)P CTGT_A&P}O, i=1.. N (17)
GC, - PA, -P
where
S HHCCECRY )

o. is the attenuation rate which serves to quantify the convergence speed of the estimation error. Having 0 < «
< 0.5 let to find the KI and Kp gains as:

K,=P'G (19)

The state’s estimation e and input’s estimation errors ¢ are given by the following equation:
e(k)=x(k)-x(k)
{e<t>= ()~ (k)

Taking into account the fact that the unknown inputs are considered as constant or with very slow dynamics,

(20)

f(k+1)-f(k)~0 (21)
Then
e oLl

Considering the definition of augmented system, the augmented error can be defined as

e, (k+1)=(A -K,C,(k))e, (k), (23)
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where

- 2

KP =|iK;17"'IKFT>N]T

The Lyapunov approach is defined as
V(e(k))=e' (k)Pe(k), P>0P =P (25)

The exponential convergence is guaranteed if there exists a symmetric definite positive matrix P and a posi-
tive scalar o verifying the following condition:

AV (e(k))+2aV (e(k)) <0 (26)
With
AV (e(k)) =V (e(k+1))-V (e(k)) (27)
This PI multiobserver is studied and developed by [17] [18], however, the studied multiobserver is valid only
in the case of slowly varying faults.

4.2. Adaptive PI Multiobserver

To consider the case of variable fault, as expressed in (28), we propose to create an adaptive Pl multiobserver
that is based on the updating of the estimated validity functions V, which are computed as the Equations (29)-
(31).

In fact the real system depends on the fault, so the multiobserver design should also consider this fault
therefore in each instant a new validities are computed in order to guarantee always the convergence of the resi-
due r; expressed by (29).

f(k+1)—f(k)=0 (28)
5 (k) =]y (k)3 (k)] (29)

Then simple validities are expressed by (30).
v (k) 1K) (30)

The final adaptive validities after normalization and reinforcement of the simple validities functions are ex-
pressed in (31).

j=1, j=i
V, (k)= 31
= o @
> V.(k)_H_ 1-e* °
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The Final adaptive Pl multiobserver is developed in (32).

X (k+1)= Ax (k)+Bu(k)+ D, +E f (k)+ K, (y(k)-9(k))

f(k+2)=  (k)+ 2V, (K)K, (v(k)-9(K)) (32)

5. Detection and Isolation of DFIM System’s Sensors Faults

In this section, the main task to be reached is detection and isolation of the Doubly fed Induction motor’s faults
by means of a designed adaptive Pl multi-observer synthesized to estimate the different system outputs. Within
this part the fault effect on the system state is expressed with E;, i = 1,---, N while M represents the faults effect
on the DFIM output.

Three types of sensor faults are considered, they affect respectively the speed Q, the i,y current and the i, cur-
rent. The faults are variable and have sinus form.

The PI multiobserver structure is equivalent to a bank of three multiobservers since

9:[@ iy irq] (33)
The different faults are chosen to be occurred in the same date. In this case;
02 0 O
M=/ 0 02 0 (34)
0 0 0.2
And
E, =0, Vi=1---,N (35)

The resolution of the different LMI helps to find the matrices gains then to construct the PI multiobserver. The
Kpi and K gains are given by (36).

0.121 0 0 0123 0 0 0120 O 0
Kp=| 0 0057 0 |, K,= 0 0115 0 |, K= 0 0115 0 |,
0 0 0.114 0 0 0.118 0 0 0122
0123 0 0 0120 O 0 0273 0 0
K= 0 0118 0 |, Ky= 0 0124 0 |, K,=| 0 0277 0 | (36)
0 0 0.120 0 0 0.118 0 0 0274

0134 0 0
K= 0 0127 0
0 0 0131

The residual equations are given as follows:

R, = 91 %
Re=%-Y, (37)
Riq = 93 —Ys

where R;, Rig and Rjq designate respectively the speed residual signal, irq current residual signal and ir current

residual signal.
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y. designate the i estimated output and y; designate the i"" real system output in no faulty case.

Obtained results approve the performance of the fault estimation method; the different system’s outputs y;, i =
1, ---, 3 follow rapidly and respectively, the real ones y; with satisfied error as shown in Figure 6, Figure 7 and
Figure 8.

The different fault evolutions approve that the estimated fault is occurred at the same time when the real fault
is occurred so the detection task is verified.

The three residual signals shown in Figure 9, Figure 10 and Figure 11 follow with high precision the differ-
ent sensors fault signals and approve that the faults are well identified.

The isolation task is verified since for each system output a multiobserver is synthesized, i.e. each residue is
sensitive to only one sensor fault and insensitive to all other faults concerning the residual signals computed in
(36).

The isolation of the different sensor faults can be summarized in the Figure 12. In fact, if a speed sensor fault
1 is occurred then the residual signal Rs # 0, if an i,q current sensor fault f2 is occurred then the residual signal
Riq # 0, and if an i, current sensor fault f3 is occurred, the residual signal Riq # 0.

Considering the previous results, generated relationship can be described in a summarized table as shown in
Table 3.

6. Experimental Validation

In this section the proposed diagnosis approach is validated experimentally on 1 KW squirrel cage Induction
motor.

250 T T T T T T T T T
Multiobserver Pl output
200m ] e - System output

100 N

Speed (rpm

50 N

50 ! ! ! ! !
0 1 2 3 4 5 6 7 8 9 10

Time(S)

Figure 6. Speed sensor fault identification.
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Table 3. Fault signature table.
Rs Rig Rig
fl #0 0 0
2 0 #0 0
3 0 0 #0
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An experimental set up drive system exposed in Figure 13 is prepared to provide a set of input/output mea-
surement with the help of MATLAB/SIMULINK and DSpace system with DS1104 controller board based on
the digital signal processor (DSP) TMS320F240. The measurement of the stator current is achieved via Hall
type sensors. An incremental encoder position sensor delivering 1024 pulses per revolution is used to detect The
IM speed. Load torque is generated by a resistive bank fed by a DC generator.

To create parameter variation we propose to use a variable resistor that is connected in series to each phase of
the motor to vary the stator resistance

The experimental set up is exploited to collect a rich database at 600 rpm with a wide range of loads and sta-
tor resistance variations.

The database is then clustered into eight clusters. Next a structural and parametric identification is performed
into the obtained cluster to generate the eight local models. Finally a multi-model is created after the combina-
tion of the local models pondered by validities functions.

The obtained multi-model is next necessary to synthesize the adaptive Pl multiobserver.

The resolution of the different LMI conditions helps to calculate the multiobserver gain matrices that are ex-
pressed in Equation (38).

0.121 0.0340
0.113 0.0348 0.130 0.0376
= K, = , K, =10.025 0.0200 |,
0.048 0.1184 0.046 0.1183
0.026 0.0208
[0.025 0.0200] f0.148 00354 0.063 0.0503
K,,=|0.085 0.0679 |, K, = 0'057 0'0813 , K,;=[0.025 0.0200 |,
0.047 0.1123 | - T 0.043 0.0349
[0.025 0.0200] [0.025 0.0200] (38)
K,, =|0.072 0.0575|, K, =|0.071 0.0572
0.047 0.1096 | 0.047 0.0376 |

0025 0
K =
P { 0 o.ozo}

To test the obtained multiobserver, we inject two sensor fault, the first affect the speed sensor between t = 109
sand t = 130 s, while the second affect the current sensor between t = 14 s and 21 s.

Figure 13. Experimental setup system.
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Figure 14 and Figure 15 approve that the estimated speed and current signals follow the real ones affected
with the faults. Figure 16 and Figure 17 expose the residual signals that approve that the estimated fault follow
the real ones.

According to experimental results, we can resume that the detection of the sensor fault is successfully
achieved. We can notice that the value of the residual signals (speed and current residue) changes from zeros
only when the fault occurs.

The identification of the faults is approved as the two residual signals follow with high precision of the two
sensors fault signals.
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Figure 14. Speed sensor fault identification.
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Figure 17. Current residual signal Ris and current sensor fault evolution.

The fault isolation is proved as for each system output an estimated output is generated. Each residue is sensi-

tive to only one sensor fault.

7. Conclusions

In this paper, a multi-model diagnosis strategy is applied to the detection and isolation of the different sensor
faults that can affect the induction machine. Firstly the system’s modeling is investigated through the multi-
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model approach. Then considering the system’s decoupled multi-model structure an adaptive Pl multi-observer
is synthesized. The novel multiobserver is synthesized exploiting the classic PI multiobserver that is modified to
obtain the adaptive one. The modification consists in the multiobserver validities calculation. This multiob-
server is used in the fault detection and isolation of the different sensor faults that can affect the system’s outputs.
The obtained experimental and simulation results performed under MATLAB/SIMULINK environment show
that the applied method has an excellent capacity to describe the Induction machine under faulty case. The ob-
jectives are reached since the different computed residuals signals affirm that the detection, identification and
isolation of the sensors faults are well achieved. In this paper the study is limited on simulation and without con-
sidering actuators and system faults, thus, in future work experimental study concern the induction motor, in fu-
ture work we will propose to validate experimentally the diagnosis approach on a DFIM under sensor and actu-
ator faults.
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